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oN SECTIONS being Curves, 
Sn by the Knowledge whereof ſuch vaſt. 

Ss Diſcoveries and Improvements have 
ITEED been made both in Aſtronomy, Geo- 
* ——Y 3 metry, Algebta, and Natural Philo- 
>= 7". BO2NÞ and our Ille ftrious and Learned 
Author "finding that moſt of their uſeful. 
Properties and Problems might be demonſtrated ſhorter and. 
eaſier than in any publick ta þ of , ra ; as alſo that. 
there was wanting à general and eaſy way of drawing the 
Conick Sections, being the Loci of Equations of two. 
Dimenſions, with the manner of. conſtructing Equations. 
and ſ being Geometrical Problems by the Loci, did there- 
fore write the following Trees of Conick SeQions, aud. 
PA A Tz "thew.- 


* 


iv 


2 —̃ aq. CORES. —— et EE”. 1 1 Pt DA 
— — — 


E me PREFACE as, 
their Vſe in Geometry and Algebra; but died about the 
Time be intended to publiſh it, and left the Manuſcript 
without a Preface ; be thinking, I ſuppoſe, that the Title 
thereof, together with his great Charadter in Things of 
this Nature, would well enough ſupply that Deficiency. 
This Work is divided into Ten Books, whereof the farſt 
Three treat ſeparately of the Parabola, Ellipſis, and Hy- 
perbola. In theſe Books are laid down the fundamen- 
tal Properties and Problems of thoſe Curves demon ſtrated 
algebraically, after a wery ſhort and eaſy manner, from 
their moſt ſimple and. natural Deſcriptions upon a Plane. 
They being particularly adapted to the Capacities of thoſe 
who are acquainted with but a few of the Propoſitions of 
the firſt, fix Books of Euclid, and withal have @ ſmall 
Hnowleuge in the Rudiments of Algebra. L 
And becauſe thoſe Properties attending the Ellipſis, do 

alſo in ſome wiſe appertain to the Hyperbola, and oppoſite 
Sections, and even ſometimes to the Farabola ; therefore 
our Noble Author, in the Fourth Book of the Three Conick 
Sections, lays down his Propoſitions more general than in 
the Three former Books; for the Propoſutions here do con- 
tain that Property of one, both, or all three of the Curves 


that was ſeparately ſhewn'in thoſe Three Books. Here are 
alſo. ſeveral other. Properties and Problems not in the for- 
mer Three Books : All demonſtrated after a ſhort and eaſy 
- The Fifth Book contains the Compariſon. of the Co- 
nick Sections, and their Segments with each other, in 
ſeweral Propoſitions and Cooltavies. with a ſhort Specimen 
of the Method of drawing Tangents to Curves, demon- 
ſtrated after as fbort and eaſy manner as the Nature TY 
N FA thing 


* 


W 


The PREFACE. 
thing will admit, from three or four fundamental Lem- 
mata. | | RE, ' 
Althoꝰ it be harder, eſpecially for one who has not read 
the 1 1th Book of Euclid, to comprehend the Deminſtrations 
of the fundamental Properties of the Conick Sections from 
the Cone, than from their Deſcription upon a Plane by 
means of the noted Properties of the Foci, on account of 
the Conſideration of Planes; yet our Noble Author, thin V- 
ing that ſome People would rather like this Way, as being 
eaſier to thoſe who are unacquainted with Algebra, and 
that his Work would be imperfe& without it, has given 
us a Tract in his Sixth Book, Of the Conick Sections 
conſider'd in the Solid. But herein has proceeded after 
a different Way from other Authors : For he conſiders the 
Ellipſis as the Section of a Cylinder, and eaſily demon- 
ſtrates the Properties of its. Diameters from the linder; 
and afterwards, by ſuppoſing Cones to have Elliptick Ba- 
ſes inſtead of Circular ones, he eaſily. proves. the. ſame 
Properties of the Parabola and Hyperbola. 
' The Seventh Book is of Geometrick Loci, which are 
 treatediof more eaſy and general than elſewhere, eſpecially © 
the Lott, which are Conick Sections. * 0 

The Eighth Book is of Indeterminate Problems, 
and ſhews the Uſe of the Seventh Book of Geometrick 
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Loci in reſolving them. . | 
Ihe Ninth Book is of the Conſtruction of Equations. 
Wherein by the Inter ſection of two Loci,” you are taught 
how to conſtrue. any Equation of what Dimen ſion ſo- 
_ Lafily, the Tenth Book of Determinate Problems 3s 
a farther Uſe of the Loci in ſolving them. Herein are 


ſome 
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V3 The PREFACE. 
ſome pleaſant and new Theorems touching the Tuſcription 
of regular Polygons in a Circle, and a Demonſtration of 
Sir Iſaac Newton's Theorem for finding the Unciz. 
Nom becauſe we have nothing in Engliſh on this Sul jeci 
\ but what is lame and imperfe&, and there are ſeveral Per- 
j ſons who would be deſirous of reading this Treatiſe in 
Engliſh, I therefore preſent them with it; and here ſhall 
add to the ſame the following Propoſition, with an eaſy 
Demonſtration, which is of great Uſe in the Doctrine of 
Centripetal Forces, aud conſequently in Aſtronomy; and for 
what Reaſon, I know not, omitted by our Illuſtrious Author. 


"4 -w- 
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A NT Parallelogram (vide Plate 31. Fig. B. C.) deſcribed about an El- 
lipfis, or between the Conjugate Hyperbola's, ſo that the four Points of 
Contact may be join'd by two Diameters GH, IF only, which therefore will 
be Conjugates, is equal to the Parallelogram deſcrib'd about the two Axes 
Aa, Bb; and conſequently all ſuch Parallelograms are equal to one another. 


2 


From F, the Extremity of one Diameter, draw the Line F D pa- 

rallel to the other Diameter G H, (coutinu'd out in the oppoſite Hyper- 

| bola's) meeting the Axis (produced in the Ellipſis) in the Point I, and 
| from G the Extremity of the Diameter G H draw the Line & D pa- 
| rallel to the Diameter I Emeeting D F in D. And from the Point F 
44. 56, let fall the Perpendicular FP to the Axis 4a, Then GD, DF will * 

134- and touch the Ellipſis, and the Hyperbola's ) G, a F in G, F the Extremi- 
: RF. 13. ties of the Conjugate Diameters, and fo the Parallelogram CG D F 
| Beck III. vill be 4 of that defcrib'd about the Ellipſis, or between the Conju- 
| ate Hyperbola's, having the Condition mention'd in_the Theorem. 
herefore, if CE be drawn perpendicular to D AP in the 
Conjngate Hyperbola's) we. are to prove that CG DF) x CE is 
=Cb x Ca = ; of the Rectangle under the two Axes. 


| * 41. 8 Call Ca, 13; Cb, c; and Cp, X 3 then Ca (tt*) : AP Pa (tt—xx 
| «ud 9. in Ellipſis, or xx tt in Hyperbola)::Cb(cc) FP cc 
| ==. In the Ellipfis, or— — cc in Hyp, And CI] Þ = xx + cc — + 
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2 The PREFACE. vij 
in klip or x x cc +E = in Hyp. becauſe F Po is a right-angl'd Tri- 


angle. * * CP od Ca 0 :Ca ( 90: CT = And PT = An. 57. 


and 121. 


2161 += — and TabeUe in Ellip. or 


x x — CC — 2 H 2 + 5 — in Hyp. becauſe FPT is a right-angVd 


Triangle. Now the" Triangles FPT, CET are ſimilar, becauſe the 
Angles at E and P are right ones, and the Angle E TC in he Ellip. 


common (but in the Hyperbola the W ETC nigh ig whence 
F e 0 ): FP * — cc) :: 


T =): TE = = = ———— Farther *, the Square of the Semi- * rt. 53, 


LEI 12. 
conjugate, viz. TG (=Ta+ Tb —CF in Ehn or=TF + . 
Fa in Hyp.) bee 475 in Ellip or ** += — et in 


| + | Pu | 
Hyp. and CE. DF (= „which is * * Ey 
Sas =Fttec; as it evidently appears by multiplying the 
Denominator by Tttcc. And therefore Ce 0 =CG «CE, and 
CE B@=4GbxGs, V. W. D. 
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(1. HE Conſtruction and principal Uſes of Mathematical Inſtruments, 


6 . N not only the Structure and Contrivance of the ſeveral In- 
1 ſtruments uſed in the ſeveral Parts of the Mathemaricks, but alſo the Merhod 


of thoſe Arts; 3 | 
alling: The 


Tas: Tos 
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iber a, etiral-Contpoftibn and 
ley's Method of finding the Roots of 


Equations 3 Tranſlated from the Latin by the late Mr. Raphſon, 
and reyis'd and corrected by Mr. Cunn. 8v0. 


(5.) Mathematical Elements of Natural Philoſophy confirmed by Experiments; 
or, An Introduction to Sir Iſaac Newtons Philoſophy, Written in Latin by Wil- 
"liam Fames Graveſande, Doctor of Laws and Philol g, Profeſſor of Mathema- 


þ tieks and Aſtronomy at Leydem, and Fellow of Royal Society of London. 
? Tranſlated into Engliſh by F. T. Nee Irs * * of the Royal So- 
ciety, and Chapla in to his Grace the Duke ) The 2d Edition, care- 


fully revis'd and corredted by the Traafztan & Volk, 8vo. 


[1 (6.) An Introduction 2% Natural hig we Philoſophical Lame reqd 
| in the Univerſity of Oxford, Am De ij de which are added, the Demon- 
Thea 


ſtrations of Monſieur Huygugus's Thien ning the Centrifugal Force and 
Circular Motion. By Fohn Keil; . vilian Profeſſor of Aſtronomy. E R. S. 
mo) 


(3.0 & new and compleat Treatiſe of the Doctrine of Fractions, Vulgar and 
Decimal: 'To which is added, An Epitome of Duodecimals, and an Idea of mea- 
ſuring. By Samuel Cunn. 


.) Geodeſia, or the Art of Surveying and Meaſuring of Land made eaſy. By 
Fobw Tove. The 34 Edit, with Additions. 8vo. 
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ANALYTICK TREATISE 


CONICK SECTIONS, 


And their Uſe for ſolving of EQuaTioNns in 
Determinate and Indeterminate PROB LE MS. 
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n 4 
BOOK I. 
Of the Parabola. 
DEFINITIONS X 
8 | " , = " © I. 
5 P the Rule BC be placed upon a Plane, together F : c. 1. 
2 61 55 IONS: | with the 


are G DO, in ſuch manner, that 
DG, one of its Sides, lies along the Edge of 


that Rule; and if you take a Thread FMO 

equal in Length to D O, the other Side of the 

Square, and fix one End thereof to O the Extre- 

mity of the Side D O, and the other, in any 

| Point F taken in the Plane on the ſame Side of 

«7 Ae > the Rule as the Square: This being done, if you 

ſlide DG, the Side of the Square, along the Rule B C, and at the 

{ame time keep the Thread continually tight by means of the Pin M, 

with its Part MO cloſe to the Side + the Square DO: the Curve 
| AMR, 
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9 M x which the Pin deſcribes by this Motion, is one Part of a 
arabola. 

And if the Square be turn'd about, and moves on the other 
Tide of the fix d Point F, the other Part AMZ of the ſame Parabola 
may be deſcrib'd after the like manner; ſo that the Line X A Z will 
be one and the fame Curve, which 1s call'd a Parabola. 


2, 


The Line BC wherein the lower Edge of the fixed Rule B C touches 
the Plane (and the Side DG ol the Square G DO) is called the Di- 
rectrix. 


The fird Point E is call'd the Focus of the Parabola, 


4. 

If the right Line FE be drawn from the fix'd Point F perpendi- 1 
cular to the Directrix BC, and meeting the Parabola in the Point A; 4 
then the Line A F infinitely produced towards F, is called the Adis —M 
of the Parabola. 


5. 
The Line p being quadruple of 4 F, is call'd the Parameter of the 
Axis, 
6. 


All Lines, as MP, drawn from Points of the Parabola eat 
cular to the Axis, are called Ordinates to the Axis. 


7. 
All Lines, as MO, drawn from Points of the Parabola, parallel ts 
the Axis, are called Diameters of the Parabola, 


Þþ 8. 

12 A right Line meeting the Parabola but in one Point, and which 

RX both ways continued does not fall within the Parabola, is call'd A 
'Targent in that Point. | 


ConontL any I. 1 


JL follows from the Defivition of the Parabola, if a right Line 
MF be drawn from M, any Point thereof to the Focus E, and 


1 Line MD. pendicular to the Directrix BC ; the right Lines 
MF, MD, wall = s be equal between themſelves. For if the 


common Part O M be b from O D the Side of the Square, and 


Def. 1. from the, Thread O, which * 3s equal to it; then it is "Hani, 


Of the PAY OL A. = 
that the remaining Parts MD, MF, will always be equal to one 
another, | | 

CoROL LARRY I 


2. HENC E, if any right Line K K be drawn parallel to the Di- 

rectrix BC, and if from any Point M of the Parabola, there 

be drawn alſo M K perpendicular to that Line, and the right Line 

MF to the Focus; then the Difference or Sum (KD) of the two 

right Lines MF, M R, will always be the fame: viz. the Difference, 

hen the Point M falls below K A; and the Sum, when it falls above. 


CGCoktot ie Ty a 


. II is evident, that FE is biſected by the Parabola in the Point 
A. For when the Point M falls on the Point 4, the Line M F 
falls on AF, and the Line MD on AE, which conſequently will be 


equal to each other; ſince MF is always equal * to MD, let the Point * An. 1. 
M be any how taken 1n the Parabola. 


COR O LLARY IV. 


4. LJENCE you may perceive, how a Parabola XA may be de- 
ſcribed, by having the Axis 4 P, (whoſe Origin or Vertex is 

A,) and its Parameter p given, For having firſt aſſumed the Parts 
AF, AE (on the Axis 4) on both Sides of the Origin A, each 
equal to the Parameter p, and drawn the indefinite Line I C from the 
Point E perpendicular to FE; then if the under Edge of a Rule be 
laid along the ſaid Line B C, (which is the Dire&rix) and the Parabo- 
la XA be deſcrib'd, (as is directed in * 1.) by means of the 
Square ODG, and a Thread FMO, equal in Length to the Side OD, 
Cone of whoſe Ends is fixed to the Focus F, and the other to O, the 
E of the ſame Side,) it is manifeſt, that this Parabola is that 

uired. e 

It is alſo manifeſt, that the longer the Side (OD) of the Square, 
and the Thread O MF (which * muſt be equal to it) is, the longer * Def, 1. 
likewiſe will the Portion of the Parabola deſcribed be; ſo that it may W 
be augmented at pleaſure, by augmenting equally the Side (O D) of 
the Square and the Thread O MF. NE 


Co nibc Lr Aire. 


5. IF MP, an Ordinate to the Axis, be drawn from any Point M in 

1 the Parabola, together with the right Line M F to the Focus; 

it is manifeſt, that the Line M Fis=A4P+ AF, becauſe M F 

MDS APT AE, and * AF = AE. * Art. 3. 


B 2 | PR O- 
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F1 C. 1. 


Art. 5. 


The FIRST BOOK. 
PROPOSITION I. 
Theorem. | 
6. THE Square of MP, any ordinate to the Axis AP, is equal to the 
Re&angle under the Parameter * and the Part (AP) of the Axis 


taken from A, the Origin thereof to P, the Foint of Concurrence of the 
Ordinate. | 


Ve are to prove that MI P= pX AP. 
If the given Quantity 4 F be called m, and the indeterminate 


ones A P, x; PM, y; we ſhall have MF =I n + x, and PF =x— 
m or n -x, according as the Point p happens below or above the Fo- 


cus F. Now the right angled Triangle MPF, in both Caſes, gives 


MF (un Tn TA) MP (60) + PF (mm—2mx+xx); 
Then ſince p =4m (by Def. 5.) we 


from whence ariſes 4mx —yy. 
have allo yy=px. V. V. D. 


The Fundamental C 0 SoLLAZLY 2. 


* II is now manifeſt, if the Parameter of the Axis ( A P) be called 
p ; each of its Parts A P, x; and every of the correſpondent 


Ordinates PM, y; that we ſhall have always yy px. And ſince this 
Property agrees to all Points of the Parabola, and determines the Po- 
ſition thereof with reſpect to its Axis A P; it follows, that the Equa- 


tion yy =p x expreſles perfectly the Nature of the Parabola with re- 
gard to its Axis. 


CooL LAY 


8. Tf there be drawn MP, N, any two Ordinates to the Axis AP, 
1 their Squares are to each other as the Parts 4P, 4 & of the 


Axis, taken from its Origin A, to Pand ©, the Points of Concurrence 

of the ſame Ordinates. For * PM : CN. : p. AP: AN:: 

AP: A 2: | | 
ConoLL4k YM: 


9. JF the Line M P A de drawn thro' any Point P in the Aris 
f arallel to its Ordinates; that Line will meet the Parabola 
in only two Points M, M, equally diſtant on both Sides from the 


Faint J ; for in order that the Points M and M be in the Parabola, it 


- *. 


: is 


"Y 

4 
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AP, will be nothing; that is, 


Of the PAR AR O LA. 5 


is neceſſary * that the Squares of each PM, taken on both Sides the * Arr. 7, 
Point P be equal to the ſame Rectangle p x. 


Co ROI IL AR * IV. 


10. B Ecauſe * yy is = 2 x, it follows that the greater 4 P (x) is, * 44, 4, 
the more likewiſe will the Ordinates-P M ( y) increaſe on 
both Sides the Axis AP, even to Infinity; and contrariwiſe, the leſſer 
AP (x) is, the leſſer likewiſe. will PM (y) be: So that when 
AP (x) is nothing, both the P M- (y) taken on each Side the Axis 
when the Point P falls in A, the 
two Points of Concurrence M and M will alſo coincide in the Point 
A. From whence it is manifeſt, 
19, That if the Line LL be drawn parallel to the Ordinates thro? 
4 the Origin of the Axis, it will be a Tangent in A. 

2. That the Parabola infinitely extends itſelf more and more on 
each Side the Axis A , beginning from the Origin 4; and likewiſe 
that every Parallel to the Axis, as L M, meets the Parabola but in one 
Point, M only, and falls within the ſame; ſince its Diſtance from the 
Axis remains always the ſame, 


C\0/n'0'T L'a-n'y V. 


. JF the Line M L. be drawn from any. Point (2M) of the 


Parabola, parallel to the Axis 4 P, meeting the Parallel (AL) 
to its Ordinates in L; it is manifeſt, if the Ordinate M P be drawn, 


tht 4 L = PM (7), and M L = AP () , becauſe * + 4, 1. 


Pp 
* Ds Mp Mee © 1 Py, Jy 
P yy; whence the right Lines M L( 5 ). MIL ( Draken 


on both Sides the Axis 4 P, are om. to each other, when the Points 
L, L, are equally diſtant from the Point A; and therefore if any right 
Line MA M terminated.by the Parabola be biſected by the Axis in P, 
it will be parallel to the Line L L, that is, it will be an Ordinate on 
both Sides to the Axis. For when the Parallels M L, M L, are drawn to 
the Axis AP, it is manifeſt that L L will be cut into two equal 
Parts in A, becauſe M M is ſo cut in P. Therefore the right Lines 
ML, MI, will be equal between themſelves, as we have prov'd ; 
and conſequently the Line M M will be parallel to L I. ta 


COR 0 L- 


1 Art. 9. 


F1 Go 3 


For drawing MP parallel to A L the ſimilar Triangles FG A, 


* Art. 7. 


The FIRST BO OR. 


COR OIL IAR V VI. 


12. I Ence it follows that all the Perpendiculars (MP M) to 

the Axis, terminating on both Sides in the Parabola, + are 
biſected in P; and that the Axis divides the Parahola into two equal 
Parts, fimilarly ſituate on each Side thereof, For if the two Parts 


of the Plane on which the Parabola is drawn, on each Side the Axis, 
be ſuppoſed to be folded together, it is manifeſt that they will exactly 


agree, or fall upon one another, 
PROPOSITION un. 


Theorem. 


13. T7 any right Line A M. be drawn from A, the Origin of the Axis 
| AP, in either of the Angles PAL, PAL, made by the Axis, 


and the Line L L which is parallel to the Ordinates ; I ſay that Line will 


meet the Parabola MAM in ſome other Point M. 


Take AG upon the Line A L, on either Side the Point A, equal 


to p the Parameter of the Axis, and draw G F parallel to the Axis, 
meeting the Line 4 M (produced if neceſſary) in the Point F. More- 
over, take the Part A L, upon the Line A L (on the ſame Side of 
the Axis as 4 M is) equal to G F, and draw L M parallel to the 


Axis; then I ſay the Point M wherein L M meets 4 M, will be in” 


the Parabola M 4 M. 
A P M will give this proportion, FG or AL or PM: G A:: AP: 


PM; and therefore PM G A(p) PA. And fo the Line PM will 


be an Ordinate to the Axis A F. V. V. D. 


CON OLTAN& J. 


14. H Ence, if A P the Axis of a Parabola, as alſo its Parameter, be ; 
ven, and any right Line 4 M be drawn, from A the 


Origin of the Axis, in either of the Angles PA L, PA L, made by 


the Axis AP and the Line L L, which is parallel to the Ordinates; 
the Point M wherein the Line A M meets the Parabola M. 4M may . 


be found. 1 1 


COR O1 - 


Of the PARA B OL A. 7 


LC renner K 


15. I T is manifeſt * that no other Line but LA L which is paral- * 47. 10. 
lel to the Ordinates to the Axis 4 P, can be a Tangent to 3: 

the Parabola M4 MH in A the Origin of the Axis; becauſe there is 

no Line but that only, which being drawn thro' the Point A, and 

both ways continued, but what will fall within the Parabola, 


DEF1WNATION Sg... 


a CES 
If thro' any Point M in a Parabola, there be drawn a Diameter 4 Ge 4 
MO, an Ordinate (MP) to the Axis 4 P and a right Line M T ©” 
cutting the Axis produced (beyond .4) in the Point T, ſo that 4 T be 
equal to A.P: Then all right Lines, as N O, drawn from any Points 
in the Parabola parallel to MT, and terminating in the Diameter 
NO, are call'd Ordinates to that Diameter, Faq N 


| Io, 
If the Line q be taken a third Beere to 4 J, MT; this 
Line q is calld the Farameter of the Diameter M O. 


CU io A1 „ 1 


16. F either of the indeterminate Lines A P or A T, be called n . 
hen it is manifeſt that MT ꝗ x, becauſe 4 T (x): MT: 4 
MT :9. - . | 
 CoroLlLaARY II. | 
| 17. Ecauſe M PTis a right angld Triangle, the Square MT. 9 x) 
is = PT (A) +MP *(p x); whence, dividing by x, * 4-7: 
we have q=4x +þ.... 
"That 1s, 1 Parameter of any Diameter M O, exceeds p the 

Parameter of the Axis by quadruple the Axis A P (k). | 


Rh .:\Ca.r.o L\L,A RX III. 


18. 1 F the right Line M F be drawn from the Point M to the 
Focus F, we fhall have M F=AP + AF. But becauſe * An. 5, 
(by Def. 5. ) the Parameter of the Axis is p =4 A E, the Parameter 
of the Diameter M O will be tq=4 AP+4 AF. And therefore f Art. 17. 
q the Parameter of any Diameter M O, will be four times the Line 
MF, drawn from M the Origin thereof to the Focus F. 
| rr PROPO- 


— 


FI . 4+ 5* 
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PROPOSITION Ill. 
Theorem. | 


I6, 74 E Square of (0 N) any Ordinate to the Diameter M O, 7s equal 
to the Rectangle under the Parameter q ; and M O, that Part of the 


Diameter taken from its Origin M to O, the Point of Concurrence of the 
Ordinate. 


We are to prove that ON =q « M O. 

Draw N ©, an Ordinate, to the Axis A P, meeting the Diameter 
MO in the Point R, and draw O H parallel to MP; then call the 
given Quantities APor AT, x; PM or RO); and the indetermi- 
nate ones O R or & H, a; MO or PH, b, and then the ſimilar Tri- 
angles TPM, O RN will give this Proportion, viz. TP (2x) : 


PM (y)::OR (a): RN==+ This being laid down: 


Becauſe (Fig. 4.) Ng=RQ(5)—RN(DZ), or RN (2) 


R O) and 4 = AH(x +4) —HY (a), when the Point 
N falls on the ſame Side of the Axis, in reſpe& of the Diameter MO; 


and contrariwiſe (Fig. 5.) NL=R 2 0) + KV), and AQ 


* Art. 8. 


=AH(x+b)+H9 (a), when it falls on the other Side: We 
MP ayy , aayy . 7 | . . 
ſhall have N= = += and AD =x +b +a, DX. — in 
the firſt Caſe, and + in the ſecond. But AP*(x): 49 (x +b xa) 
::PM GY SN =yy + 2 2. Whence by comparing the 


ro Values of JV together, we ſhall have this Equation, viz, yy + 


9 49 


* x =yy= = ＋ I; and ſtriking out yy + 2, from each 
Side of the Equation, dividing by yy, and multiplying by 4 x x, we 


ſhall have R (aa) 4 bx; but becauſe the Triangles M PT, 
NRO are ſimilar, therefore FT (4xx):OR (4bx):: MT * 
(qx):ON =bgq=quzMO(G) V. V. Dðd . 


A General Co R OIL IL AR x. I. 


20. J T is manifeſt (by the laſt Prop.) that what has been demon- 
ſtrated in Prop. 1. with regar to the Axis AFP, its Ordinates 
(P M), and Parameter p, is equally true of any Diameter M O, its 


Ordi- 


r 
* W < 


Of the PARABOL A. 
Ordinates (O N) and Parameter 3. Now ſince the 7th, 8th, 9th, 
Toth, 11th, 12th, 13th, 14th and 15th Articles ariſe from Prop. 1. 
* and are true, whether the Angles AP M be right ones, or not; it 
= follows, that if the Line A P in thoſe Articles be ſuppoſed any other 
2 Diameter inſtead of the Axis, whoſe Ordinates are the right Lines 
P M, & N, and Parameter the Line p, thoſe Articles according to 
this Suppoſition, will be ſtill true; for their Demonſtration remains 
5 always the ſame, and there is nothing more neceſſary for making this 
FS a but reading them over again, and uſing the Word Diameter 
5 or Axis. 


Goto nr nnr . 


21. Fcauſe the Toth and 15th Articles are equally true, whether P b. 4. 
the Line 4 P be the Axis, or any other Diameter, as MO; & 5. 
therefore the Line M T parallel to O N the Ordinates to that Diameter, 

or reg the Parabola in M, and no other Line can touch it in that 

* oint. | 

my Whence there can be drawn but one right Line from a given Point 

a in a Parabola, to touch the ſame, 


Fn we 8 | 


CoroLlLLAaRky III. 


22.FI ENCE it is manifeſt (according to Def. 9.) if (MP) an 
Ordinate to the Axis 4 P be drawn from any Point M of a 
Parabola, as alſo another right Line M T cutting the Axis (produced 
beyond 4) ſo, that 4 T be equal to A P; that this Line M T will 
touch the Parabola in M. And contrariwiſe, if the Line M T touches 
the Parabola in M, and MP an Ordinate to the Axis be drawn , then 
the Parts of the Axis 4 I, 4 Pwill be equal to one another. 


CoroLL ary IV. L 


23] F you ſuppoſe in the 9th and 1oth Definitions, as alſo in the 
laſt Propoſition, the Line A to be any other Diameter inſtead 
of the Axis, whoſe Ordinates are the right Lines F M, Hue that F 6. 6. 
Propoſition will yet appear true; becauſe it may be demonſtrated in 
the ſame Manner as — as is evident by contemplating the 6th 
Figure, where the ſimilar Triangles give the ſame Proportions as in 
the Caſe of the Axis. | Sg 
Whence it follows, 1. That the laſt Corollary cught ſtall to take 
place, when the Line 4 P is any other Diameter, as well as the 
Axis. 2. That according to that Suppoſition, the Diameter H O 
may be the Axis; and ſo the Axis may be eſteem'd ſuch a Diameter 
that makes right Angles with = Ordinates thereol. 8 


Wr 
— 


— — 
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PROPOSITION IV. 


Theorem. 


F 1 C. 7. 24. 1 F MP an Ordinate to the Axis ze drawn thro” any Point M in a 


Parabola, and alſo, M G a perpendicular to the Tangent M T which 
paſſes through the Point M; I ſay the Part of the Axis P G will always be 
equal to the half of P, the Parameter thereof. | | £ 

Ve are to prove that P G is =: p. 


For becauſe TPM, T MG, are right Angles, therefore I P (2 x) : 
* Ar. 1. PM (y)::PM (3) PG 2 5. by ſubſtituting p x * te 
Value of y y for the ſame, | 
PROPOSITION V. 
Theorem. | 


F r C. 7. 25. 1 F the right Line M F be drawn from the Focus F to any Point M in 
a Parabola, as alſo a Diameter M O, and a Tangent IMS; T 

ſay. the Angles FM T, OM 8, made by. the Tangent T MS, and right 

Tone * F on one Side, and the Diameter M O on the othar, are equal to 

tac h. ot e. . 6 N . 4 


-Fox-ik the Axis A P be drawn, meeting the Tangent T MS in I. 
7 Art. 22, and M Pan Ordinate to the Axis; We ſhall have FTA +: A F OF TH 
* 41, 8. = A P+ 4 For * F Therefore, T F M will bs an Iſoſcelles 
Triangle; and conſequently the Angle F T M or O M S which is 
equal to it, will be equah to the Angle FA J. N W. D. 


COR OLLI ARX X. 


26. H EN CE its evident that the Tangent T M S infmitely pro— 

T duced; both ways from M; the Point of Contact, leaves the 
Parabola wholly next to its; Focus F. And. ſince, this every: where a 
happens in whatſoever place of the Parabola the Point ef Contact A 
be taken; it follows, that the Parabola being extended never ſo much, 
is: Concave next to ĩts Focus F. | | 7 
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Of the PARrABOLA. 11 
PROPOSITION VL 
Problem. | 
27. A ray A P, togethe/ with the Targent L A L, paſiirg through F 1 d. 8,9. 


's Origin thereof, as alſo its Parameter being given ; to find a 
Diameter B its Origin B, and Parameter, wf ich ſhall contain an Angle 
etther way wit Ordinates, equal to a given Angle K. 


Draw thc right Line A E through A the Origin of the given Di- 
ameter, making the Angle P 4 E with this Diameter equal to the 
given Angle K, and find Ma Point * in the ſaid A E (produced on * Art. 14. 
the other Side of A, when it does not fall in either of the Angles 20. 
PAL, I AL,) which may meet the Parabola. This being done, 
draw © D through & the middle Point of the Line 4 M, parallel to 
the Diameter 4 P. uiceting the Tangent A L in the Point D, and bi- 
et G D in B. I fay, the Line B © 1s the Diameter requir'd, and the 
Origin thereof is the Point B, and its Parameter is a third proportio- 
nal to B Q, and @ A. | 4 
Por 1. becauſe the Line 4 M is divided by the Diameter B © into 
two equal Parts in the Point Q, the ſaid Line will be *an Ordinate * Art. 11. 
both ways to that Diameter ; and ſince the Lines BDO; AP, are para]- 20. 
lel to each other, the Angle B QA, made by the Diameter B &, and 
its Ordinates Q A, will be equal to the Angle P 4 M, equal to the 
given Angle K or its Complement to two right Angles. 2. The 
Point B the middle of the Line © D will be + the Origin of that f 47. 22, 
Diameter. 3, The Parameter of the Diameter B © is || a third Pro- 17 N 
portional to B , © 4. | 9 
When rhe given Angle K is not a right Angle, it is manifeſt that Pi c. 8. 
two different Lines 4 E can be drawn on each ſide the Diameter A P. 
making Angles with that Diameter equal to the given Angle K; and ſo 
we may always have two different Solutions ; but you muſt obſerve that 
when A E one of the two Lines falls in the Tangent, then the Dia- 
meter A Pitſelf will fatisfy the Queſtion, But when the Angle K is 
not a right one, ſince there can be drawn but one Line A E only, at 
right Angles te the Diameter; therefore in this Caſe the Problem will 
have but one Solution; and the Diameter ſought will be the Axis. 
It muſt be obſerv'd, that the two Diameters B ©, B ©, which Fr c. 10. 
anſwer the Problem, when the Angle & is not a right one, are alike 
ſituate on each ſide the Axis 4 P, and their Parameters are equal: 
This appears from the Conſtruction itſelf, if the given Diameter A 
be ſuppoſed the Axis, and two To AE, A E, are drawn on 215 
e | 2 ide 


* Art. 19. Parameters are ſo too. 
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F 10. 11. 


* Art. 25. 
T Art. 18. 


F c. 13. 
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Side thereof. For becauſe the Right-angled Triangles 4 L M, A LM, 
and AD9, AD R, are equal, and ſimilar to one another, the Lines 


AD, AD 9; their halfs B 2, B A. and the Ordina- 
tes G A, QA will be equal to one another; and conſequently * the 


e 


28. H ENCE it is manifeſt, 1. That there is but one Diameter 

only which is at right Angles with its Ordinates; and ſo a 
Parabola has but one Axis. 2. That there may be always found two 
different Diameters, making Angles with their Ordinates equal to an 
Angle given, provided the Angle be not a 4 one; and that the 
ſaid two Diameters are alike ſituate on each ſide the Axis, and have 
equal Parameters. 


PROPOSITION VII. 


problem. 


29. A Diameter, the Parameter thereof, and a Tangent paſſing through 
1 its Origin, being given, to deſcribe the Parabola by a continued 
ation. 


If the Diameter given be the Axis, the Parabola may be deſcribed 
by Art. 4. but if it be not, let M O be the Diameter given, and 
TMS the Tangent drawn through M the Origin thereof. 

Aſſume M D in the Diameter M O (continued out beyond MA,) 
equal to a fourth Part of the Parameter given; and draw DE of an 
indefinite Length perpendicular to M D. Again, draw M F, making 
the Angle F M T with the Tangent TM S equal to the Angle O MS, 
and aſſume M F equal to M D. This being done, if a Parabola be 
deſcrib'd by Def. 1. with the Directrix D E, and the Focus P; I ſay, 
this will be that requir'd. 

Fer, 1. Becauſe the Line M O is perpendicular to the Directrix DE, 
it will be parallel to the Axis; and conſequently will be a Diameter 
by Def. 7. 2. The Line T M Swill be * a Tangent in M. 3. The 
Parameter of the Diameter M O will be 1 quadruple of MF. 


Another Way. 


Let AP be the given Diameter, and L AL the Tangent paſſing 
through A the Origin thereof, 


Aſſume 
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Aſſume 4G in the Diameter AP (continu'd out beyond 4) 
equal to the given Parameter, and draw an indefinite right Line 
DGD, making with 4G the Angle 4 GD equal to the Angle GAL 
taken on the ſame Side; then if an indefinite right Line DM moves 
along the Line DG always parallel to 4G; and at the ſame time the 
Extremity D thereof carries along with it the Side (DA) of the 
Angle DA M, equal to & A L, whoſe Vertex is moveable about the 
fixed Point 4 : I fay, the Point M, the continual Interſection of the 
Line D M and the Side A M, will by this Motion deſcribe the Para- 
bola ſought. 

For if MP be drawn parallel to AL, the Lines M P, G D will be 
equal to one another; ſince the Angle AFM or G AL being equal to 
the Angle AGD, they are equally inclin'd between the Parallels G P, 
DM. Now the Triangles AG D, MPA, are ſimilar: for the Angle 
MPA or G AL 1s equal to the Angle AGD ; and the Angle PM A 
or MAL, equal to the Angle G AD, becauſe if the ſame Angle DAL 
be taken from each of the equal Angles G AL, DAM, the remain- 
ing Angles are equal. Therefore we ſhall have 4G : G D, or PM:: 


PM: AP, andfoGA*x AP=PM ; whence it is manifeſt „ that « 4,4.19, 
PM is an Ordinate to the Diameter AP, whoſe Origin is the Point and 21. 
A, the Line L A L is a Tangent in that Point, and the Line 4G the 
Parameter to the ſame. V. V. D. 
If the Diameter AP be the Axis; then the Lines G D, AL will be x e. 1 3 
rallel, and the Demonſtration will become more eaſy ; for it is 
immediately perceiv'd that G D is equal to PM, and that the Right- 
angled Triangles 4 G D, MPA are ſimilar ; whence 4G : G D, or 


PM:: PM: AP. And therefore AG APS PM, &c. 


PROPOSITION VIII. 


Problem. 


30. J Diameter AP, the Parameter thereof, and the Tangext AL paſ- 

'4 ſing thro A the Origin of that Diameter, being given; to find any 
Number of Points of the Parabola, or (which is all one) to deſcribe it 
thro* ſeveral Points. 


Aſſume AG in the Diameter AP (continuw'd ont beyond A) equal x c. 14. 
to the given Parameter, which biſe& in the Point D, and draw an 
indefinite right Line 4 F perpendicular to 46; then about the Point 
C, taken every where in DA, produced indefinitely towards A, as 
a Centre, with the Radius CG, deſcribe PF an Arc of a Circle, cut- 
ting the Diameter AP, and its Perpendicular 4 F, in two Points P, - 

Ar 
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And draw MPM through the Point P parallel to the Tangent 4 L. 
and in this Line take the Parts PM, PM both ways, each equal to 
JF: and then the Points MH, M will be two of thoſe fought. And 
after the ſame manner may any Number of Pairs of Potnts M, M be 
found; through which, if a Curve Line be drawn, it will be the Pa- 
rabola ſought. | 

For all the Arcs (PF) that paſs through the ſame Point G, and 
whoſe Centres are in the Line G A, (produced if it be neceſſary) will 
have the Lines GP for their Diameters ; and therefore by the Proper- 


ty of the Circle we ſhall always have AF =G 4 *« AP. But every 
* Hyp. PM is equal * to its Correſpondent AJ; and moreover, parallel to 
the Tangent AL, patling through A, the Origin of the Diameter AP; 
+ Art. 19, and conſequently PH will be + an Ordinate to that Diameter; there- 
and 21. fore the Parabola requir'd muſt paſs through all the Points M, MM, 
found as hetore directed. | 
It is evident, that ove may err in drawing the Parts of the Parabo- 
la, that join the Points found: But this Error will not be ſenſible, 
when the Points are very near to each other. Thoſe who have occa- 
ſion to often deſcribe the Conic Sections, commonly prefer the Way of 
deſcribing them through many Points; becauſe the Inſtrunients that 
have been invented for deſcribing them by a continued Motion, being 
Compound ones, are often faulty, and not exact enough in Practice. 


Another Way. 


Fic. 15. Draw the indefinite right Line LE through L, any Point in the 
Tangent AL, parallel to the Diameter A P; and in this Line. and 
the Diameter A P (continued out beyond A) aſſume at pleaſure the 
equal Parts LE, EE, EE, &c. AF, FF, FF, &c. and take the Point 
Min LE, fo that LM be a third Proportional to the Parameter of 
the Diameter A4 given, and AL the Part of the Tangent. Then if 
the Lines AE, AE, AE, &c. MF, MF, MF, &c. be drawn from 
the Points A and M: I fay, the Points of Interſection N N, N, &c. 
of every AE, and its Correſpondent M F, will be all in the Parabola 
requir'd. LEV * | 

For it the Lines MP, N © are drawn through the Points M and NM, 
parallel to the Tangent A L, and you call AP, x; PM or AL, y; 
AQg,n; QM x; the ſimilar Triangles NA, ALE and MPF; 
Ng F will give theſe two Proportions, viz. & N (z) : QA ( AL (Y. 


LE or AF = And M ()): PF or PA + AF (x + _— 


ND z):8F or © 4 + AF (u + )- And multiplying the | 
. 4 Means 
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Means and Extremes, we ſhall from this Equation u y = x z + 


| 2 | 
xy; and ſtriking out uy from both Sides of the Equation, and multi- 
vying by x, we ſhall have uyy Xx xx, which may be reduced to 
this Proportion A P(x): A® ):: MP ())): NS (zz). But b 
Conftrudtion, the . . 0 or PM 9 to Je N23 le 4 
der A V the Part of the given Diameter, and the Parameter thereof. 
And therefore the Line PM will be * an Ordinate to the Diameter + ,, 19 
AP; and ſo N will be + another. Conſequently the Point N will 4521. 
be one Point of the Parabola, that falls on one Side of the Diameter f 47. 8, 
AP: And to find the Points on the other Side, you need only take 94 20. 
the equal Parts LE, EE, &c. A F, FF, &c. in the indefinite right 
Lines LE, A F, on the other Side of the Points L, A. 

If inſtead of the Parameter of the Diameter 4 P, which is here 
ſuppos'd to be given, we have M one of the Points in the Parabola, 
which often, happens: Then you muſt draw the indefinite Line LE 
— our Point parallel to the Diameter AP, and proceed afterwards. 
A8 Above. 288 | | 28 e 


\ 


' The End of the Birfl Book. © 
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Of the Ellipſis. 


DEFINITIONS 


I, 


Fc. 16. J F F,f be two Points, or Nails fix'd in a Plane, and a Thread FMf 


be put about them, whoſe Length muſt be more than the Diſtance 
FJ; and if then you put the Pin M to the Thread, ſo as always 
to keep the ſame ſtrain d tight; and move the Pin round theſe two 
Points, till it be come to the ſame Place from whence it went; the 
ſaid Pin, by this Motion, will deſcribe a Curve, which is called an 
Ellipſis. 

2 


The Points F, f, are called the Foci of the Ellipſis. 


3. 05 

The Line A a, which paſſes thro* the two Foci F, f terminating 
both ways in the Ellipſis, is called the firſt or great Axis | or tranſ- 
verſe Axis. | | 

The Point C, which divides the firſt Axis 4 a in half, is called the 
Centre of the Ellipſis. J 

5. 

The Line Bb drawn through the Centre C, perpendicular to the firſt 

Axis Aa, and terminating both ways in the Ellipſis, is called the 


ſecond or ſmall Axis | or Conjugate Axis.] 


6. 
The two Axes Aa, Bb, are called together, Conjugate Axes : So 
that the firſt Axis A is ſaid to be a Conjugate to the ſecond BU; 
and reciprocally the ſecond Bb, a Conjugate to the firſt 4a. 


7. The 
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48 WI 7. IT 
The Lines MP, MK drawn from Points (M) of the Ellipſis, pa- 
xallel to one of the Axes, and terminated by the other, are call'd Gr. 
dinates to that other Axis: So MP is an Ordinate to the Axis A a, 
and M K to the Axis Bb. : | 
A third Proportional to the two Axes, is called the Parameter of 
that which is the firſt Term of the Proportion: So if it be made as 
the firſt Axis Aa to the ſecond Bb, ſo is the ſecond Bb to a third Pro- 
portional p; this Line p will be the Parameter of the firſt Axis. 


. | 9. 
All right Lines paſſing through the Centre C, and terminated both 
ways by the Ellipſis, are called Diameters. | 


IO, 
A right Line meeting the Ellipſis but in one Point, and being both 
rays continued does not fall within the ſame, is called a Taygent in 
that Point, | 


SCHOLEFEIUM 


57. JF the two Foci F, f, and the Centre C be ſappoſed to be united EI c. 17; 
+ in one Point, it is manifeſt then, that the Ellipſis will be | 
changed into a Circle, having the right Line CM for the Radius 

thereof, equal to one half of the Thread CMC, put about the Point 

C, the Centre of the Circle. Hence a Circle may be conſider'd as a; 
particular Species of an Ellipſis, wherein the Diſtance of the Foci is. 
nothing: And therefore, whatever in the following Treatife is demon- 

ſtrated of Ellipfes, be their focal Diſtance what it will, may be alſo 

apply'd to a Circle, by ſuppoſing that Diſtance to become nothing, 


Ca SoOoLlLt a ln k 


32. II, follows from the firſt Definition, that if the right Lines N F, F 1 0. IG 
Mf be drawn from any Point MH of the Ellipſis; their Sum 
will be always the ſame. 


COR OERB ATN II. 


33.] T is manifeſt, that when the Point Mt falls in 4; the Line MP 
' will become AF, and Mf the Line Af: It is moreover evi- 
dent, that when the Point M is & in a, the Line. M will. become 

4 E, 


. 
— ——ͤ— — 


* Art. 33. 
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a F, and Mf will become the Line af. And therefore we ſhall ha. 
AF+ Af, or 2 AF+ Ff=aF-+ af, or 24 ff; and conſe- 
quently AF af. Whence it follows: 35 
1. That the Sum of the two right Lines M F, Mf, is always 
equal to the great Axis Aa, ſince Mf + MF=Af+ AF=Aj+fa. 
2. That the focal Diſtance Ff is divided into two equal Parts by 
the Centre C, becauſe CA—AF, or CF=Ca—af, or . 


r 


34. IF the right Lines BF, Bf be drawn from B, the Extremity of 

the ſecond Axis Bb to the two Foci Ff; it is then manifeſt, 
that the right-angled Triangles BCF, B Cf are equal to each other ; 
and ſo B F the Hypothenuſe of the one, equal to Bf the Hypothenuſe 
of the other; therefore B F, or Bf A, or Ca, becauſe * B F + 
Bf Asa. And after the ſame manner we prove, that Fb, or fb 
is = CA or Ca, Whence it appear? 

1. The ſecond Axis Bb is divided into two equal Parts by the Cen- 
tre C; for the right-angled Triangles FCB, FC are equal; becauſe 
their Hypothenuſes FB, Fb are equal, and the Side FC is common. 

2. The ſecond Axis Bb is always leſs than the firſt one Aa; becauſe 
BC, the half thereof, being one of the Sides of the right-angledt 
Triangle BCF, will be leſs than the Hypothenuſe B F, which 1s equal 


to CA. the half of the firſt Axis Aa. 
3. If a Circle be deſcribed about B, one of the Extremes of the ſe- 


cond Axis Bb, with the Radius B F, equal to C A, the half of the 
firſt or great Axis Aa; then that Circle will cut the great Axis in the 
two Points F, f, which will be the two Foci of the Ellipſis. 


Cans tte 


. TH E ſame Things being premiſed, if CA or B E be called t; 
I and CF, n; then the right-angled Triangle B C, will give 
BC =tt—mm. But AF=t—m, and Fa t A m, and there- 
fore AFx Fa tt - mn n. Whence it is manifeſt, that the Square 
of CB, half of the little Axis Bb, is equal to the Rectangle under 


AF, and Fa, the two Parts of the great Axis between A, a, the Ends: 


thereof, and the Focus F. 


\ a 
CoroLlLary V. 

36. Hue it will be eaſy to deſcribe an Ellipſis, whoſe two Axes 
21 Aa, Bb, are given: For if the two Foci F, f be fcund in the 
great Axis, and you put the Thread F Mf, whoſe Length is equal to 
4. | * | n 115 WM 
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the great Axis, about them ; and then deſcribe an * accord ing 


to the Directions of Def. 1. it is evident, that the Ellipſis deſerib'd 
will be that requir'd. 1 


PROPOSITION I. 


Theorem. 


37. IF the Ordivate M be drawn to the firſt or great Axis Aa, and the F 1 c. 16. 


Part A D be taken upon that Axis equal te MF, I jay, CA: CF: 
CP: CD. | 


b | * 

Call (as before) the given Quantities CA, C F, t and ; and the 
Indeterminate ones CP, PM, x andy; aud CD the unknown one x: 
Now there may happen two Caſes. | 5 
Cuſe 1. When the Point P falls above the Centre C. Becauſe PF is 
always leſs than Pf; therefore M F or A D will be leſs than Mf or 
2 D; and lo AD or MF=t—z, aD or Hf =t x, FP=m — A 
or x M (according as the Point P falls below or above the Focus F), 
and Pf=x + mn. But the right-angled Triangles MPF, M Pf, give 
tt—2tz+zz=yjy+'mm—2mx+xx, andtt + 2tz+zz 
Dyy nm 2mx+xx And by ſubſtracting the former Equa- 
tion from the latter, we ſhall have 4tz nx; and conſequently 


CD == 


Caſe 2. When the Point P falls below the Centre C, becauſe PF is 
always greater than Pf, it is manifeſt, that MF or AD will be 
greater than Mf or aD: therefore AD or MF =t + xz, aD or Mf 
=t—z, PF=x + m, Pf =x— n, or m— x (according as the 
Point P falls below or above the Focus f) but the right-angled Trian- 
gles MPF, M Pf, givett + 2tz+zz=py + mm+2mx+ XX, 
and-tt—2tz +zz=Jy +mm—2mx+xx And by ſub- 
ſtracting this laſt Equation from the former, we ſhall have 4t z 24 


m x, and conſequently CD (z) = ' Whence in both Caſes we have 
CA(t):CF (m) ::CP(s) CD (z). V. V. D. 


2 14:16:03.7 a Abtei BEV 1 
38.PJENCE it is manifeſt, if the given Quantities CA or Ca be 
called t; CFor Cf, m; and the indeterminate one CP, x: 
we ſhall always have MF =t — 5 and Mf =t + _ when the 
1 D 2 Point 


Oe 
wow 
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Point P falls above the Centre C: And on the contrary, when the Point 
P falls below it, we ſhall have MP=2 + , and Af = — 


PROPOSITION IL 
Theorem. 


39. 7 E Square of MP, any Ordinate to the Axis A a, is to the 
A Redtangle under AP and Pa, the Parts of that Axis, as the Square 
of its Conjugate Axis B b, to the Square of the Axis Aa. 5 


Ve are to prove, that PM : AP« Pa: :Bb : Aa . 33 
The ſame being ſuppos d, as in the foregoing Article, if 
— (SD) be put for z in the Equation tt + 2tz + ZX + m m 
* Art. 37, + 2 m x + x x, Which was found * by means of the right- angled Tri- 
angle M PF, we ſhall always form this, viz. tt yy t! t tx. x — mk 
tt nn x x, which being reduced to a Proportion, gives PM (3): 
+ Art. 35. 8 (tt—xx)::BC it(tt—mm):CA (tt): : BB: Aa. 


r r 


FT 1 F any Ordinate M X be drawn to the other Axis BS, which I 
call 2c, it is manifeſt that MK CP (x), and CK=P M 


* Art. 39. (). But * PM (1y): APxPa (tt—xx) BB (4cc) Aa 
(4tt). And therefore 46c=xx=4cctt—gttyy.; and ſo we have 


74 5 MK Cx x): BX AU (23595) :: 44 (Att): BI 
4. 
That is, the Square of MK any Ordinate to the Axis Bb, is to 
the Rectangle under BK and Kb, the Parts of that Axis, as the Square 
of its Conjugate Axis A a, is to the Square of the Axis B55. 


N — 22 8 ** 
* . 1 Ae A; a. - 
- wa” b wo) * 9 N Bat 3 385 * 3 
ren r * 


The Fundamental Co ROL LAX I. 


F : 6. 18, 41. I F one of the Axes, as Aa, be call'd 2t; its Conjugate Bb, 2 c; 
and 19. the Parameter thereof p; every of the Ordinates PM, y; and 

each of its Parts (CP) contam'd between the Centre and the 
Points of Concurrence of the Ordinates, &; we ſhall always have * 


PM (yy): AP Pa (tt —x x) :: Bb(4 cc) :Aa(4 tt)::ip: Aa 
$115" | (2t) 


* Art. 39. 


2 
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(2t). Becauſe by the Definition of à Parameter, Aa(2t):Bb 
(2c) :: Bb (2c): P, therefore p = = Whence if the 
Means and Extremes of the r t — xx: : 4:4 tt, are 
t 


firſt multiply'd into one another, and aſterwards thoſe of this yy: 1 . 


XX 


—xx::p:2t, Weſhall have yy =cc— — and yy=ipt— 


t 
Þ** Now ſince this Property equally agrees to all the Points of the 


27 ] ; 

Ellipſis, and determines the Poſiticn thereof with reſpect to the two 
Conjugate Axes Aa, Bb, it follows that the Equation y y =c c — 
„ r =! pt — Z —, expreſſes the Nature of the Ellipſis with 
regard to the Axes thereof. 


CoroLLaRY III. 


42. J F there he drawn MP, N 9, any two Ordinates to the Axis 
I Aa; their Squares will be to one another as (AP « Pa, 4 
„A), the Rectangles under the Parts of the Axis made by the 


Points of Concurrence of the ſaid Ordinates; for * Bb :Aa': :PM' An. 39. 


—— 


AP-Pa:: N: 49894. And therefore PM: V:; AP Pa: 


Connrot tart I, 


43. I F M MH be drawn from any Point P in one of the Conjugate 
— f moet 


ContdOolt Lai . 


44. Becauſe * yy iö 0 c— < , it follows, that the more C P(x ) 


tt 

taken both ways from C the Centre, increaſes, the more does both the 
Ordinates PM (y) taken on both Sides of either of the Axes Aa, dimi- 
nyſb; ſo that when C P(x) is equal to CA, or Ca (t), both the Or- 
dinates PM (y) will then become nothing: And contrariwiſe, the 
more C (x) diminiſhes, the moxe will both the Ordinates P A (y ) 
taken on each ſide of. the Axis A 4 increaſe z ſo that when C P(x) 


becomes 


* Art. 41s 


* Art. 41. 
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becomes nothing, both the Ordinates PM (5), each of which then 
is CB or Cb (c) will be the greateſt of the Ordinates. Whence 
is is manifeſt, | 
1. That if right Lines be drawn through B, b, the Ends of one of 
the Conjugate Axes parallel to the other; thoſe Lines will touch the 
Ellipſis in them Points. | 5 

2. That the Ellipſis recedes more and more from A the Extremity of 
either of its Axes Aa, until it meets the Conjugate Axis Bb, after 
which it continually accedes to the ſame Axis A a, until it meets the 
{ame in a, the other End thereof. | | 


Corollary VI. 


* Art. 41. 45. B Ecauſe *y y=c == it follows, that if the Points P, P, 


* Art. 45. 


Ff G. 20. 


be taken equally diſtant both ways from the Centre C; the Ordinates 
PM, PM, will be equal. And therefore, if any right Line 
M M terminating in the Ellipſis, be cut into two equal Parts, by- 
one of the Conjugate Axes Bb, in the Point K, not being the Centre, 
that right Line will be parallel to the other Axis Aa: For draw M P, 
MP, parallel to the Axis Bb, and then PP will be biſected in C, be- 
cauſe M 71 is ſo divided in K; therefore the Ordinates PM, PM will 
be equal: And ſo the right Line MM will be parallel to the Axis Aa. 


Corottary . 


46. I F the two Parts of the Plane whereon the Ellipſis is drawn, on 
each ſide of either of the Axis, as B b, be ſuppoſed to be folded 
together; it is manifeſt that the two Semi-Ellipſes B Abb, Bab, will 
exactly fall on each other, | or Coincide | viz. the Points A, M, &c. 
on a, M, &c. becauſe * all the Perpendiculars A a, MM, &c. to that 
Axis, are biſeQed in the Points C, K, &c. Whence it appears that the 
Ellipſis is cut by the two Axes into four equal and uniform Parts, not 
at all differing but in Situation. e | 


PROPOSITION . 


? 


Theorem. 


47. T* any right Line AM be drawn thro' A one of the Extremities of 
I one of the Axes A a, in one of the Angles a AL, a AL, madeby 
that Axis, and the Line LAL parallel to Bb its Conjugate Axis; I 
ſay the ſaid Line will meet the Ellipſis in ſome other Point x. 14 : 
25 bt are 
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Take A G, on either fide the Point A, in the Line AL, equal to 
p the Parameter of the Axis Aa, and draw G F parallel to the Axis, 
meeting the Line A M (produced, if neceſlary ) in the Point F: 
Moreover, aſſume AL in the Line A L, (on the ſame Side as the 
Line A M falls with reſpect to the Axis Aa) equal to G F, and draw 
the right Line a L through a the other Extremity of the Axis Aa; I 
ſay the Point M wherein this Line cuts the Line 4 M, is in the El- 
lipſis MAM. 

For draw) M P parallel to A L, and call the known Lines 4a, AG, 
2t, p; and & For AL, a; and the unknown ones CP, x; PM, 5; 
then the ſimilar Triangles AGF, MPA and L Aa, MPa, give this 


proportion, AG (y): GF(a):: MP(y): AP(t+x) == And AL 


1 * 


- 
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5, 
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(a): Aa(2t) PM ()): P(t Ex)= And conſequently we 


a 


have always AP Pa (tt — xx) . „let the Point P fall either 


above or below the Centre C; and therefore yy = : p — . Whence 


the Line PM will be * an Ordinate to the Axis Aa; and ſo the « 4 at. 
Point AM will be in the Ellipſis MA M. V. V. D. 


i 
. e 1 
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48. H ENCEif Aa one Axis of an Ellipſis M 4 M, as alſo p the 
Parameter thereof be given, and any right Line 4 M he drawn 
through A one of the Extremities of that Axis, in either of the Angles 
a AL,a A L made by that Axis, and the Line LAL which is paral- 
lel to the Conjugate Axis Bb : Then it appears how the Point M 
wherein the Line A M meets the Ellipſis MA M may be found. 


GO TOLL 42x10 


49. H ENCE it is evident that there is but one Line L AL paral- 

2 lel to the Axis B b, that can touch the Ellipſis M 4 M in the 
Point A, one of the Ends of Aa the Conjugate Axis thereto ; becauſe 
no Line but that only, which paſſing through the Point 4, and being 
continued both ways, but what will fall within the Ellipſis, and meet 
it in another Point. 23 7 | 13 


ö 'PRO- 


24 


The SR CON pd Book. 


PROPOSITION Iv. 


Theorem. 


E 1 C. 20. 50. 2 L Dia meters, as MCm are cnt into two equal Parts by the 


Centre C, and meet the Ellipfis but in two Points M, m. 
Draw the Ordinate MP, and aſſume Cp equal to CP, and on the 


Point p raiſe the perpendicular 1 terminating in the right Line 
4 


Men; then it is manifeſt that the Triangles Cn, Cp n are ſimilar 
and equal, and ſo CM is equal to Cn, and PM to pm. And thoſe: 
Ordinates that are equally diſtant from the Centre Con both Sides. 


Art, 45. thereof, are“ equal to one another. But PM is an Ordinate; there- 


4 5 
* 4 


fore p m will alſo be an Ordinate, and conſequently the Point m will 
be in the Ellipſis. | on {Me 
Moreover, it a right Line parallel to the Axis BI, be ſuppoſed to- 
move from Ctcwards. A; it is manifeſt that the Part of that Line in- 
cluded within the Angle 4 CM, will continually increaſe as CP does. 


And contrarwiſe the Part of that Parallel included between the Qua- 


drant of the Ellipſis 4 MB, and the Axis C A, that is, the Ordinate 
PAH, will * continually decreaſe; and fo the right Line CM, paſling 
through the Centre, meets the Ellipſis in one Point M only, on the 


ſame Side the Axis; and the ſame is to be underſtood of the Point m. 


taken on the other ſide. Whence, &c. | 
DEFINITIONS. 


IT. 


Fic. 21, If throngh any Point Mof an Ellipſis, be drawn a Diameter MC . 


and 2%. an Ordinate MP to eicher of the Axes, as Aa, and a right Line, in 


ſuch manner that C be a third proportional to CPand CA; the 
Diameter S C's. which is parallel to MT, is call'd the Conjugate Dia- 
meter to the Diameter Mm, And contrariwiſe, the Diameter M m is. 
ſaid to be a Conjugate to the Diameter Ss: So that both of them 
together are call'd Coxjugate Diameters.. IR 
| 8. 7 | 
All right Lines drawn from Points of the Ellipſis parallel to one of 
the ſaid two Diameters, and terminating in the other, are call'd Ordi- 
Yates. to that other Diameter. So N © which is parallel to the Dia- 
meter Ss, is an Ordinate to M the Conjugate Diameter thereto. 


13. A third 
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13. a 8 5 

A third Proportional to tw6 Conjugate Diameters, is call'd the 
Parameter of the firſt Term of the Proportion: So a third Proportio- 
nal to Mm, Ss, is call'd the Parameter of the Diameter Mm. 


COROETLARY, 


51 JF the given Line CA be called t; and the Indeterminate ones 
CP, PI, x, s; it is manifeſt (by Def. 11.) that CT (x + s = 


1 and ſos x t tx x=AP x Pa, 
x 


NOD OS ION V. 
Theorem. 


5 2 IT two Ordinates, MP, S K, to the Axis A a, be drawn thro M, 8, 
1 the Ends of the Conjugate Diameters Mm, Ss; I fay, C K, the Part 


.cf the Axis between the Centre and the Point of Concurrence of one of the 


Ordirates 8 K, is a mean Proportional between AP, Pa, the two Pajts of 
the Axis made by the Concurrence of the other Ordinate MP. 


We are to prot e, that CR AP „Pa. 


Call the known Lines CA, t; CP, x; PT, s; and the unknown 
one CK, mn; then we ſhall have AP. Pa=tt—xx=*s x, and * Art. 31. 
AKx Ka=tt—mm=5sx+ x x— m m, by putting x x + 5x for 
tt, which it is equal to. Now, by the Property of the Ellipſis, f A Pf At. 42. 


Pa (sx): AK Ta (ö T- un⁰⁰ PH: XS. . TB (H). 


TK (mm). By the Similarity of the Triangles TPM, CK S; whence 


by multiplying the Means and Extremes, and orderly tranſpoſing, 


there ariſes CK (n = =5x = APx Pa. V. V. D. 


UD. 


53. Eauſe TK =t t — * x, It follows, that C ; TK, or A K 
uns =x£ But *CA(tt):CB(cc)::AKnxKa(xx):* 40.41. 
Than == AndC1 (tt):TB (co) ::APxPa(tt—xx);ÞM 


ft 
, . Morcover, becauſe the Triangles CPM, CK S are 
E - right- 


26 


* Art. 42. 


——— 
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right · angled, we have the Square CM or CP + PM =xx+ c 
2 and the Square CF or CK XS = tt 23 4 — 


Therefore CM Fu TS=tt + cc. 3 5 
That is, the Sum of the Squares of any two Conjugate Diameters 
Mm, Ss, is equal to the Sum of the Squares of the two Axes 4a, Eb. 


P'RQO:PÞO TINTO VI. 


Theorem. 


54.7 E Square of ON, any Ordinate to the Diameter Mm, 7s to the 
Redlangle MO, Om, under the Tarts of that Diameter, as the 
Square of Ss, the Conjugate Diamcter to it, to the Sgrare cf the ſaid 
Diameter M m. ; | 

We are to prove, that ON: MO x» Om::Ss:Mm. 

Draw N ©, OH parallel to the Axis Bb, and OR parallel to A a, 


the Conjngatè thereto, meeting the Ordinate N © (produced, if ne- 
ceſlary ) in the Point R; then call the given Lines CP, x; PM, y; 


CA, t; PT, s; and the Indeterminate ones H or O R, a; CH, V; 
and the ſimilar Triangles CPM, CHO, and MPT, NR O, will give 
theſe two Proportions C (X): PM ()): : CH ()): HO or RA 


2 And TP (s): PM (Y) :: OR (a) ;RN==. 
: 1 : | by 
And becauſe (Fig. 21.) NS is always the Difference of R =) 


RN (Z), and C the Sum of CH(b), HQ (a), when the Point 


N falls between the Points M, S, or n, s; and on the contrary, 
(Fig. 32.) N © always the Sum of R &, RN, and C the Difte- 
rence of CH, HO, when the Point N falls otherwiſe, we have 


| 2 b b b Sas © 2 f 
FAS r CS =aa+2ab-+bb,; vis. — 


F &X 14 


=D, and + 2 a h in the firſt Caſe, and +=, and — 2 4 h in 
the ſecond, But PPA (ft x *) 4. «x Ba, or C 


Ca (tt — 44424 — bb)::PM(yy):&N = 


22 on = And by comparing the two Values of NO 
. e's bb b 
together, this Equation will be had r 4 — * = £ —— 


_ 1 3 q 
2 N, and ſtriking out the Term g — 5 from one 


tt — xx 


2 | Side 
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Side of the Equation, and the Term + LL from the other Side 


( theſe two Terms being equal, ſince, by Art. 51. sx=tt—x x 
| aan_ tt—aa—bb. | 


and dividing by yy, there will be had = + © = © : 
—X 
And multiplying by x x, and tranſpoſing Yb, we ſhall have 


AAXX aax* fixxX—qaaxx—bbtt 5 1 . | 
—, or — = ; and again 1 . 
46 J Aux — z and ag in nultiply ing the firſt Mem 


her by s5 x x, and the ſecond by the Square of t t—x x, the Value of 
sx (which is done in only multiplying the Numerator by tt—x x) we 


27 


ſhall have aax* =t* xx — aattxx—bbt*— ttx*+ aax* + bbttxx ; and 


ſtriking out aax* from both Sides, tranſpoſing of aattxx, and dividing 
by ttxx, there will be hal H or G R (aa) =tt —x x + bb — 
_ | 7 Es 

Nou if the Semidiameter C Mor Cm be called z; by the Similarity 
of the Triangles CP 21, C HO, we ſhall have the following Propor- 
tion CP (): CM (z)::CH(b):CO == Therefore M O x O m 
bb T 


But the ſimilar Triangles OR N, C KS give this 


Proportion ON: CF: UR (tt —xx + bb —L2) TK" * 


(tt—xx) ::MO x Om (===) CM (22. Since the ſame 


xx 


Product ariſes by multiplying the Means and the Extremes. And 


therefore ON: MO « O m F: TCH *::S85: Mm. V. V. D. 


A General CoR OIL IL AR x. I. 


55. HENCE it is manifeſt, that what has been demonſtrated in 
Prop. 2. with reſpect to the two Axes Aa, Bb, is equally true 


of any two Conjugate Diameters Mm, Sa. And ſince the 4oth, 41, 
42d, 43d, 44th, 45th, 47th, 48th and 49th Articles, ariſing from Prop. 2. 


are true, whether the Angle 4 CB be right or not; it follows, that 
if the Lines Aa, Bb, are ſuppos'd in thoſe Articles, inſtead of the 
two Axes, any two Conjugate Diameters, thoſe Articles will ſtill be 
true according to this Suppoſition : For their Demonſtration will al- 
ways remain the ſame; and there is nothing more requir'd to make 


E 2 | „ G'"0+R-0 'Þ- 


* Art. 52, 


* Art. 50. 


this appear, but reading them over again, and every where uſing the 
word Diameter for Axis. | ; | 
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Conoltary II. | 1 
56, Baue the 44th and goth Articles are equally true, whether 1 
D the Lines Aa, Bb, are any two Conjugate Diameters, as M x, 3 
Ss, as well as the Axes, therefore the Line M T draun from the 9 
Point M, one End of any Diameter MA m, parallel to Ss the Conju- I 
ate Diameter thereto, touches the Ellipſis in A; and no other Line i; 
put that can touch the Ellipſis in that Point. Oy 2 
Whence it appears, that there can but one Line be drawn from a. 1 
given Point in an Ellipſis, to touch the fame in that Point. | Þ 
fn IK COR OIL. T AR X III. 5 
F 57. ITENC E it is evident, by Def. 11. that if an Ordinate A P. 4 
4 be drawn from any Point Mof an Ellipfis, to either of the 1 
Axes Aa; and you take CT, towards the Point P, a. third Proportio- nw 
nal to CP, CA, and draw the right Line MT; this Line MT wilt 1 
touch the Ellipſis in Al. And contrariwiſe, if the Line M. T touches. 3 
the Ellipſis in M, and the Ordinate MP be drawn to the other Axis * 
Aa, the Parts of that Axis CP, CA, CT; will be in a continual Geo- A 
metrick Proportion. | F 
C Oo ROLL AR * IV. 1 
58. I* the IIth, 12th, and 13th Definitions and in the two laſt Pro- 3 
N poſitions, if. you ſuppoſe that the Lines 4a, Bb, inſtead of the 1 
1 Axes, are any two conjugate Diameters, thoſe Propoſitions will ſtill 2 
11 be true, becauſe they may be demonſtrated as before: as is evident by F 
| contemplating the 23d Figure, wherein the ſimilar Triangles give the. þ. 
: fame Proportions as in the Caſe of the Axes. . 1 
| Whence it follows, 1. That the laſt Corollary ought ſtill to take 1 
; place, when the Line Au is any Diameter, as. well as the Axis. 
| 2. That the Conjugate Diameters. m, Ss, may be the two Axes ac- 4 
cording to that Suppoſition; and ſo the two Axes may be eſteemed as. 1 
i two Conjugate Diameters, being at right Angles with each other. _ 
i PROPOSITION. VII. J 
1 1 0. 24. 59. T* from any Point of an Ellipfs, whoſe-Centreis.C, there be: drawn 


the Ordinate MP to Aa one of the- Axes, and MG perpendicular 
to the Jangent MT paſing through the Point M: I ſay CP: vill aways. 
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Fave the ſame Proportion to PG, as the Axis Aa has to its Parame- 
er. ; | f | ; 


For if the Semi-Axis CA or Ca be called t and the indetermi- | 
nate Lines CP, X35 P M, J3 we mall have *CF=— 5 and therefore * Axt. 57. 


. Butthe Right-anghd Similar Triangles Taf. JP, 
give this proportion, TP! EO: PM(3) OP). 


Hence we may get this. Proportion CP (#):PG(=2— 24 Px Pa: 


tt. & 


(tt — xx) PAN. yy). Becauſe by multipling the Means and Ex- 
treemes, the ſame Product x y y will ariſe, but the Rectangle AP x Pa 


is * to the Square PA, as the Axis Aa to its Parameter. Where- * Art. 4. 
re, x. CESIFO ter Lids 


4 


PROPOSITION vun 


Theorem. 


60, 17 a Tangent T MS be drawn. through any Point M of an Ellipfis, as Fc 255 
1 © .alfo the right Lines MF, Mf, tothe two Foci F, f: I ſay the Angles 
FMT, f Ms, made both ways by thefe two Wines, with the Tangent T MS, 


are equal to one another. 


* 
. 


For draw F D, fd; perpendicular to the Tangent; alſo draw the 
firft Axis Aa meeting it in J, and the Ordinate MP to that Axis, 
and call CA or Ca, t; CF or C,, n; and CP, x; then we ſhall have 
HMF* (t- —} : Mf(t + —)::TF, or CT {— ) "AIM ed 


Tf or CTI + Cf (m:) Becauſe in multiplying the Means and 


N | 
Extremes, the ſame Product ariſes. But the ſimilar Toangice FE D, 
T-f d, give this Proportion, IF: Tf:: FD: fd. And ſo MF the 
Hypothenuſe of the right-angled Triangle M D F will be to MF, the 
Hypothenuſe of the right-angled Triangle Ma y, as the Side D F is to 
the Side df: and conſequently theſe two Triangles will be ſimilar ; . 
wherefore the Angles FM L, fM4, or FMT, f MS; which are op- 


E 5 the Homologous Sides DE d f, will be equal to one another. 


* 


CO RO 


The SECOND BO O x. 


CoroLL AR x. 


E 1 C. 26. 61. FENCE it is manifeſt, that the Tangent TMA being both 

ways infinitely produced from the Point of Contact M, leaves 

the Ellipfis entirely next to its two Feci F, f, And ſince this is al- 

ways ſo, let the Point M be where it will in the Ellipſis, it follows, 

that the Ellipſis will be Concave quite round about the two Foci 
thereof, and conſequently alſo about its Centre. 


PROPOSITION IX. 


Theorem. 


—- — ee . a - h #4: „* - 
— x mo gon ors EE. - — . - - - 


F C. 26. 62, I DAE be drawn thro' A, one End of any Diameter A a, paral- 

be lel to Bb, the Conjugate Diameter thereto, meeting any two other 

1 Conjugate Diameters Mm, Ss, in the Points D, E; I ſay, the Rectangle un- 
| _ DA, AE, 7s equal to the Square of CB, the one half of the Diameter 

Fs We are to prove, that DAx AE=CR. 

| Through M, 5, the Ends of the Conjugate Diameters Mm, S, draw 

the Ordinates MP, SA to the Diameter Aa, and call CA, t; CB, c; 


An. 52. and CP, x; PM, y; then we ſhall* have TK = A P« Pa=tt—xx; 
* 4rt, 54..And conſequently A K «x Ka, or CA—CK xx. But BC(cc): 
C4 (et) 3: P (yy):4P Pa, or CK . And CA 


(tt) e (cc):t AK Ka (xx): KJ ==. And by ex- 


tt 
tracting the ſquare Root, we get CK = 2. and KS 5 But the 


ſimilar Triangles CPM, CAD, and CRS, CAE, give theſe Proportions 
CP(s):PM(y)::CA(t): AD=L AndCK{Z):KS(=) 


::CA (1): E ==. | Therefare D A « AE=cc BC. WW. 
D. | 382 


PROPOSITION X. 
Problem. | 
[i I Fc. 2. 63, 780 O Conjxgate Diameters Aa, B b, of an Ellipſis being given, as 


alſo a right Line MCm, in paſſing thro the Centre C, to find the Points 
M, m in that Line, wherein it meets the Ellipfis. Draw 


1, as 
nts 
Draw 
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Draw the indefinite Line 4A D thro' A, one End of the Diameter 
Aa, parallel to Bb the Conjugate Diameter, meeting the Line CM 
given in Poſitzon in the Point D; moreover, draw the Line A4 O thro' 
the Point A, perpendicular to 4 D, and equal to CB, and the Line 
OD thro? the Points O, D. This being done, about the Centre O, 
wich the Radius O A, defcribe a Circle O A, cutting the Line O B 
in the two Points N, ; and then if NM, um be drawn from theſe 
Points parallel to the Line O C, which Joins the Centres of the Circle 
md Ellipfis ; 1 ſay the Points M, n, wherein they meet the Line CD, 
will be in the Ellipſis, and confequently will determine the Extremi- 
ties of the Diameter M C m given in Poſition. 

For draw the Lines MP, N 2 parallel to 4 D meeting the Line 
C 4.0 A in the Points P, ©; then the ſimilar Triangles CDO, 
MDN, and CD A, CMP, and ODA, ON will give theſe 
Proportions (A: CP ::CD:CM::O0D:O0N:: 0A: 0 L. That is, 
CA:CP::0 4:0 S. And therefore if the right Line PQ, be 
drawn, it will be parallel to OC; and conſequently alſo to MN which 
is ſuppoſed parallel to OC. So the Parallels MP, N ©, will be equal 
to each other. This being ſuppoſed, if we call the given Lines CA, 
tz CBor AO or O MN, c; and the undeterminate ones C P, x; PM 
or N ©, y; we ſhall have this Proportion CA (t) :CP(x)::O A(c): 


Q A=. And becauſe the Triangle OV is Right-angl'd at 9 , 
the Square N or OY ON C = ). Whence 


tt 
the Line M P will be * an Ordinate to the Diameter Aa, and conſe- . 41, 
quently the Point M will be in the Ellipſis, whoſe Conjugate Diame- and 55. 
ters are Aa, Bb. But becauſe the Lines NM, OC, um, are parallel, 
the Line Mm is biſected by the Centre C; ſince (by the Property of 
the Circle) Nu is biſected in O. Therefore the Point n will be * * 4,1. 30. 
likewiſe in the ſame Ellipſis. 

If the two Conjugate Diameters 4a, B b, ſhould happen to be the | 
Axes, then the Parallels CO, PO, would Coincide with the Lines 
CA, AO, all four of which would make but one ſtreight Line. And 
by this Means the Conſtruction and Demonſtration would have been . 
fomething eaſier. | . 


P-AOQPOSLTIO NIL | 
| 
| 


Problem. 


64. 1770 Conjugate Diameters A a, B b, of an Ellipſis, being given; Fi 2> 
t find the Axes (Mm, Ss) thereof : And demonſtrate that an 
Ellipfis can have but two Axes. Draw 


6 4 — —- Pa K — — - - 
- _-s = 


＋ Art. 58. 


* Art. 62. 


* Art. G;. 
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Draw the Line D E through A one End of the Diameter A a, paral- 
lel to Bb the Conjugate Diameter, and the Line 4 © perpendicular to 
D E, and equal to CB, Then join OC, and draw the Line FG thro” 
Fthe middle Point thereof perpendicular to the fame, and meeting 
the Line D E in the Point G, on both ſides of which Point take the 

ial Parts G D, G E, in the Line DE, each equal to GO or GC. 
This being done, if the right Lines C D, C E be drawn: I ſay the 
two Axes Mm, Ss, are ſituate in theſe Lines. 

For ſince the two Axes may be eſteem'd + as Conjugate Diame- 
ters, cutting one another at right Angles, they will meet the Line D E 
in the Points D, E, ſuch, that a Circle deſcrib'd on that Line as a Di- 
ameter, will paſs through the Points C, O; becauſe the Rectangle 
DAA E being equal & to the Square of 40, the Angle DO E will 
be a right one, as well as the Angle D C E. But it is manifeſt, that 
this is entirely what the foregoing Conſtruction has effected; ſince the 
Lines G O, GC, G E, GD, being all equal to one another, are ſo 
many Radii of the ſame Circle. But ſince there are no other Points 
in the Line D E, but D, E, which at the ſame time can ſatisſy theſe 
two Conditions, viz. that the Angles DC E, DOE be each right An- 
gles; therefore the two Conjugate Diameters M m, Ss, which are at 
right Angles to each other, will be the Axes, and there are only two 
of them. 7 | 

Now to determine the Lengths of the Axes, vou need only draw 
the right Lines O D, OE, meeting the Circle whole Radius is O A, in 
the Points N, R, and then the Parallels NAH, R S. For it is evident, 
* that M, 5, the Points wherein theſe Parallels meet the right Lines 
CD, CE, appertain to the Ellipſis, whoſe Conjugate Diameters are 
the Lines A a, Bb; and fo the Points 74, S, will be Extremities of 
the two Axes, 5 | 


Cotto E422 V; 


63. IS it had been requir'd to find two Conjugate Diameters 71 m, 

1 Fs, that might cut each other in the Angle M C'S, cqual to a 
given Angle; two other Conjugate Diameters A a, I b, being given: 
It is plain that the Problem might have been reduced to this, viz. to 
find two Points PD, E, in the Line DE given in poſition ſuch; that f 
the right Lines DO, OE, CD, CR, are drawn to the two Points O, C, 
given withcut the Line DE, the Angle DO E may be a right Angle, and 
the Angle D C E, equal to a given Angle. But ſince the Solution of 
this Problem is pretty difficult, I refer it to the 1oth Book, and here 
follow another Manner, which is more ſimple; and that is, to find 
Firſt the two Axes, and then by means of them, the two Conjugate 
Diameters tovght, as we are going to ſhew va the following ng 
2 p RG. 


Of the Etriesns. 


"PROPOSITION XI. 


Problem. 


33 


66. THE two Axes A a, Bb of an Ellipſis being given, to fd twa Fic. 28. 
1 Conjugate Diameters Mm, Ss, cutting one another in the Avgle and 29. 


M CS, equal to an Angle given, 


Let us ſuppoſe the Diameters M m, Ss, to be thoſe requir'd, and that 
they meet the indefinite right Line DE (drawn thro' A, the End of 
the little Axis Aa, parallel to the great Axis Bb) in the Points D 
and E. Now draw the Line CF from C, the Centre of the Ellipſis, 
making the Angle CFE, at the Point F, with the Line DE, equal to 
the given Angle MCs, and call the given Lines CA, t; CB, c; AF, a; 


cc 


and the unknown one AE, z; then will * 4 D = = and C E = 


/4tX Ex, becauſe CAE is a right-angled Triangle, This being 
uppos d, 

The Triangles FEC, CED will be ſimilar ; becauſe the Angle at 
the Point E is common, and the Angle CFE was made equal to the 
Angle MCS; therefore FE (z—a): EC(y/ tt+zz):;EC(y/tt+ zz) 


:ED (z + — ', Whence by multiplying the Means and Extremes, 


acc 


thisEquation will be formed zz—az Acc — =tt+zz, and ſtri- 
king out zx from both Sides, multiplying by z, and dividing by 
a, there will come out zz — A + _ x + cc =0, And (for Bre- 


vity's Sake) putting = — 2b; the laſt Equation will become 


a 


this, zx — 2bz +cc=0, or zz—2bz + bb —=bb—cc. And by 
extracting the ſquare Roots of both Sides there comes out z—b, or bx 


= bb—cc;, and conſequently the unknown Quantity AE (z) =b + 


y/ bb—cc, which laſt Equation gives the following Conſtruction. 
Produce the ſmall Axis A a to the Point O, ſo that 40 be equal to 


CB, the half of the great Axis, and draw CF, making the Angle 


CFE, with the Line DE drawn through A, parallel to B b, equal to the 
piven Angle; join O F, and draw the right Lines O H, CG, perpen- 


dicular to O F, CF, meeting the Line DE in the Points HF, & (the 


Points H, G, in the 28th and 29th Figures, are not denoted in the 


Line DE; becauſe doing that would have enlarged the Figures too | 


F much, 


* Art. 6 Z» 
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much, and ſince it is eaſy to imagine them) This being done, about 
the Centre O, with the Radius OK, equal to the half of GH, (that 
Part of A D produced, which is comprehended between G, H,) de- 
ſcribe an Arc of a Circle cutting DE in the Points K, K; then if KD, 
X E, be taken in DE, each equal to KO, and the right Lines DC, 
EC, are drawn through C the Centre of the Ellipſis; I ſay, the Dia- 
meters ſought Mm, $s, are ſituate in D C, EC. 

For becauſe FAC, FCG, and FAO, FO H, are right Angles, we 


ſhall have AG = AH=—; and therefore G H == _— 4 


a 


Whence the Radius O K, which is equal to G H, will be equal to 
b. And becauſe 0 A K is a right-angled Triangle, we have 4 K = 


cc, and AE or KE+ AK=b+ ,/bb—cc, and AD or KD 
+ AK =b + Vcc. Now this being ſuppos'd, if the Value 
of A E be multiplied by that of 4 D, there will ariſe AE AD 
* 4rt. 62, cc CB; and therefore * Mm, Ss are Conjugate Diameters, But 
the Rectangle under AE + A Dor DE (2% and AE—AFor EF 
(bÞ/ bb—cc—a)is=2bb3-2by/bb—cc + 2ab=2bb+2b Yb ce 
+ tt—cc by putting ce tt for 2aþ the Value thereof; and becauſe the Tri- 
angle CA is right. angled, the Square CE = A E + CA = 2bbJ 2b J 
bb—ce + tt—cc=DE*EF; and fo FE: EC::EC: ED. 2 
herefore the Triangles FEC, CE D will be ſimilar; becauſe the 3Z 
Angle at the Point E is common. aud the Sides about that Angle are 
proportional. Whence the Angle M C'S will be equal to the given 
* CFE, Which is what was to be demonſtrated. | 
No to determine the Lengths of CM, CS, the two Semi-Diameters 
ſought, you need only draw the Lines O D, O E, and then the Lines 
NM, RS, parallel to O C, thro? the Points N., R, wherein OD, OE, 
* Art. 63, Meet the Circle; whoſe Radius 3s O A. For it is manifeſt, * that the 
Points M, S, wherein NM, MS meet the Lines CD, CE, will be in 
the Ellipfis, and conſequently do determine the Extremities of the Dia- 


* = 
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67. IT follows from the, foregoing Conſtructian, 1. That when: the 
Problem is pollible, OX (==) mut exceed or be equal to 


—_ 


4 _ 


AO (c) ; for otherwiſe the Circle deſcrib'd with the Radius OK, will 
rg the Line DE, and ſo the Problem will in this Cafe be im- 
NR Wes ig Low Jef Butch 21961 11.) 


0 
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2. When OR exceeds O A, we can always find two different Pair 
of Conjugate Diameters Mm, Ss, by means of the Points X, X, that 
will anſwer the Queſtion: But then the Diameter $s, of Fig. 29. is 
equal to the Diameter M m of Fig. 28. and alike poſited on the other 
Side of the Axis Aa; becauſe AE of Fig. 29. is equal to 4D of 
Fig. 28. and moreover, the Diameter Mm of Fig. 29. is equal to the 
Diameter Ss of Fig. 28. and alike ſituate on the other Side of the 
Axis Aa; becauſe 4D of Fig. 29. is equal to AE of Fig. 28. that 
is, the two different Pair of Conjugate Diameters Mn, Ss, which 
equally anſwer the Problem, are alike ſituate on each Side of the Axis 
Aa; and their Magnitudes will remain the ſame in thoſe two diffe- 
rent Poſitions. | 
2. When GK OA, the two Points of Interſection X, K will co- Fi 6. 30. 
incide in the Point of Contact 4; and then you need but take A E, 
AD, each equal to C B, the half of the great Axis, Whence it ap- 
pears, that in this Caſe the Problem is capable but of one Solution ; 
and the two Conjugate Diameters Mn, Ss, which ſolve it, are equal 
between themfelves. 


CoroOLLARY II. 


68. JT is manifeſt alſo, that the greater A F (a) is; the greater is the F 1d. 28, 
given obtuſe Angle CFE, and contrariwiſe the leſs will the :? and 30. 


Line OR ( =) be: So that when AF is the greateſt poſſible, the 


obtuſe Angle C FE will be alſo the greateſt poſſible ; and contrari- 

wiſe, the Line O K will be the leaſt poffible, viz. equal to 40. But F 1 6. zo. 
then, if the right Lines Ba, ab, are drawn, the right-angled Tri- 

angles a CB, CAD, a Cb, CAE will be all equal to one another; be- 

cauſe the Lines AE, A D are each equal to CB or Cb, the Halfs of 

the Axis Bb, and CA is equal to Ca. And therefore the Angle ACM will 

be equal to the Angle Ca B, and 4 SC=Ca b, therefore the given Angle 

MCS or CFE will be equal alſo to the Angle B ab. Hence it follows, 

1. If the Lines à B, ab are drawn from a, one End of the little Fr 28, 
Axis Aa to B, b, the Ends of the great one; the given obtuſe Angle 9nd 30. 
CFE muſtbe equal or leſs than the Angle Bab, that ſo * the Problem + 4,4, 65. 
may be poſſible. 4 r 
2. When the given obtuſe Angle CF E is = Bab, as in Fig. 20. 
then there are only two Conjugate Diameters Mm, Ss, anſwering the 
Problem ; and they are equal to one another. | 1 5 

3. And when the Angle CFE is leſs than Bab, as in the 28th and 
29th Figures; then there will be always two different Pair of Conju- 
gate Diameters anſwering the Problem, being ſituate ſimilarly on r 

* ides 
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Sites the little Axis, the ſaid Angle CFE between them remaining 
the ſame, and their Magnitude will be equal. 


PROPOSITION XII. 
Problem. | 


69, PW O Conjugate Diameters A a, Bb, of an Ellipfis, being siven; 
va ro deſcribe the ſame by a continued Motion. 15 


A. 6. Firſt find * the two Axes, and then deſcribe the Ellipſis by the Di- 
rections in Art. 36. | 

Frc. 31, But this may be done another way, which is thus. Draw the right 

32. Line AH through A one End of the given Diameter A a, perpendi- 
cular to the other Diameter Bb, and take 4 © in the ſaid Line, on 
either fide the Point A, equal to C B, and draw the Line C Q; then 
if the Line G F, equal to H ©, be mov fo, that the Ends thereof 
be always in the Lines Bb, C (produced both ways from the Cen- 
tre C, as is neceſſary) till it has mov'd ſucceſſively through the four 
Angles made by the two Lines, and is come again to the ſame Situa- 
tion from which it went; I ſay, if & M be taken equal to 4 9, the 
Point M by this Motion will deſcribe the Ellipſis ſought. 

For draw GP parallel to & 4, meeting the Diameter Aa in P, 
and the Diameter Bb in O; then the ſimilar Triangles CH, COG, 
and C4S, CPO, will give this proportion, CQ: CG: : 4 C, or 
M: G P:: HQ, or G F: G O. And ſo the Line PM will be paral- 
lel to the Diameter B b, Ihis being ſuppoſed, 

Call the given Lines CA, t; A ©, or CB, c; and the unknown 
ones CP, x; PM, y; then we ſhall have CA (t): CP GO :: A (c): 


G . And the right - angl'd Triangle GPM will give PAH = 


* &.4r, @ M — OP, that is yy = 2 Whence PM will be * an Or- 


3 gamate to the Diameter Aa in the Ellipſis, whoſe Conjugate Diame- 


meters are the Lines A a, Bb. Therefore, &c. 

It the two Conjugate Diameters A a, Bb, were the Axes; then it 
is manifeſt that the Lines 4 2, C, would fall in the Diameter Aa, 
which would be one of the Axes,and the Point H would fall in the Cen- 
tre C. Whence it appears, that in this Caſe; G F muſt have been then 
taken equal to C &, the Sum or Difference of the two Semi-Axes CA. 
CB; and the Ends thereof mov'd along the Axes Aa, B b produced, 
as is neceſſary. | a 


F»c. 33. 
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Becauſe the right Lines A a, B b, cut one another at right Angles 
in the Point C, 1t is manifeſt, that in whatſoever ſituation the right 
Line G F is found, during the Motion of its Ends along theſe Lines, 
the Circle that ſhould have that Line for a Diameter, would always 
paſs through the Point C: And fo the Line CD paſling through D the 
middle of the Line FG, will be always equal to D F, becauſe the 
Lines CD, DF, DG, will always be Radii of that Circle. Whence 
ariſes the following Deſcription. 

Let the right Lines CD, DF, be each equal to the half of C 

the Sum or Difference of thetwoSemi-Axes CB, C A, and faſten them 
ſo together at their common End D, that they may move about the 
ſame, like the two Legs of a pair of Compaſles. about the Head. 
This being done, faſten C the Extremity of the Line C D in the Cen- 
tre of the Ellipſis, and move F the End of the other Line F D, along 
the Axis Bb, ſo that it cauſes the Side C D to move abcut the fixed 
Point C. Then it is evident that the Point M taken in F D (produ- 


ced, if neceſſary) fo that F M be equal to C A, will by this Motion. 
deſcribe the Ellipſis ſought. 


PROPOSITION XIV. 
Theorem. 


70. TO Conjugate Diameters (A a, Bb, ) of an Ellipfis being given; 
I', deſcribe-the ſame through ſeveral n 


Draw the indefinite right Line D AD, through A one End of the F 1 6. 36 


ven Diameter Aa, parallel to Bb the Conjugate Diameter, and 

raw AO perpendicular to 4 D, and equal to (CB) half the Dia- 
meter Bb, and join OC, and about the Centre O with the Radius O 4, 
deſcribe a Circle. This being done on hoth Sides of CA, draw at 
pleafure any Number of Lines CD, CD, &c. from the Centre C, and 
then draw the Lines O D, O D, &c. from the Centre O to the Points 
D, D, &c. cutting the Arc of the Circle in the Points N, N, &c. and 
draw the right Lines NM. NM, &c. parallel to C O, and meeting the 
correſpondent right Lines C D, CD, &c. in the Points M, M, &c.. 
then if the Points m, m, &c. are mark'd in the right Lines C M, CM, 
&c. continued, equally diſtant from C; it is manifeſt , * that the * An, 63: 
Curve Line N through all the Points M, M, &c. n, m, &c. thus 
found, will have the right Lines A a, Bb, for two Conjugate Dia- 
meters. 

This may be done otherwiſe thus; divide CB, one of the Semidia- 

meters into as many equal Parts, CE, EE, &c. as poſſible, and draw: 
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the Perpendiculars E D, E D, &c. meeting the Arc of a Circle deſ- 
crib'd about the Centre C, with the Radius CB, in the Points D, D, 
c. Join AB, and draw the Line EP through E, one of the afore- 
ſaid Points (that is nigheſt to the Centre C,) parallel to 4 B, meet- 
ing CA in P Then if in the Diameter A a, be taken the equal Parts 
PP, PP, &c. on both Sides of the Centre C, each . to CP, and 
through the Points P. P, &c. be drawn the Lines PM, PM, &c. pa- 
rallel to the Diameter Bb, (on both Sides of 4) each equal to its 
Correſpondent ED: I ſay the Curve Line paſſing through all the 
Points M, M, &c. will be in the Ellipfis — $1" 

For call the given Quantities CA, t; CBor CD, c; and the inde- 
terminate one CP, x; PM, y; then becauſe the Triangles C 4 B, 
CPE, are ſimilar, we have this Proportion, CA (t):CB(c)::CP(s) 


CX 


CED. And becauſe the Triangle CED is Right angld at E, the 
Square ED or PM 7550 TD(c C * oy ) Therefore the 


tt 


* Art. 41, Line P M will * be an Ordinate to the Diameter A4 a; and ſirice 
55 this Demonſtration extends to all the right Lines PM; becauſe every 


CPis to its Correſpondent CE, in the Ratio of CA to CB; there- 
fore the Curve paſſing through all the Paints M, M, &c. found as 
above, will be the Ellipſis ſought. 


The End of the Second Book. 
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BOOK III. 
Of the Hyperbola. 
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= F one End of a long Rule f M O be faſten'd in the Point f, taken on F 1 C. 36. 
I a Plane, in ſuch a manner, that it may turn freely about that fix'd 

oint f, as a Centre; and if one End of the Thread FMO, (being 
in Length leſs than the ſaid Rule) be fixed to O, the other End of 
the Rule, and the other End of the Thread be fix'd in the Point F 
taken on the Plane. Then if the Rule f M O be turn'd about the fix'd 
Point f; and at the ſame time you keep the Thread O M F always in 
an equal Tenſion, and its Part MO cloſe to the Side of the Rule, by 
means of the Pin M: The Curve Line A X deſcrib'd by the Motion of 
the Pin M, is one Part of an Hyperbola. 

And if the Rule be turn'd about, and move on the other Side of the 
fixed Point F, the other Part 4 Z of the fame Hyperbola may be de- 
ſerib'd after the fame manner. 

But if the End of the Rule be faſten'd in F, and that of the Thread 
inf, (the Rule and Thread keeping the ſame Lengths) you may de- 
{cribe another Curve Line x az after the {aid manner, which will be 
oppoſite to X 4 Z, and is called likewiſe an Hyperbola ; and both 

| om ay Curves together are called oppoſite Hyperbola's, | or oppoſite 
ions. 


2. 
The two fixed Points F, f, are called the Foci. 
— n 3 7 EE. | 
The Line Aa, which paſſes thro the two Foci Pf, and termina- 
ting both ways in the oppoſite Hy perbola's, is called the firff Axis 


[ or pxiucipal Axis. 

The Point C, dividing the firft Axis 4a in the middle, is called 
the Centre. 4 * 
1 
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5. 

If the indefinite right Line B, be drawn through the Centre C. 
perpendicular to the firſt Axis A a; and if about the Point 4, as a 
Centre, with the Diſtance CF, an Arc of a Circle be deſerib'd cut- 
ting Bb, in the Points B, ): Then the Part B b of that perpendicu- 
lar, is called the Second Axis, | or the Conjugate Axis. 


6, 

The two Axes Aa, Bb, are tcgether call'd Conugate Axes , fo that 
the firſt Axis Aa is ſaid to be a Conjugate to the Second Bb; and con- 
trariwiſe the Second Bb, a Conjugate to the firſt A a. 7 

7. 3 

The Lines MP, MK, drawn from Points (M) of the oppoſite 3 
Hyperbola's parallel to one of the Conjugate Axes, and terminating 
in the other, are call'd Ordiuates to that Axis: So M P1s an Ordinate 
to the firſt Axis 4 @, and MK one to the ſecond BB. | 


8. 
A third Proportional to the two Axes, is call'd the Parameter of 
that which is the firft Term of the Proportion. So if you make as the 
firſt Axis Aa is to the ſecond Bb, ſo the ſecond Bb to a third Pro- 
portional p; then the Line p will be the Parameter of the firſt Axis 
Aa. | 


All Lines paſſing through the Centre C, are called Diameters : Thoſe 
which meet the oppoſite Hyperbola's, being Firſt Diameters, [ or 
Principal Diameters | and thoſe which being infinitely produced, do 
not meet them, Second Diameters, | or Conjugate Diameters. | 


| 10. 
| Aright Line which meets an Hyperbola but in one Point, and being 
both ways continued, falls without the Hyperbola, is called a Jan- 
gent to it in that Point. | 33 


SCHOLL IU MM. 


Fa 6, 3. 71. F HE reaſon why we have ſaid in the firſt Definition, that 
the Length of the Thread FM O muſt be leſs or greater than 
the Length of the Rule FM O, is, becauſe if the Thread was equal to 
it, the Pin M by its motion, would deſcribe a Line, having all the 
Points (M) thereof equally diſtant from the two Points F, f; becauſe. 
if MO, the common Part of the Thread, were taken from the Thread. 
and Rule, the Parts MF, M f, remaining, would always by equal 
| | | 1 etween 


Of the Hy HEA OTA. 
between themſelves. Whence it is manifeſt, that the Line feſcrib'd 


the Pin M would, in that Caſe, be the indefinite right Line Bb, 
— through C the Middle of F, [es r to H. 


Cororttany I. 


72. 


My, be drawn from any . one of the oppoſite Hy- 
la's to the 4 Foei F, rence MF — M Mf will 
always the ſame: for it wi be ahr rays equal to the Difference be- 
e | 


Conrotiany n. 


„ Wüene⸗ the Point M falls in A, it is evident, that MF will 

f 3 and further, when the Point 'M falls in a, in 
Wh. OE 1 H bola xaz ; it is manifeſt, that M F will 
e A ome af. Whence becauſe the Difference 
> ay FE * 


Pand MF is ll s the ſame, we ſhall have 
or F POTION or Ff—2af: and there- 
4 it follows, . 

I. That t e focal Diſtance F f is divided into two equal Parts by 
the Centre C: becauſe C4 + A F, or CF=Ca+ af or Cf. 

2. That the Difference of the two right Lines MF, M, is always 
equal to the firſt Axis 4 a3 becauſe, in the Hyperbola X 4 Z. = 
have always Mf—MF=Af— AF, or Af — f; and in the op- 
we have likewiſe always M F—Mf =a F— a f, 


Conottany III. 


Ir follows from the fifth Definition, | 
PR . That the ſecond Axis B is divided into two equal Parts 
by the Centre C; for the right-angled Triangles 4 CB, A Cb, will 
be equal; becauſe the Hy pothenuſes A B, OOO and the Side 


AC 1s common, 
2. If CE be taken in the ſecond Aris B ö, equal to CA the half of 
ſe AE 33 then the ſecond 


the firſt Axis, and the H 


Axis Bb will be greater, equal to, or leſs than the firſt La; accordi 
as the right Line C is greater, equal to, or leſs than the Hypothenuſe 
4E; — the H uſe 46 being taken equal to CF, will 


RM be — n — equal 115 or fies than the Hypothenuſe 
| "0 £3: 3. H 


+ *v -* 


4. 


follows from the firſt Definition, that if the right Lines MF, Fc. 36. 


4.2 Ibe TRIX n Book: * 

3. ICF. CF; 50 taken in the firſt Axis 4, (on both Sides he 

Crs O :eac "equal to: AB, the 'Hypothenpſe of the right angled 

Triangle CA B, formed by 'the PO mi-axes- CA. CB: then the 
Points F, f, will be the two Foci, 


S300 
Conortany IV. . 
75H E ſame Things. being: premiſed, i. you call * 1 
Quantities C For A B, n; .C AJ or Ca, t; then the right: an- 


fled Triangle A CB, will give "BC=mm—tt. But A F= mf, 
and Fa g mn t; and therefore I Fx FA : 1 m—tt, Whence it is 
manifeſt, that the Square of CB, the half of the ſecond Axis Bb, is 
equal to the Rectangle under 4 and Fa; the Parts of the firſt Aris 
Aa, comprehended between one ol T Foci F, aud «4; a, the two 
Ends of that Axis.” " rate cpa) £5. 


” Þ * - 
oO i". ©, 


c . 5 


T A not be difficult now to deſeribe t ne Hyperbola's « a1 

having the two Axes A a, Bb given, — it to be known 1 

* 451. 74. Ss Aa is the firſt Axis, For if the two Foci F, f, be * found in 2 

the firſt Axis Aa, and one End of a Thread FMO be fixed in the . 

Point F; and if then you fix O, the other End of that Thread, to the * 

Art. 11, End of a long Rule O MF, ( whoſe Length muſt * be leſs or greater 

than the Length of the hread O M E, by the Length of the Line 

Aa.) And if the other End of that Rule be faſten'd in the Focus N 

| ſo as to move about the ſame : Then may you deſcribe the two oppo- 

ſite Hyperbolas X A Z, x ax, as is directed in Def. 1. and it is evi- 

| _ — the Line Aa will be their Kt Aris, and the Line Bb the 
con 

Note, The longer the Rule 0 fi is, the greater will the Parts of 

the oppo poſite Hyperbola's deſcrib'd,-by means thereof, be; fo that they 

e 


| may — at n by wenn de * the Len th 1 
f the Rule and Thread.” ? * — 
PROPOSITION I. 


Thebem. 


T7 bn Ser M p be travis to the fe Axis Aa, ** AD be me 
ken in that Axis (produced) equal to M F, from A 'towards the: 
N cus K _ 2 wy in tbe Hyperbola: X 4 Z, and towards the 
Focus f, when that Point does Aire, oppoſite Hyperbola x a 2. I ſay, as 
CA:CF ::CP:CD. 2 _ 


Oe I 
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Call Cas before) the given Quantities CA or Ca, t CF, or C/, -; 
and moreover, the indeterminate Quantities CP, «x ; PM,y; and the 
unknown Quantity CD,'z ; in the firſt Caſe, we ſhall have 4 P or. 
ME=z—t, aD or M zt, FP=x —m, or m—x (accord- 
ing as the Point P falls below or above the Focus F), Pf=x TN. 
And in the ſecond Caſe, A Dor MF=z A. t, a D or Mf =z—t, 
FP= x + m, Pf = x— # or x, according as the Point P falls 
above or below the Focus vel. 
' Now the right-angled Triangle M PF will give Tag- yy 47 
xxT2mx+mm ; viz. — in the firſt, and + in the ſecond Caſe; and 
the other right. angled Trian qr MPF will give erer v. 
Tamx nm; viz. + in the and — in tt ſecond Caſe. 1 
Then if each Member of 1 firſt Equation, in the firſt Caſe, be 
orderly, taken from thoſe of the ſecond E dation; ang corltrariyife! 
(in the ſecond Caſe) each Member of the ſecond Equation from thoſe. 
of the firſt, there will be had 4tz—=4mx: Whence CD (z) will be = 


= Therefore CA (t): CF (n) :: CPG) CD (z). V. Vr. D. 


Co nA v. 

0 ; 78. ENCE if you call the - given Quantities CAor Ca, ty GE - 

or Cf, n; 2460 the indeterminate Quantity CP, x; it is evi- 
dent,-we fhall have always MFE t, and Mf== Tt, When 
the Point M happens in the Hyperbola, AZ del [Epcot 't "INT 
Point P: and contrariwiſe, MF=— — + t, and Mf f= =— =, 25 | | 


0 n M falls i in the oppoſite Hyperbola ur, are Focus i is the 
oint 8 , 


— —— — ͤ— — — & - =o 


— ꝛ—e—— * 
1 „ A "Dog" 
COLITIS 4. e OE, TN 


7 * P 0 8 I. rene ar 2 2, Þ. 
| Theorem. 


79. 1H Square of any Ordinate (PM) to the frft Axis Aa, is to * 
Rectangle ker AP, Pa, the Parts of 1 25 as the 


erer ee Axis B b. to the Square of the figf Axis Aa. | 
Mie are to prove, that PM; AP «Pa:;Bb: A2. 


e 


The ſame Things being premiſed as in the laſt Propoſi tion, if — = be” 


put for its Value z, in the Equation zz3- nn, r mm, 
G 2 found 


W _ . 
* * 4 * A 


44 The Tu1nD.Book.. | 
An. 3 formd by means * of the r angled Triangle 3f PF, we ſhall have 
this Equation always ; viz. tyy=mmer—mmtt—ttxx-þt*, which: 
being reduced to n Proportion, and then FJ (33) : APs Po fu. 
n e- CA () I 4. V. V. P. 


A l Candioient: 


Fg (u be drawn to the ſecond Aris B 5 EE 
call 2c then it is manifeſt, that A K CPC, and c R 
Age 


But PM (y): A P. Pa(xx—tt) :: Bb(4cc): Aa (41d). 
fore acer X from whence we get this. Progor- 

CK. -cc):: A Bb: 
CEO ee Ee ey. 58 
is to the Square of (K plis the Square 8 of the ſe 
cond Axis, as the Square of the Ko oat to th — re of 


the ſecond Axis Bb. 


A Fundamental Cox OL LA I x. I. 


Fi c. 38, 81. JF the firſt Axis Aa be called 2 t; the ſecond Arxig Bb, 2c; the 

Parameter p; each of the Ordinates PM, y; 5 each of the 
correſpondent Parts (CP), contain'd between the and the 
* Avt. 79, 2 of Concurrence of the Ordinates, &; we ſhall have * always 


and 80. 
GPU Fruit): 'Bb (acc): Ao (Ait) 2: 4 (ꝛt). 
— 4 by the Definition of a Parameter, Aa(2): :Bb (2) 1 


(ac): p. Where you muft obſerve, that it is tt, when 


Aa is the firſt Arie, and then the Rectangle 4 P* Pa may be 


ſubſtituted for CB C 5 and on the contrary, it is æx tt, when 
Aa is the ſetdn#L Hence multiply ing the Extremes, and 
Means of the firſt Proportion nyy:xx+tt:4cc:4tt. And then 
thoſe of the * x x Þtt:p:2t. there will ariſe yy. = 


CONN — 


F Tec, and 1) == £xpt. And ſimce this Property agrees equal- 


17 to all the Paints of the oppoſite Hyperbola's, and determines their 
25 tion with e to the Axes; th efore © the | Equation 'y y= 


— > I cc, or yy= 5 ST: pt, entirely expreſſes the Nature n Hy- 
perbola with regard to the Axes, p | 
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CO rA III. 


82. Ir any two Ordinates (MP, Ng be dran to the Axis £6, it 


1 5 maniſeſt that MP': @N ::CP E CA: r CA. For 
PII: CP. TCA : Bb: Aa:; N:C9 + CA. Whence, &c. 
It is jy here to takes tice, ria the ReQangles AP « Pa, 
42 Ho may be ſubſtituted for CP CA, and TH — CA, as be- 
ing equal to them ; which I would have hereafter always obſerved. 


Kt Corollary IV, 


$3. IF any right Line MPM be drawn h any Point (P) of 

either Axis, as A a (produc d if it be the firſt Axis) parallel to- 
Bb the Conjugate Axis to A a; then that Line will meet one or both 
the oppoſite Hyperbola's in only two Points M, M, Ily diftant 
from the Point P. For in order that the Points M, M, be in one or 
both the Hyperbola's, it is neceſſary * that the 
P M (y) on each Side the Axis 4a, be each equal to the ſame Quan- 


CONN —. 


tity — + CC. 


CorolLanrnYt V. 


84. HENCE it follows, that ſince yy i8=— Tce, the more CPI. 38, 


Squares of both the * Ar. 51. 


(x) (taken on either Side the Centre C) increaſes, the more will the . 39. 


correſpondent Ordinates (P M y), on each Side of the Axis ( Aa), 


likewiſe increaſe, even infinitely : And contrariwiſe, the more CP 
(x) dimiſhes, the more will PM(y:) likewiſe diminiſh ; fo that 
(Fig. 38.) CP (x) being to CA or Ca (t) when Asa is the firſt 
Axis; P M(y) will then be equal to nothing, and (Fig. 3 


92 CP (x) 
being equal to nothing, when A a is the ſecond Axis, both * PM's; 
(y) Which then will become CB or C (e), are lefs than any of: the 
Oxlinates (PM=y) taken on both Sides-the Centre, Whence it is 


manifeſt : 


1. If Parallels be drawn ( Fig. 39.) to the ſecond. Aris A a, thro” 
B, b, the Ends of the firſt Axis Bb; then theſe Parallels will touch- 


the oppolite Hyperbola's in the Points B, ö. 

2. The oppoſite Hyperbola's recede more and more from their 
Conjugate Axes, even infinitely, beginning from the Extremes of the 
fieſt Axis; but yet with this Difference, that the firſt Axis meets each 


be 


of the oppolite Hyperbola's in one Point, and being continued, will. 


46 The THIN Boot: 
be ever aſter within them ; whereas the ſecond Aris falls quite with- 


out the Hyperbola's, and being infinitely produced, will never meet 
either of them, | 


n 0597 IT N88 


85. TT follows, becauſe yy is = —=T ce, that if the Points P, P, be 
taken on both Sides the Centre (C) equally diſtant from the ſame ; 
then the Ordinates PM, PM, will be equal. Whence it is manifeſt, 
that if a right Line M M, terminating in one Hyperbola, or in the 
oppoſite ones, be cut into two equal Parts by an Axis B, in the 
Point K not being the Centre, that Line will be parallel to the Conju- 
gate Diameter A a. For if MP, MP be drawn parallel to the Axis 
Bb, then the Line PP, will be biſected in C, becauſe MM is fo in 
R; and therefore the Ordinates PM, PM, will be equal, and the 
right Line MM parallel to the Axis 4a. hor Roto . 


PPP 


2 © IF the two Parts of the Plane, whereon the 2 Hy perbola's 
1 are drawn, on each Side of the Axis Aa, be conceiv'd to be 
Fx c. 39. folded together, it is manifeſt, that when Aa is the ſecond Axis, the 
two oppoſite Hyperbola's will exactly agree, or coincide, viz. the 
Points B, M, &c. with the Points 5, M, &c. becauſe all the Perpen- 
* Art. $3. —_—_ Bb, MM, &c. drawn to that Axis, are * biſected in the Points 
a C, ©, &c. | 


And for the ſame Reaſon (Fig. 38.) when Aa is the firſt 
Axis, the Parts of the oppoſite Hyperbola's on each Side the Axis will 
perfectly agree or coincide, ks 5 


ADVERTISEMENT. 


We have hitherto, in this Book, kept to the fame Method, as in 
the Ellipſis, and might have continued it on to the End; but becauſe 
| the other Properties of- the Hyperbola -may be eaſier demonſtrated 

| from: certain particular Lines appertaining to the ſame, which muſt 
9 neceſſarily be ſpoken of; therefore I here deviate from that Method. 
| and firſt lay down the following Definitions of theſe Lines, and af- 
; terwards demonſtrate the remaining Properties by means of them. 


DEFINITION S. 


1 F 1 6. 45. If from the Centre C the indefinite right Lines CG, Cg, be drawn 
| | parallel to the Lines Ab, A B, drawn from the End A of the 2 
4 
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Axis 4a, to the two Ends B, b, of the ſecond; then the ſaid right 
I. ines CG, Cg, are @alled the. Aſyiptotes of the bola MAM; 
and being infinitely produced on the other Side of the Centre, they 
are called the A/ymptotes of the oppoſite Hyperbola Ma A. 

12 


he Square of CG or Cg, that Part of an Aſymptote contain'd ben: 
— abe Lende C, and the Point of Concurrence 1 the Line 4 B, 

ov 4b, drawn from &, the-End of the Hirſt Azis, to N or b, the Er. 
tremity of the ſecond Axis, is called the Power of the Hyperbola 
MAM, or MaM. | ; , WIT 4. .* LOSER 

ConoLt aky . 

87. [FENCE it is evident, that the Angle GC f, (or itsequal 4b 
15 H form d by the Aſymptotes of an 5 8 N equal 1 
or greater than a right Angle; according as the ſecond Axis B h is lefs, 
equal to, or greater than the' firſt 4. For When'thefirſt Aris Fa ex: 
ceeds the ſecond Bb ; then (CA) the half thereof, will exceed C B, the 
half of the ſecond Axis: and conſequently CA B, the Angle of: the 
right-angled Triangle CA B, is leſs than half a right Angle; there- 
fore the two equal Angles CAB, CA, which together make up the 
Angle B 4b, will be leſs than a right Angle. And after the ſame 
manner may the two other Caſes be demonſtrated, | 


pz 
* 


Conor AAN II. . r 
Ecauſe the Triangles B. 4 5, BG C, are ſimilar, it is plain tha 


88. 1 

2 B ve Line A B is divided by the e po CG into.two Lok 
Parts, in the Point G, and alſo CG is equal to half of+ Ab; becauſe 
BC is the half of Bb. After the ſame manner we prove, that 4 3s 
divided by the Afymptote Cg, in two equal Parts in the Point g, and 
Cg is the half of A B. Therefore all the Lines CG, G 4, GB, Cg. 
$ 4, gb, are equal to each other: Becaufe every of them is equal to 


the half of A B, or A b, which by Def. 5: are equal to one another.” 


eee e dee bis e Me ee een 
Ser neee n en unten 20 If an 
the Sum of the Squares of the two, Semi ares. For if you 
call C A. t; CB, e; CG, *; we fhall have BA An. And be- * 4. 88, 
cauſe 4 CB is a right-argled Triangle, the Square 43 amm) will 
be DSttebcc. And conſequently TG (um) = = 


P R O- 
1 * . 


48 


Pic. 46, 90. 1 F from any Point M in either of the oppo fite Hyperbola's, be drawn a 


The Tyixd Boot 
PROPOSITION m. 1 7 


Theorem. 


« right Line R r perpendicular to the 
Jame in P) and terminating in the Af 44 


1 


Axis Aa, (meeting the 


ptotes in R and x1 I fay, the 
Rectangle under RM, Mr, is equal to the Square. of BC, the half of the 
ſecond Axis B b. | 5 


We are to prove, that RM. Mr =BC. 


Call the known Quantities C A. t; CB, c; and the indeterminate 
ones, CP, x; PM, y; then becauſe the Triangles 4 CB, C Pr, and 


ACb, CPR, are ſimilar; therefore CA (t):CB or Ch (c) :: CPG: 
Pr, or PR Whence R M or PR * PM == + yz and 


Mr, or Pr + PM Ty. And conſequently RM » My == 


* 41.81, 3) = NT be in ſubſtituting yy for its Value * b ec. Vb. 


Corottany, I. 
97. TT is manifeſt, chat PM (=—co is always leſs than PR or 
Fr (=). And conſequently all the Points of the oppoſite Hyper- 


bola's fall in the Angles formed by their Aſymptotes; ſo that none of 
them can fall in the-adjoining Angles. * 


CoROLLARY II. 


92. I from any two Points M, N, in one Hyperbola, or in the op- 

poſite Hyperbola's, there be drawn two right Lines Rr, Kk, 
perpendicular to the firſt Axis, and terminating in the Aſymptotes : 
then it is manifeſt, that the ReQtangles RM = Mr, XV. NI, will be 
always to one another; becauſe each of them is equal to the 
Square of BC, the half of the ſecond Axis BU. Whence it appears, 
that RM:KN::Nk:Mr. 9 | 
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Of the HyPERBOLA. 


PROPOSITION IV. 


Theorem. 


93. 7. the right Lines Hh, LI be drawn from any two Points (M, N) 
of an Hyperbola, or the oppoſite Hyperbola's, parallel to one another, 
and terminating in the Aſymptotes: I ſay, the Redangles HM Mh, 
LN,NI, will be equal between themſelves. 
We are to prove, that AH M,Mh=<=LNsNI, 


The right Lines Ry, Kk, being drawn perpendicular to the firſt 
Axis Aa; it is then manifeſt, that the Triangles MRH, NK L, and 
Mr b, NEA will be ſimilar; becauſe they are formed by Parallels: 
And therefore we have KM:KN::HM:LN. And NE: Mr:: 
NI: Mh. But *RM:KN::Nk: Mr. Therefore HM: LN:: 
NI: Mb. And conſequently HM « Mh =L NN « Nl. V. V. D. 


COT OLTATY HL 


94. TF the Line NL, parallel to M H, be ſuppos'd to paſs throu h 
I the Centre C; or, which is all one, be 10 pos'd to become the 
Line CE: Then it is evident, that the two Points L, I, will coincide 


* Art. 92. 


in the Centre C; and ſo the Rectangle L N « NI, will become the 


Square EC . From whence it appears, that if the right Line CE be 
drawn from any Point E of one of the oppoſite Hyperbola's to the 
Centre C, and then likewiſe another Line MH h be drawn thro' any 
Point M of either of thoſe Hyperbola's, parallel to CE, and meeting 


the Aſymptotes in H and h; the Square of CE will be equal to the 


Rectangle under HM and M h. 


Coal nr . 


95. I thro' any Point (N) of one of the oppoſite Hyperbola's be 

drawn a right Line LI, terminating in the Aſymptotes, and 
meeting either of thoſe Hyperbola's in ſome other Point » ; then 
the Parts LN, In, of that right Line taken between the Points of the 
Hyperbola, and the Point of Concurrence of the Aſymptotes will be 
equal to one another. For if L N, be called a; Nn,b; nl, c; we 
ſhall have LN. NI (a Tac) HMM LA (Ic Tac) and 
ſo we get L IN (a) =In (c). 
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Conor Kiter Ul 


96. T- it be ſuppos'd in the laſt Corollary, that the Line Nu, termi- 

nating in the oppoſite Hyperbola's, paſſes thro*- the Centre C; 

that is, if it be ſuppos'd to become the firſt Diameter E D; then it is 

maniteſt, that the two Points L, I, will coincide in the Centre C; and 

ſo NL, will become EC, and u, CD. From whence it appears, 

9 ated firſt Diameter DE, is divided into two equal Parts by the 
entre C. 


Cotto hi oy; 


97. JF two right Lines Mn, Nu, being parallel to one another, be 

| terminated by one Hyperbola, or the 2 Hyperbola's, and 
meet an Aſymptote in the Points H, L; I ſay, the Rectangles MH 
x Hm, NL *« Ln, will be equal to one another: for if thoſe two 
Lines be produced (if necetifey) until they meet one of the Aſym. 

totes in the Points h, 1; then the Parts MH, mh, and N L, 1h will 
= * equal to one another: And therefore, ſince HM MBS LN 
NI, it follows, that MH Hm=NLxLn.. © 


PROPOSI'LIOQN V. 
Theorem. 
98. JF thro” any two Points M, N, of an Hyperbola, or the oppoſite Hy- 
I perbola's, be drawn two right Lines MH, NL, parallel to each 


other, and terminating in one Ahymptote; as likewiſe two other right Lines 
Mb, NI, parallel to one another, and terminating in the other Aſymptote; 


: I ſay, the Rectangles HM x Mh, NL «NI, are equal to one ancther. 


1 6. 42. 


This Propoſition is proved in the ſame manner as the laſt, the De- 
monſtration being the very ſame, 


COonalkl any. i 


99. IF the right Lines MH, Mb, and NL, NI, be parallel to the 

two Aſymptotes; then it is manifeſt, that the Parallelograms 
MHCh, N LCl, as likewiſe the Triangles CHM, CLN, _ the 
Halves of them, are equal to one another ; becauſe the Sides of the 
ſaid Parallelograms about the equal Angles HM þ, L NI, are recipro- 
cally proportional. 
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Of the HYyrzR BORA. 


CORO EL EAT IE 


100. TH E fame Things being premiſed as in the foregoing Corol- 

lary, it is manifeſt, that CHx H M=CL «LN ; becauſe 
in this Suppoſition MY =C H, and NICI: that is, if two right 
Lines MH, NL, be drawn thro' any two Points M. N; in one, or the 
oppoſite Hyperbola's, parallel to one of the Aſymptotes, and termi- 
nating in the other; then the Rectangles CH- HM, CL x; LN, will 
be always equal to one another; and ſo CH: CL:: LN: MH. 


CooL MY I 


Iol. BFauſe the End (AJ) of the firſt Axis, is one Point of the Hy- 
perbola; and the Line A B, which cuts one of the Aſym- 


ptotes CG in G, is parallel to the other Aſymptote Cg; therefore * Ar. 100. 


the Rectangle CH x HM will always be equal to the ſame Rectangle 


CG « GA,or to the Square* TG, that is, (according to Def. 12.) equal * A. 88. 


to the Power of the Hyperbola. Then if you call the given Quanti- 
ty CG, m; and the indeterminate ones, CH, x ; HM, y; we ſhall have 


always CH. HM (xy) = CG (mm). But becauſe this Property 
equally extends to all Points of the oppoſite Hyperbola's, and deter- 
mines their Poſition with regard to the Aſymptotes; it is evident, 
that this Equation xy = mm entirely expreſſes the Nature of the Hy- 
perbola with regard to the Aſymptotes. 


COR OLT AR IV. 
— Becauſe HM O) i=, it follows, that the more CH (x) in- 


creaſes, the more doth HM (y) diminiſh ; ſo that when CH (x) be- 
comes infinitely great, H M (y) will then be infinitely ſmall; that 1s, 
equal to nothing. From whence it appears, that the Hyperbola 4 M, 
and its Aſymptote CH (being both produced) will accede nearer 
and nearer to one another; ſo that at laſt their Diſtance will become 
leſs than any given Quantity ; and yet they will never meet, unleſs 
it be at an infinite Diſtance, to which they can never be produced, 
The ſame 1s to be underſtood of the other Aſymptote Cg. 


Fo 2.0144 e 


103. A Mong all the Lines that paſs through the Centre C, (1.) Thoſe, 
1 (as Aa) that fall in thoſe Angles of the Aſymptotes next 


to the Hyperbola's, meet each % the oppoſite Hyperbola's in only 
. one 
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Art. 102. 


* Art. 91. 


* Def. 9. 


FI C. 43. 


* AN. 102. 


* Art. 91. 
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one Point A, or a; and being produced, will ever after be within the 
Hyperbola's: for becauſe of the Angles G (CA, g CA, and thoſe ver- 
tical to them, it is manifeſt, that the Line Aa, recedes more and 


more from both the Aſymptotes; whereas the oppoſite Hyperbola's 


approach nearer * and nearer to them. (2.) Thoſe Lines (as Bb) 
which fall in the adjoining Angles, alſo formed by the ſaid Aſymp- 
totes, will never meet the oppoſite Hyperbola's altho' infinitely pro- 
duced; becauſe none of the Points of the Hyperbola's can fall * in 
theſe latter Angles, 

Whence it appears, * that all firſt Diameters fall in the Angle, 
form'd by the Aſymptotes, next to the Curve, and the ſecond Diame- 
ters in the Angles adjoining to them. 


COROLLARY FE 


104. I the Line HM be drawn through any Point H, in one of the 

Aſymptotes CE, parallel to the other Aſymptote Ce, then 
that Line HM will meet the Hyperbola in the Point M only ; and 
being continued, will be ever after within the ſame: for the Diſtance 
from HM to Ce, remains every where the ſame ; but the Hyperbo- 
la continually comes * nearer and nearer to Ce, 


Cn Arr. VI. 


105. HEN CE if two indefinite right Lines MH, Mh, be drawn 
thro' any Point M of an Hyperbola, parallel to the Aſymp- 
totes Ce, CE, 

1. All the Points of the oppolite Hyperbola will fall in the Angle 
HM; becauſe they all fall * in the Angle formed by the Aſymptotes, 
which is included in the Angle H Mh. | 

2, The two Parts of the Hyperbola MAN will fall in the Angles, on 

each Side H Mb : ſo that no Point thereof will fall in the Angle verti- 
cal to H Mh. 
3. All Lines, as MF, which fall in the Angle HM b, and being 
continu'd towards F, do meet the oppoſite Hyperbola in one Point NM, 
and fall within the Curve: becauſe they recede more and more from 
the right Lines H, Mb, and conſequently from the Aſymptotes 
which are parallel to them: But being produced on the other Side of 
the Pint M, they will fall within the Hyperbola palling thro' that 
Point A, and will never after meet the ſame. | 

4. All Lines, as Ee, which fall in the Angles adjoining to H Mb, 
do meet the two Aſymptotes of the Hyperbola paſling thro* the Point 
IJ; fo when thoſe Lines fall within one Part of the Hyperbola, they 
mult needs meet the. fame in ſome Point (NM), ſince they go on to 
meet the Aſymptote falling without that Part. e 
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106. I IF a right Line Ff, be drawn through any Point M of an 
Hyperbola, meet ing one of its Aſymptotes in the Point 
F, and one of the Aſy mptotes of the oppoſite Hyperbola in the Point 
F; and if the ſaid Line be prolonged to N, fo that f NM be equal to 
FM: I ſay, the Point N will be in the oppoſite Hyperbola. For the 
Line Ff, falls in the Angle HM h, and conſequently meets the oppo- 
ſite Hyperbola in ſome Point NM, as we have demonſtrated in the laſt 
Corollary. Whence *, &c. | 
2. If from any Point M of an Hyperbola, there be drawn a right 
Line Ee, terminating in the Aſymptotes, and if you take in it the 
Part e N equal to EM: I fay, the Point N will yet be in that Hyper- 
bola, For drawing MH parallel to one Aſymptote Ce, and termi- 
nated by the other in H; then if CL be taken in that Aſymptote, 
equal to HE, and the Line L be drawn parallel to HM; we have 
demonſtrated in Art. 104. that the Line L will meet the Hyperbo-. 
la in one Point N; and in Art. 100. that that Point will be ſuch that 
CL or HE: HM::CH or EL: LN. From whence it appears, 
that the Line LN, meets the Hyperbola in the ſame Point as it meets 
the right Line Ee. But becauſe HM, LN, are parallel, it is manifeſt 
that e NEM, ſince CL=HE. Therefore, &c. 


* Art. 95, 
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PROPOSITION VI. 
Problem. 


107. RO M a given Point M, in an Hyperbola, whoſe Aſymptotes CE, x , C. 43. 
| Ce, are given, to draw the Jangent DMd; and demonſtrate, i 
; that there can be drawn but one only to that Point. 

: Draw the right Line MH from the given Point A parallel to one 

| of the Aſymptotes Ce, and terminating in the other (CE) in the Point 

H; aſſume the Line HD in CE equal to HC, and draw the right 

Line DM through the given Point M, meeting the Aſymptote Ce in 

the Point d. I fay in the firſt place, that the Line D 214, will touch 

the Hyperbola in the Point M. 

For becauſe the Triangles CDd, HM D are ſimilar, the Line D d, 
terminated by the Aſymptotes, is divided by the Point M into two | 
equal Parts, like as CD is in H. And if it were pollible for Dd to- | 
meet the Hyperbola in ſome other Point O, then it is manifeſt, | 
that Od would be * equal to MD, and conſequently to 214, that is, , 5. 
the Part equal to the whole; which is 1mpoſſible ; therefore the Line 


D 214 
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D Md cannot meet the Hyperbola in any other Point but M. More. 
over, if the ſaid Line ſhould fall within the Hyperbola, as the Line 
Ee, it is evident, that it would meet the Curve in ſome other Point 
N; becauſe it would meet * the Aſymptote falling without the Curve, 
in the Point e. Therefore it is plain, that the Line D d, meets the 
Hyperbola only in the Point M, and doth not fall within the ſame, 
that is, the ſaid Line touches the Hyperbola in the Point M. 

2. I ſay, there is no Line but D Md only can touch the Hyperbola 
in the Point M: For if HE be taken in one of the Aſymptotes CE, 
either greater or leſs than H D, and if the right Line E M be drawn 
from the Point M, meeting the other Aſymptote Ce in the Point e: 
Then becauſe MH, Ce are parallel, it is manifeſt, that ME will be 
greater or leſs than Me; ſince HE was aſſum'd greater or leſs than 
HD or HC. Now this being premis'd, if the Point N be taken in 
the greater Part Me, ſo that Ne be equal to ME; then it is evident, 


4. 106. that the faid Point NV will be * in the Curve, and ſo the Line Ee will 


not touch the ſame in the Point M. Which was the ſecond Thing to 
be demonſtrated. | 


SC. Ho L110 Mi; 


108.FT has been demonſtrated in Art. 102. that the more CH in- 
creaſes, the more doth HM diminiſh ; ſo that when CH be- 
comes infinitely great, H M will become infinitely ſmall, or nothing. 
But when CH 1s infinitely great, then H (being equal thereto) will 
be ſo likewiſe; and conſequently the Lines MD, HD, meeting one 
another at an infinite Diſtance, being taken as Parallels, will fall in 
each other; becauſe the Points M and H will then coincide : that is, 
the Aſymptote CE being infinitely produced, (as alſo the Hyperbola) 
may be taken for a Tangent to the Hyperbola, in the Extremity 
thereof. The ſame may be ſaid of the other Aſymptote Ce, which 
may be eſteem'd as touching the ſame Hyperbola in the other Extre- 
mity thereof. 

Hence it appears, that the two Aſymptotes may be taken as infi- 


* Wee touching the oppoſite Hyperbola's in the Extremities 
thereof. 


Coohki oo tL iir FE 


109, 8 IN CE there is but one Line D M4, only which terminating 
in the Aſymptotes, is divided into two equal Parts in the 

Point M; it follows, if any right Line DM d, terminating in the 
Aſymptotes of an Hyperbola, meets the ſame in the Point M, divi- 
4 ding 
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4 p ding that right Line into two equal Parts; then that Line DM d, will 
touch the Hyperbola in the Point M. And contrariwiſe, if a right 

Line DM, terminating in the Aſymptotes of an Hyperbola, touches 

the fame in M; then will that Line be biſeQed in the Point M. 


/ 
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110. JF any firſt Diameter Mn be drawn thro' M the Point of F 1 6. 44+ 
Contact of any Tangent D M4, terminating in the Aſymp- 
totes CL, CI, of an Hyperbola; and if Ee be drawn thro” the Point 
m, wherein MC m meets the oppoſite Hyperbola, parallel to the Tan- 
gent D d, and terminating in the Aſymptotes in the Points E, e ; then 
will the Line Ee be a Tangent to the Hyperbola in the Point m. 
For the Triangles C MD, CME, will be ſimilar and equal, becauſe * # 4. 96. 
CM is equal to Cm: therefore the Line E will be equal to MD. 
We prove after the ſame manner (becauſe the Triangles C Md, Cme 
are ſimilar and 1 that me is equal to Md: therefore the Line 
Ee is divided in the Point m into two equal Parts; becauſe D d is ſo 
divided in the Point M; and conſequently the Line Ee, touches * the Art. og. 
Curve in the Point n. | 
Hence it appears, that the Tangents D d, Ee, paſling thro' the Ex- 
tremities of any firſt Diameter Mm, are parallel to one another; and 
alſo equal, when they are terminated by the Aſymptotes. 


28 DEF NITTONS 

$2 | 13. 

$4 If there are two Diameters Mm, Ss, whereof one, as Ss, is paral- Fi c. 44- 
f lel to the Tangents paſſing through the Extremities of the other M m ; 

> and terminated beſides in 5, s, by the right Lines MS, Ms, drawn 

: through the Point M, one End of the Diameter M m, parallel to the 

ty 


Aſymptotes; the ſaid two Diameters M m, Ss are call'd together 
Conjugate Diameters. 


© 3h 

Right Lines drawn from Points of the oppoſite Hyperbola's paral- 
= Hlel to one of the Conjugate Diameters, and terminating in the other, 
= are called Ordinates to that Diameter, So NO is an Ordinate to the 
= Diameter Mm, | 


15. 
If a third Proportional be taken to the two Conjugate Diameters, 


then the ſame will be the Parameter of that Diameter, which is the 
firſt Term of the Proportion. 
| _ 


* Art. 1 O09» 
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111. * H E thirteenth Definition hath Relation to the two Axes; 

becauſe, according to Art. 84. the ſecond Axis is parallel 
to the Tangents paſling thro' the Ends of the firſt ; and moreover ( by 
Def. 11.) is terminated by two right Lines drawn from one End of the 
firſt Axis parallel to the Aſymptotes: Whence it Appen that the 
two Axes may be taken as two Conjugate Diameters, being at right 


3 
Angles with one another. 


a 


112. BEauſe the Diameter SC s, is 1 to the Tangent D Md, 

paſſing through M, one End of the Diameter Mm; and 

ſince that Tangent meets the two Aſymptotes (C D, Cd) of the Hy. 

berbola, paſſing through the Point M: therefore the Diameter SCs 

Halls in the Angles adjacent to the Angle D Cd, form'd by the Aſymp- 
totes of the Hyperbola; and ſo it will be a ſecond Diameter. 

Hence it appears, that among any two Conjugate Diameters, as 


Men, SCs, there is always a firſt Diameter Mn, and a ſecond 
Diameter 8s. 


C020 LAY; 


113, TE E ſecond Diameter SCs, is divided into two equal Parts 
| by the Centre C, and is alſo equal to the Tangent DM d, 
which paſſing thro' M, one End of the firſt Diameter M m, being a 


Conjugate to S C's, does terminate in the Aſymptotes. For ſince MS, 


Cd, and Ms, CD, are parallel; it is manifeſt, that CS is equal to 
Md, and Cs to MD. But D Md, is divided * into two equal Parts 
in M the Point of Contact. Therefore, c. 


D 


114. IF two Conjugate Diameters M m, Ss be given, and it is known 

which of them is the firſt Diameter; then you may have the 
Aſymptotes C D, Cd, in drawing right Lines parallel to the two right 
Lines MS, Ms, (drawn from M the Extremity of the firſt Diameter 
Mm, to S, s, the two Ends of the ſecond.) 

And contrariwiſe, if the two Aſymptotes C D, Cd, of an Hyper- 
bola be given, together with ſome Point M thereof; you may find 
the two Conjugate Diameters MC n, SCs, by drawing the Line M H 
parallel to one of the Aſymptotes (C d), meeting the other Aſymptote 
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CDinH, and producing the ſame to &, ſo that HS be equal to HM, 
and then drawing the right Lines CM, CS; for it M D be drawn pa- 
rallel to CS, it is evident, ( ſince the Triangles CHS, M HD, are 
ſimilar,) that HD is equal to H C, becauſe M H is equal to HS, and 
3 ſo MD touches * the Curve in M: Therefore, by Def. 13. the Lines .,. 10). 
; CM, CS, are two'Semi-Conjugate Diameters. is 
3 Hence, if two Conjugate Diameters M m, $s be given in Poſition 
6. and Magnitude, and if it be known which of them is the firſt Diame- 
ter, then the . CD, Ca, — with the Point MA, 
done Point of the ite Hyperbola's, is had. 
®: And contrariwiſe, the Aſymptotes C D, Cd of an Hyperbola being 
given, together with one Point M of the ſame ; we have the two 
Conjugate Diameters M m, $s thereof given both in Poſition and 
Magnitude ; as likewiſe we know which of them is the firſt Diame- 


. - 


ter, being that paſling thro the given Point A. | 


COR OLLI ARI IV. 


115. A NY ſecond Diameter SCs, being given in Poſition, if the 
Magnitude thereof be requir'd, as alſo the firſt Diameter 
Mm, the Conjugate to S Ce, you muſt draw the right Line LI, any 
where an the Angle form'd by the Aſymptotes, parallel to the ſecond 
Diameter, and terminated by the Aſymptotes in the Points L, I; and 
then through O the middle of LI, you muſt draw the firſt Diameter 
CO, meeting the Hyperbola in one Point A. This being done, if 
the right Lines M$, M s, be drawn from the Point M parallel to the 
Aſymptotes: It is manifeſt, by Def. 13. that the Points S, s, wherein 
thoſe Parallels meet the ſecond Diameter SCs given in Poſition, do 
determine the Magnitude thereof; as alſo that the firſt Diameter 
MCm.is the Conjugate thereto. For if the Line Dd be drawn thro' 
the Point M, parallel to LI, and terminating in the Aſymptotes ; 
then the ſaid Line will be biſected in the Point M, becauſe L is fo 
in the Point O; and therefore LI will touch * the Curve in the Point f,. 109. 
Hence it is evident, that any ſecond Diameter SC being given in 
Poſition, the Magnitude thereof is ſo determin'd, as that it cannot 
vary; as likewiſe the Magnitude and Poſition of the firſt Diameter 
Mn, which is a Conjugate thereto. = | F | 
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CO ROL LARRY V. 


116. ANY ſecond Diameter & Cs, being given in Poſition and Mag- 
nitude, together with the Parameter, and the Poſition of 

the Ordinates to it; then it will 11 be difficult to find the ron 

* | | an 


65 8 The Tu IRD Book. 
and Magnitude of the firſt Diameter M Cm, being the Conjugate to 
SCs, as alſo its Parameter. For through the Centre C draw an inde- 
finite right Line parallel to the Ordinates to the Diameter Ss, and 
denote two Points M, m in this Line equally diſtant each way from 
the Centre C; ſo that Mm be a mean Proportional between the ſecond - 
Diameter Ss, and the Parameter thereof. Then if a third Propor- 
tional to the two Lines M m, Ss be found, it is manifeſt, by Def. 14, 
and 15. that Mm will be the firſt Diameter, being the Conjugate to 
Ss, and the Parameter thereof will be that third Proportional. 


PROPOSITION VII. 


Theorem. 


Fi C. 44. 117. THE Square of any Ordinate (ON) to the firſt Diameter Mm, 
Cas 7 is to the Rectangle under MO, O m, the 21 of that Diameter 
produced; as the Square of its Conjugate Diameter S's, to the Square of that 

firſt Diameter M m. | 


We are to prove, that ON:MOxOm:: Ss: Mm. 


If the right Line D d, be drawn through one End (M) of the firſt 
Diameter M m, parallel to the ſecond Diameter Ss, and terminating 
in the Aſymptotes; then, (by Def. 13.) that Parallel will touch the 

Art. 109, Curve in the Point M, and fo will be * biſected by that Point: there- 
fore if the Ordinate O N (which by Def. 13. is parallel to the Dia- 
meter S5) be produced both ways from the Diameter M m, the fame 
will meet the Aſymptotes in two Points L, I, each way equally di- 
ſtant from the Point O. This being premis'd, call the given Quan- 

Ars. 113, tities CM, or Cm, t; CS, or Cs, or * MD, or M d, e; and the inde- 
terminate Quantities CO, xz OM y; then becaufe the Triangles 
CMD, COL, are ſimilar, we have this Proportion, CM (t): M D (c) 


5 ::CO ( ): OL or 01==, Whence L Nor LO + ON=— +, 
and NI or © Er NO=— + y; and therefore LN NI ——y 
Art. 90. =*DM «Md N hence it follows, that ON( „MOON 
(xx—tt) :: $5 (4cc) : Mm (att). Becauſe by multiplying the Means 
and Extremes, we have gttyy=4qccxx—4dcett ; that is (by dividing by 
att, and tranſpoſing) the fame Equation _— —yy=cc, as at fiſt, 
V. V. B. Fi of 3,2 


F 0 


4 = A ge- 
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A General COROLLARY, 


118, H ENCE it is manifeſt, that what has been demonſtrated * in + 4,4, 55. 
Prop. 2. with regard to the two Axes A a, Bb, extends it ſelf, 
by means of this Propoſition, to any two Conjugate Diameters A m, 
S's. And becauſe the 8oth, 81ſt, 82d, 83d, 84th and 85th Articles 
ariſe from the ſecond Propoſition, and are of equal Force, whether 
the Angle AC B be a right one or not; therefore it follows, that if 
the Lines Aa, Bb, inſtead of the two Axes, be ſuppoſed in theſe Ar- 
ticles to be any two Conjugate Diameters ; the ſaid Articles will yet 
be true according to this Suppoſition, for their Demonſtration remains 
always the ſame; and there is nothing more requir'd to make this 


appear, but reading them over again, and uſing the Word Diameter 
for Axis, 


PROPOSITION VIII. 


Theorem, 


119. J. DE, F G be any two Tangents to the Hyperbola M A, termina- F 1 6. 43 
* ting in the Aſymptotes, and cutting exe another in the Point O; I 
ſay, the Sides of the Iriangles CDE, CFG, about the common Angle 

are reciprocal proportional. 


We are to prove, that CD: CF: : CG: CE. 


Draw the Lines M H, AL through the Points of Contact M, A, 

rallel to the Aſymptote CG ; then it is maniteſt, ( becauſe the 

riangles CDE, HD M are ſimilar) that CD is the Double of CH, 
and CE the Double of HM; ſince D E is * the Double of D M. And Ar. 109 · 
becauſe the Triangles CFG, LFA are ſimilar, C is the Double of 
CL, and CG the Double of L A, becauſe FG 1s the Double of F 4. 
But H: CL:: LA: HM. And therefore, if the Double of each An. 100. 
Term be taken, we ſhall have 2CHorCD:2CLorCF::2L 4 
or CG:2HM or CE, V. V. D. 


Co ROL. AR X. 


120. II follows from this Propoſition, that the right Lines DG, FE, 
| are parallel to one another: Whence it is manifeſt, | 

1. The Triangles CD E, C FG, are equal: For the Triangles FD E, 
FG E, having the ſame Baſe FE, and being between the ſame Paral- 
lels DG, FE, are equal; and therefore, it the ſame Triangle CFE 
be added to both the Triangles CDE, C FG, there will be form'd 
the Triangles CDE, CFG, vg ſhall be equal to one another. "hk 
2 2, The 
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2. The Line DE is divided in the ſame Proportion in the Points 
M, O, as the Line FG is in the Points 4 and O. For if the right 
Line MA be drawn thro? the Points of Contact, then it is manifeſt, 
that this Line will be parallel to the two. right Lines DG, FE., be- 
cauſe it biſects the right Lines D E, FG, included between thoſe Pa. 


rallels, 
PROPOSITION IX. 
Theorem. 


Fi c. 46, 121. IF F4 brough any Point M in an Hyperbola, be draw an Ras 


and 4). (MP) to any one of its Diameters Aa, and if the Tangent MT 
be alſo drawn meeting ; that: Ordinate in T; I ſay, CP: CA: 'C A: CT. 
Obſerving that the Points P, T fall on the ſame Side the Ctritre C, when the 
Line Aa is a firſt Diameter and on both Sides, when it is a fecond Dia- 
meter. 
FI o. 46. Caſe 1. When the Line Aa is a firſt Diameter, produce the Tan- 
gent MT, meeting the Aſymptotes CD, CG, in the Points D, E; and 
produce the Ordinate PM, meeting the Aſymptote CD in the Point N; 
_ alſo draw the Line A K through the Point A parallel to DE, meeting 
the Aſymptote CG in the Point K; and likewiſe draw the Tangent 
* Def. 14. EG, ternnnating in the Afymptotes (which will be * parallel to 
PM) and meeting the other Tangent DE in the Point O. 
This being laid down, AP is to 40, or FN to FC, in a Ratio 
* 412. 120, compounded of FN to FP, or of O M t O D. or * of O.4 to OG, 
Art. 120. Or of EK to EG, and of FD to FC, or of EG to EC. But 
AT is to TC, or K E to EC in the Ratio compounded” of EN 
to E G, and of EG to EC: therefore AP: AC:i: AT: TC. Becauſe 
the Ratio's compounded of thoſe tro Ratio's are the ſume; and con- 
ſequently AP+ AC, or CP: CA. ATR TC, or CA: CT. Whidh 
was in the tf place to be demos rated. 
Cuſe 2. When the Line * is ſecond Diameter, draw the Line 
c K through the Centre C parallel to the Ordinate PM, meeting the 
Hyperbolk in the Point 5. and the Tangent MT, in the Point R, 
and draw the Line M K through the Point of Contact M parallel to 
Aa; then it is manifeſt, that CB will be a firſt Semi Diameter, the 
Conjugate to the Second A a; and fo M will be an Ordinate to that 
Diameter. i 
This being premiſed, if the given Quantities CA, or Ca be called 
t; CB, c; and the indeterminate Quantities CP or 'M K, x; PM or 
C * „then from what has been demonſtrated in Caſe I. we have C R 


7 and therefore R K or C K — —CR=F. But the ſimilar Tri- 


angles K RM, CR J, Zive this Freren KR 6 oF :R C 6 —) 
| Fr K 
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:: MRG: C — 5 (by ſubſtituting — for its Value yy—ce 


(decauſe yy=*== ++ ce.) That is, CP: CA:: CA:. CT V. y. D. rt. 80 
a 118. 
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PROPOSITION X. 


Theorem. 


122. J. through any Point M in an Hyperbola, whoſe Centre is C, there F 1 6. 48, 
be drawn an Ordinate MP to one of the Axes Aa, as alſo the Per- and 49. 

pendicular MG to the Tangent MT paſing through M: I ſay, CP will 

always be to P G, in the given Ratio of the Axis Aa to the Parameter 


thereof. 
For call the Semi-Axis CA or Ca, t; and the indeterminate Quan- 
tities CP, x; PM, y; then we ſhall have * CT == ; and therefore Ar. 12 f. 


PT= = according as Aa, 1s the firſt or ſecond Axis. But the 


right-angled ſimilar Triangles TPM, MPG, give this Proportion» 
17 (== PM Y:: PM CY: PG =. Whence we get 


x xx tt 
this Proportion, viz, CP (x): PG (=22- : TPECA (xxFtt):. 
1 88 x A 
PII 6 5). Since by multiplying the Means and Extremes, the ſame 
Product y ariſes. But CPT CA4isto PM, as * the Axis A a to * 4. 81. 


the Parameter thereof. Therefore CP is to PG likewiſe in the ſame 
Ratio, /. V. D. | . 


HRO T1.0/N N 
Theorem. 


123. JF the right Lines MF, Mf, be drawn from any Point M, in on x, C. 
4 I Hyperbola, to the two Foci F, f: I ſay, the Tangent MT, paſting 1 
through that Point M, does divide the Angle F Mf into two equal Parts. 
For draw the Lines FD, fd, perpendicular to the Tangent MT; 
likewiſe draw the firſt Axis A a, paſſing through the two Foct F, f, 
and meeting the Tangent in T; as likewiſe the Ordinate MP to that 
Axis : Then call the given Quantities CA or Ca, t; C For Cf, m; and 
the indeterminate Quantity C P x. This being done, we have MF * An. 78. 


(>=) M (=+ t): :TForCF (m) —CT* (=) ITF or Cf An. 121. 
(m) 
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(m) + CT ( =). ſince by multiplying the Means and Extremes, 
the ſame Product ariſes, But the right-angled ſimilar Triangles FD, | 
Tf4, give this Proportion, TF: Tf :: FD: fd; therefore the Hypo 
thenuſe (MF) of the right-angled Triangle MD F, will be to the 
Hypothenuſe Mf, of the right-angled Triangle M df, as the Side DF 
is to the Side df; and conſequently theſe two Triangles will be ſi- 
milar. Therefore the Angles FMD, Md, which are oppoſite to the 
Homologous Sides D P, d f, will be equal to one another. V. V. D. 


CokloLl rr. 


124. HE NCE it is manifeſt, that the Tangent MT being infinite- 

ly produced both ways from (MA) the Point of Contact, 
leaves the Hyperbola 4 M entirely next to its Focus F. And becauſe 
this every where happens, let the Point M be taken where it will in 
the Curve: Therefore it is manifeſt, that the Hyperbola being extend- 
ed never ſo much, is Concave next to its Focus F. 
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PROPOSITION XII. 
Theorem. 


FI C. 51. 125. THE Difference of the Squares of am two Conjugate Diameter 
T Mm, Ss, is equal to the Difference of the Squares of the two 
Axes Aa, Bb. 3 a : : 
We are to prove, that C'S — CM = TB —CA, or CM—CS= 
S 
5 If the right Lines MS, AB are drawn, they will be * parallel to 
FE. 1 one of the Aſymptotes Cg; as alſo cut into equal Parts by the 
* Def. 11, other Aſymptote CG in the Points H, &; becauſe * the Lines Ms, 
and 13, Ab, are parallel to the Aſymptote CG, and the ſecond Diameters 
Art. 113. S's, Bb, are * divided by the Centre C into two equal Parts; therefore, 
if the right Lines AF, BE, ML, S K, be drawn perpendicular to 


the Aſymptote CG, the Triangles G A F, G BE, and HML, HSK, 
will be formed, which ſhall be ſimilar and equal. This being premis'd, 


* Art, 88. call the given Quantities CG or * G A, n; GE or G F, a; AF or 
B E, V; and the indeterminate Quantities CH, x; HM, y; then we 


have CE=m + a, CF=m—az CE + EB, or CB = mm+2 
am aa+bb, CF + FA, or CA = mm—2am-+aa+bb; And there- 
fore CB CA = dan. But the ſimilar Triangles G A F, HML. 

| r © 
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give this Proportion, & A (n): AF(b)::HM(y):ML or KS = 

. AndGA(miGF(a)::HM (y):HL or HR D 2, Therefore 

m 


R cl CK +K8 or CS =xx + 222 + 
89) Wy TCL +LM OT CH =x a + . And 


mm mm m 


therefore, CS 2 CM = 2 =4 am, by putting * mm for xy, And 4.101. 


conſequently CS — CM =CB —CA. V. V. D. 

If the Angle G Cg, formed by the Aſymptotes, ſhould be acute; 
whereas in this Figure, and the Reaſoning appropriated thereto, it is 
obtuſe; then CF would be greater than CE; and it would be proved 


after the ſame manner, that CM — CS=TA—CB. But if the 
Angle G Cg, form'd by the Aſymptotes, was a right Angle; then it 
is manifeſt, that the Lines 4 B, MS, would be perpendicular to the- 
Aſymptote CG; and ſo the two Semi-Conjugate Diameters CM, CS, 
would be equal to one another, like as the two Semi-Axes CA, CB. 
But becauſe the Difference of the two Conjugate Diameters M m, Ss, 
is nothing; as likewiſe the Difference of the two Axes Aa, Bb; 


therefore it follows, that this Propoſition is true in all its Caſes, 


Cotol i423 x. 


126. H ENCE it is manifeſt, that any firſt Diameter M m, is leſs, 


greater than, or equal to the ſecond Diameter Ss, being the 
Conjugate thereto; according as the Angle G Cg, formed by the 
Aſymptotes, is obtuſe, acute or right. 


ES EE IEW.S A 
16. 


Two oppoſite Hyperbolas are called Eguilateral, when any two of 


their 22 Diameters are equal to one another; or elſe when 
the Angle form'd by their Aſymptotes is a right Angle. 


6 C 


127. IF from any Point M in an equilateral Hyperbola, there be Fc. 52, 


drawn any Ordinate (MP) to either of the Diameters, as Aa, 


then we ſhall have * MP = CPI CA: viz. —, when Aa is a firſt * 4-4. 81, 
Diameter and +, when it is a ſecond Diameter, For the Conjugate «nd 118. 


Diameter to A a, will be * always equal to it, * Art. 126, 
Ys eq 'PrRO- 


= The TIA D Book. 


PROPOSITION XII, 


Problem. 


PI c. 53,128. NT two Conjugate Diameters being given, and knowing which 

54,and 55. of them 1s the firſt Diameter ; or, which comes * to the ſame thing, 

Art. 114» the Aſymptotes CD, CF of an Hyperbola being given, together with any. 
Point (M) of the Curve: to draw two Conjugate Diameters Aa, Bb, that 
ſhall make an Angle with each other, equal to an Angle given. 

In any Circle whoſe Centre is o, draw the Chord df, ſo that the 
Angle in the Segment def be equal to the Angle DCF form'd by the 
Aſymptotes; and draw the Line ec through e the Middle of the 
Chord df, making the Angle dec, or fec with that Chord equal to 
the given Angle ; and thro' the Point c, wherein the Line e c meets 
the Arc d cf, draw the right Lines c d, cf. This being done, aſſume 
CD, CF, in the Aſymptotes equal to the Chords cd, c; then if DF 
be drawn, and the ſecond Diameter Bb be drawn parallel to the ſame; 
and the firſt Diameter Aa, through E the middle Point; I fay, 
the two Diameters Aa, Bb, make an Angle with one another 
equal to the given Angle, and they are Conjugate Diameters, 

mY Conſtruction, the Angle def, is equal to the Angle DCF 

form” the Aſymptotes; and conſẽ N the Triangles DCF, 
def, and DCE, dee, are equal and ſimilar; therefore the Angle BCa 
made by the Diameters A a, B b, will be equal to the Angle DE 
or dec, which was made equal to the given Angle. Moreover, if 
through the Point 4, one End of the firſt Diameter 4 a, there be 
drawn a Parallel to D F, it is manifeſt, that this Parallel will be di- 
vided into two equal Parts by the Point A, becauſe D is fo divided 

41. 109. in the Point E; and fo * that Parallel will touch the Curve in 4; 

* Def. 13. therefore * A a, Bb, are Conjugate Diameters. 

Now to determine the Magnitudes of the ſaid two Conjugate Dia- 
meters, draw the Line MK Lthro' the given Point M parallel to the 
Diameter Aa, meeting one of the Aſymptotes (CD) in the Point &, 
and the other Aſymptote CF, (produced beyond the Centre C) in 
the Point L: This being done, if CA be taken a mean Propor- 

+ 4rt. 94, tional between KM, ML, then it is “ manifeſt, that the Point 4 
will be one End of the firſt Diameter A a; and ſo if the Lines A B, 
Def. x3. Ab, are drawn parallel to the Aſymptotes CF, CD, thoſe * Parallels 
will determine the Magnitude of the ſecond Diameter Bb, by their 

Points of Concurrence B, B. 5 | 
Becaufe there can be drawn two different Lines e c, ec, making the 
TY Angles dec, 7 ec each way with the Chord d f, equal to the given An- 
© gle, if it be not a right Angle; therefore we can find always two 


diffe- 
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different Pair of Conjugate Diameters ( Aa, Bb) which will anſwer 
the Problem, as they be ſeen in Fig. 54, and 55. But it muſt be noted, 
that the Conjugate Diameters A a, Bb, of Fig. 55. have the ſame Po- 
ſition with reſpect to the Aſymptote CF, as thoſe of Fig. 54. have to 
the other Aſymptote CD; and their Maguitudes will remain the ſame 
: : in theſe two different Poſitions. For, 
1. If the Line os be drawn from the Centre o to e, the Middle of 
the Chord 4f ; this Line will be perpendicular to that Chord: and 
conſequently the Angles oec, oe c, will be equal; therefore drawing 
the Radii oc, oc, the Triangles oec, oec, which have the Side oe 
common, the Angles oe c, oe e, and the Sides oc, oc, equal to one ano- 
ther, will have alio their third Sides ec, e c, equal : therefore the Tri- 
angles fec, dec, which have the Sides ef, ed, and e c, ec, as alſo the 
Angles fe c, de c, equal, will be equal and ſimilar : And fo it appears, 
that the Angle ecf, or ECF, of Fig. 55. is equal to the Angle ecd, or 
ECD, of Fig. 54. and conſequently the Poſition of the Diameter Aa, 
in Fig. 55. with regard to the Aſymptote CF, is the ſame as the Po- 
ſition of the Diameter A a, in Fig. 54; with regard to the other A- 
fymptote CD. 
2. If the Line MI be drawn, in Fig. 55. making the Angle MI C, 
with the Aſymptote CF, (produced) equal to the Angle ML C, or 
ECF of Fig. 54. then it is plain, that the Lines MI, Mk, in Fig. 55. 
w1ll be equal to the Lines M L, MK, of Fig. 54. becaufe the Poſition 
of the Point M, in reſpect of the Aſymptotes, is ſuppos'd to be the 
ſame in both Figures. But the Angle MIL, being the Complement 
of the Angle MIC, in Fig. 55. or of ECF, in Fig. 54. is equal to the 
Angle MK k, being the Complement of the Angle ECD, in Fig. 55. 
or of ECF, in Fig. 54. and conſequently (in Fig. 55.) the two Tri- 
angles L MI, k M K, having the Angle at M common, and the Angles 
at the Point I, K, equal, will be ſimilar; and ſo LM: MI: : K M: 
MK. Fherefore LM x MK =I M Mk, or L M « MK, in Fig. 54. 
Hence it appears, * that CA, CA the Halves of the firſt Diameters, * 44, 94. 
in Fig. 54 and 55. are equal. The fame may be ſaid of the. Diame-- 
ter Bb; becauſe the Poſition and Magnitude thereof depends on the 
Poſition and Magnitude of the firſt Diameter Aa, to which it is the. 
Conjugate. — | 
Becouſe there can he drawn but one Line ec, making an Angle either 
way with the Chord df, equal to the given Angle, when it is a right, c. 35 
one; therefore there can be but two Conjugate Diameters A a, Bb, and 51. * 
making right Angles with one. another that will anſwer the Problem, 
and theſe * will be the Axes. But becauſe the Triangle d cf, or DC, is + y,, 111. 
then Iſoſceles, the firſt Axis Aa will biſect the Angle D CF formed by 7 | 
the Aſymptotes; and ſo there is nothing more requir'd for finding the 
Poſition of the two Axes, but drawing the two right Lines Aa, B̃ b, 
K perpen- 
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perpendicular to one another; one of which, as A a, biſects the Angle 
DCF, formed by the Aſymptotes; for afterwards their Magnitude 
may be determined, as is directed for finding the Magnitudes of the 
Conjugate Diameters, | 

The two Axes mgy be found otherwiſe thus: Draw M H through 
the Point M, parallel to C F one of the Aſymptotes, and terminating 
in the Point H by the other Aſymptote CD. And in the Aſym- 
ptote C D, aſſume CG, a mean Proportional between CH, HM; and 
draw AB thro the Point G parallel to CF, ſo that each of its Parts 
G A, G B, be equal to CG. Then it is manifeſt, that the Lines CA, 

Art. 101, CB, will be * the two Semi-Axes both in Poſition and Magnitude, 


and 88. 


US 


129. II is now evident, 1. That there are but two Conjugate Diame- 

ters that cut each other at right Angles; and ſo there can be 
but two Axes. 2. There can be but two different Pair of Conjugate 
Diameters making an Angle with each other equal to a given Angle, 
when this Angle is not a right one; and the two firſt Diameters of 
theſe two Pair have the ſame Poſition to one Aſymptote, as the two 
others have to the other Aſymptote; and ſo they are alike ſituate on 
both Sides of the two Axes, ſince the two Axes biſect the Angles form'd 
by the Aſymptotes: And finally, their Magnitudes remain the ſame 
in both thoſe different Poſitions, | 


PROPOSITION XIV. 


Problem. 


130. ANT two Conjugate Diameters being given, and which of the two 
*41t.114, is the firſt Diameter being known ; or, which & is the ſame thing, 

the Aſymptotes of two oppoſite Hyperbola's being given, together with any 

ore of their Points, to deſcribe the ſaid Hyperbola's by a continued Motion. 


The Firſt Way. 


Find the two Axes, as is directed in the laſt Propoſition, and then 
deſcribe the oppoſite Hyperbola's by Article 76. 


C > 4 i C ³·¹w ̃— ͤum ͥ h .. 


Second Way. 


FI c. 58. Let Aa, Bb, be any two given Conjugate Diameters, whereof Aa 
is the firſt; or elſe let CG, CG, be two Aſymptotes given, together 

with the Point A, through which one of the oppoſite n 

| paſſes. 


— — — e. 
* — BET 7 _—_— * — 2 * * 9 * — V — n 4 * 


wo 
2, 


ny 
5. 


en 


* 
— 


55 


3 nan ITY os 8 
RRR 


* we, 


4.4 6 u$- 4 _ 4 U 9 = * — * 
Y 7 p I 2 * N 

. „ „ 4 TRAV 
LR ee xo al 


* 
* - * 
91 3 FED 


2.4..0-£8 


„ 
Fl 
. 
4 
« 
* 
* . 7 
* 
* 
* 
* 
* - 
5 . * 
gf 3 be" 
24 
* 
* 
E 
* a 
: 3 
' 
E I 
Is 
ö 
7 
" 
3 
«4 FE 
= 4 
N 8 
4 4 
* 
% + y 
$ 2 
1 : 
7 "9 
8 
25 | 
25 Fo 
L r 
24 r 
7 6 


Of the HYPERBOL A. 67 


paſſes. Draw A G through the given Point A, parallel to one of the 
Aſymptotes Cg, and terminating in the other in G; then move the 
right Line HK, (equal to CG) along the Aſymptote CG, both ways 
indefinitely produced; ſo that one End H thereof carries along with 
it the Line HM parallel to the Aſymptote Cg, and the other End K, 
the right Line K A, moveable about the fixed Point A. Then I fay, 
the Point (M), being the continual Interſection of the right Lines 
AK, HM, will by this Motion deſcribe the two oppoſite Hyperbola's 
ſought. 

For becauſe the Triangles K HM, KG A, are ſimilar, we have al- 
ways this Proportion, KH or CG: HM ::KGorCH:G A. And 
therefore CHx HM = CG «x G A. Therefore the Point M will be 
*in the Hyperbola paſſing through the given Point A, or in the op- 47. 101. 
poſite Hyperbola, and whoſe Aſymptotes are the given right Lines 


CG, Cs. 
PRUPUSITION XY, 


Problem. 


131,/PHE ſame Things being given, as in the laſt Propoſition, to deſcribs 
T the oppoſite Hyperbola's by finding many Points thereof, Ye 


Firſt Way. 


Let CD, CE, be the given Aſymptotes, and A the given Point, F 1 c. 59. 
Thro* this Point 4 draw any Number of Lines DE, DE, DE, &c. 
terminating in the Aſymptotes; and in them aſſume E M, EMH, 

EM, &c. each equal to its Correſpondent 4 D, A D, AD, &c. Then 
it is * manifeſt, 1. That the Points M, M, M, &c. will be in the Hy- * 444. 106. 
paves pailing thro' the Point A, when the Points E, E, E, &c. fall 
elow the Centre. 2. That the right Lines CD, CE, are the Aſymp- 
totes of the Hyperbola's : Therefore, if two Curves be drawn through 
all the Points M, M, M, &c. falling in the oppoſite vertical Angles ; 
thoſe two Curves will be the oppolite Hyperbola's ſought. 


Second Way. 


Let the Lines Aa, B b, be two given Conjugate Diameters, whereof F x c. 60. 
4 is the 2d Diameter. Aſſume any Number of little equal Parts CE, 
CE, CE, &c. of any Magnitude at Pleaſure, in the Semidiameter C B in- 
definitely produced towards B; and through that Boint E, which is 
neareſt to the Centre C, draw the Line EP parallel to B A. This 
being done, in the ſecond 1 Aa, both ways continued, * 
2 E 
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the ſinall Parts CP, PP, &c. each equal to C, as many in Number 
as the Parts CE, EE, EE, &c. and draw C D perpendicular and equal | 
to CB; then if the Lines MPM, MPM, M PM, &c. be drawn pa- 
rallel to the firſt Diameter Bb, and in each of them you aſſume, 
both ways from the Point P, the Parts PM, P M, each equal to its 
Correſpondent E D. I ſay, the two Curve Lines paſling thro” all the 
Points M, M, M, 8c. thus found will be the two oppolite Hyperbo. 
la's ſought. 

For call the given Quantities CA, t; CB or CD, c; and the inde- 
terminate Quantities CP, x; PM, y; then the ſimilar Triangles CAB, 
CPE give this Proportion, CA (t): CB (c)::CP(x):CE= 


Cx 


—. And ſince the Triangle ECD is right-angled at C ( ſuppoſing 


fe 
every Hypothenuſe ED to be drawn, which, for avoiding Confuſion, 
we have omitted in the Figure) the Square ED or PM (yy) is = 


* Ar. 81, CE ( —) + TD (cc). Therefore the Line P M will be * an Ordi- 
and 118, 


nate to the ſecond Diameter A a, having the firſt Diameter Bb, the 
Conjugate thereto. And becauſe the ſame Demonſtration extends to 
every of the Lines PM, ſince CP 1s always to its Correſpondent 
FE, in the Ratio of CA to CB: Therefore, &c. | 
Fic. 61, When the Conjugate Diameters A a, Bb, are equal to one another, 
* Def. 16. that is, * when the Hyperbola's ſought are equilateral, then the Con- 
ſtruction will become much more eaſy. For if CD be drawn per- ͥ 
pendicular and equal to CA, and if MPM be drawn through any |M 
Point P in the Diameter A a, parallel to the firſt Diameter Bb; then j 
you need but take in that Line (both ways produced) the Parts 
PM, PM, &c. each equal to P D, and you will have two Points thro 
which the oppoſite Hyperbola's muſt paſs. For becauſe the Triangle 
PCD, 1s right-angled at C (ſuppoſing an Hypothenuſe CD to each 
of them ) we ſhall have always PD or PM = CP + CD or CA j 


* 4rt, 127, and therefore the Line P M will be * an Ordinate to the ſecond Dia- 
meter A a, whoſe Conjugate Diameter Bb is equal to it, 


DEFINITION. 


I7. 
FIC. 62, Let there be two oppoſite Hyperbola's 4 M, a n, whoſe firſt Axis 
| is the Line A a, and ſecond the Line Bb; and let there be two other 
oppoſite Hyperbola's, whoſe firſt Axis is the Line Bb, and ſecond the 
Line Aa; then the two laſt Hyperbola's BS, B 5, are ſaid to be Con- 
Jugates to the two former ones A M, am; and all the four together 
are call'd Corngate Hyperbola's, 1 


COR O1 
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132. II is manifeſt, that the Lines Ba, Ab, are parallel; becauſe * Def, 4. 
* the Lines A a, Bb, terminated by them, do biſect each other and 5. 

in the Point C. Whence it follows, by Def. 11. that the Hyperbola 

BS, being the Conjugate to 4 M, hath CG the Aſymptote of the 

Hyperbola AM for one of its Aſymptotes, and Cg the other Aſymp- 

tote of the ſame Hyperbola, for the other Aſymptote ; becauſe thoſe 

two Lines paſs thro' the Centre C, and are parallel to the two right 

Lines Ba, B A, drawn from (B) the End of the firſt Axis (Bb) of the 

Hyperbola BS, to the two Ends A, a, of the ſecond. Therefore it is 

manifeſt, that the two right Lines CG, Cg, parallel to A b, AB, 

both ways infinitely produced, are not only the Aſymptotes of the 

oppoſite Hyperbola's AM, am; but likewiſe are the Aſymptotes of 

the two other Hyperbola's BS, b s, which are Conjugates to them. 


PROPOSITION XVI. | 


Theorem. 


133. JF throngh any Point H in the Aſymptote C G, which is common to 

both the Hyperbola's A M, B 8, there be drawn a Parallel (MS) 
to the other Aſymptote Cg; I ſay, that Parallel will meet the ſaid two Hy- 
perbola's in the Points M, S, equally diſtant from the Point H. 

For 1, The Line MS will meet * each of the oppoſite Hyperbola's Art. r04: | 
AM, BS, in one Point. 2. From the Nature of the Hyperbola 4 M, | 
the * Rectangle CH « HMis =CG GA; and from the Nature of 4.101. 
the Hyperbola BS, the Rectangle CH « HS 18 = CG « GB. Whence 
(ſince * GB GA,) CH x HS will be CH; HM; and ſo HS At. 88. 
»w=HM WV.F.A: | 


Corollary I. 


134. IF from the Points M, 5, in the two Hyperbola's 4 MH, BS, be | 
drawn the Diameters MC m, SCs, terminating in the two | 

other oppoſite Hyperbola's a n, bs ; then it is maniteſt, * that the 47. 114. 

Diameter $ s will be the ſecond Diameter, which is the Conjugate to 

the firſt Diameter ( Mm) of the two oppoſite Hyperbola's 4 M, 

am; and contrariwiſe; the Diameter Mm, will be the ſecond Diame- 

ter, which is the Conjugate to the firſt Diameter Ss, of the oppoſite 

Hyperbola's BS, bs. Whence it appears, that any two Conyugate 

Diameters (Mm,Ss) of the two oppoſite Hyperbola's A M, am, * 

; Ra allo 
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alſo two Conjugate Diameters of the two other Hyperbola's BS, bs, 
Conjugates to the former ; but yet with this Difference, viz. that the 
firſt Diameter Mm becomes a ſecond Diameter; and contrariwiſe, 
the ſecond Diameter $s a firſt, g | 


COR OoLLi Ss ®yY NH | 4 


135. P PENCE it 1s manifeſt, that the Hyperbola's BS, bs, the 
Conjugates to the Hyperbola's 4 M, am, paſs through the ! 
Ends S, s, of all the ſecond Diameters (SCs) of thoſe Hyperbola's : ; 
And contrariwiſe, the Hyperbola's 4 M, am, paſs — the Ends 
M, m, of all the ſecond Diameters (MCm) of the two Hyperbola's 

BS, bs, which are the Conjugates to them. 


The End of the Third Book. 
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BOOK IV. 
Of the Three Conick Sections. 


DEFINITION. 


Y the Term Conick Section in general, we underſtand each of the 
Curves treated of in the foregoing Books, viz, the Parabola, the 
Ellipfis, the Hyperbola, or the oppoſite Hyperbola's, - 


PROPOSITION I. 


Theorem. 


* 


136. JF through the End (A) of any Diameter (Aa, ) of an Ellipfis, F1 5: 63, 
I or of any firſt Diameter of an Hyperbola, the Line AG be drawn a * 


parallel to the Ordinates (P M) thereof, aud equal to its Parameter; and 
if the right Line a G be drawn from a the other End of that Diameter, 
cutting any Ordinate PM (produced if neceſſary) in the Point O. I ſay, 
* of the Ordinate P M, is equal to the Refangle under AP and 


We are to prove, that PM —AP« PO. | 
By the 41ſt and 55th Articles of the ſecond Book, and the 81ſt and 
118th of the third, we have this Proportion, 4a: AG :: AP «Pa; 


PM . But becauſe the Triangles a A G, a PO, are ſimilar ; there- 
fore Aa: 48: : Pa: PO: : A4 PPA: APx PO, And ſo PM = 


AP. PO. V. V. D. 


Daerr. 


1 37-F ENCE it is evident, that the Square of any Ordinate (PM) 
20 to a Diameter A a, is always leſs in the Ellipſis, and greater 
in the Hyperbola, than the Rectangle under the Parameter 4 G, and 


the Part (AP) of that Diameter between its End 4, and the Point 


of Concurrence (P) of the Ordinate; whereas * in the Parabola they * Art. 7, 
are equal. And from this Property was it, that Apollonius, other- aud 20. 


wiſe 
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wiſe call'd the great Geometrician, gave thoſe Names, which we have 

made uſe of, to the Conick Sections: For by the Word Parabola is 

underſtood the Exactneſs or Equality, by the Word Ellipſis the Deficiency, 

and by the Word Hyperbola the Exceſs, which is found in the Com- 
ariſon of the Squares of the Ordinates PM, with the Correſpondent 
ectangles APR AG. 


PROPOSITION II. 


Theorem. 


128. JN the Ellipſis, every Diameter Aa, and in the oppoſite Hyper bo- 
; I bola's, ny Diameter Aa, is divided by the 22 9 into 

two equal Parts, and meets the Section but in two Points. 

This Propoſition has been demonſtrated in the 5oth Article of the 

ſecond Book; and in the g6th and 103d Articles of the third Book. 


PROPOSITION HI. 
Theorem. 
139. THERE can be but one Tangent (LAL) paſing through a 
given Point (A) in a Conick Sedtion. 


This Propoſition is found demonftrated in the 2iſt Article of the 
fir Book, the 56th of the ſecond, and the 107th. of the third Book. 


PROPOSITION IV. 


Theorem. 


140. 7 E Tangents L AL, Lal, paſing through the Ends A, a, of any 


Diameter of an Ellipſis, or two oppoſite Hyperbola's, are parallel 
to each other. g 


This has been prov'd in the 44th and 45th Articles of the ſecond 
Book, and the 110th of the third. | | 


PROPOSITION v. 
Theorem. 


141. FNT Diameter of an Ellipſis, or the oppoſite Hyperbola's being. 
A given: I ſay, the Pf Fae Dee is the Conus 

gate to it, is ſo determin'd, as that there can be but one only. 
For 1. If the Section be an Ellipſis, or the oppoſite Hyperbola's, 
and if Aa be a firſt Diameter, then it is manifeſt, by 9 
| . -6th 
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2 
56th Article of the ſecond Book, and the 13th Definition of the third 
Book, that the Conjugate Diameter (Bb) to Aa will be parallel to 
the Tangent LA L, paſſing thro' the Point 4. Therefore, . 41. 139. 
2. When Bb is a ſecond Diameter of two oppoſite Hyperbola's : 
This has been demonſtrated in the 115th Article of the third Book, 


COROLLARY. 


142. HE NCE it appears, that a Conick Section being given, to- 

gether with one of its Diameters; the Poſition of the Ordi- 
nates to that Diameter is ſo determined, that every of them can have 
but one Diameter, and all of them are parallel to one another, For 
in the Parabola, the Ordinates muſt be * parallel to the Tangent * 4,1. 21. 
paſſing through the Origin of the given Diameter, and in the other * * Def. 12, 
Sections parallel to that Diameter, which is the Conjugate to the ., 11 
Diameter given. | * 


PROPOSITION VI. 


Theorem. 


143. IN an Ellipſis, every Diameter Aa, as alſo in the oppoſite Sections, 
every firſt Diameter A a, divides the Section into two Parts or Por- 

tions, A M, a m, which being taken in contrary Poſitions on each Side that 
Diameter, are ſimilar and equal to one another. 

For take CP, Cp, equal to one another, in the Diameter Aa 
(produced in the oppoſite Sections) on each Side the Centre C; and 
draw the Ordinates PM, Pm; then it is manifeſt, * that thoſe Ordi- + ,,, ,c, 
nates are equal to one another, and the Angles * CPM, Cy n, are 55, 85, 
equal. Therefore, if the Plane Cy mn be ſuppos'd to be laid upon the and 118. 
Plane CPM on the other Side of the Diameter Aa in a contrary Po- 47. 142. 
ſition, ſo that the right Line Cp coincides with CP, and p m with 
PM; then it is manifeſt, that the Point a will * coincide with A, and An. 138. 
the Point m with the Point AH. And ſince this always — (er; let 
the equal Parts C P, Cp be of what Magnitude ſoever : It follows, that 
all the Points (n) of the Part am will coincide with all the Points 
(M) of the Part 4M, and conſequently the ſaid two Parts or Por- 
tions will coincide and be equal. J. V. D. 


PROPOSITION VII. 


bs Theorem. | 
144. F the right Line MPM, be drawn through any Point P, taken in 1 d. 68, 
Aa, the Diameter of a Conick Section (produced in the Hyperbo- 69,70, 71. 


la, when the ſame 1s a principal , Parallel to the Ordinates 1 
tat 
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that Diameter: I ſay, the Line MP M will meet the Section in only two 
Points M, M, equally diſtant each way from P. And contrariwiſe, if any 
right Line MM, terminating in a Comck Section, be cut into two equal 
Parts by the Diameter Aa in the Point P, not being the Centre; then the 


ſaid Line MM will be parallel to the Ordinates to that Diameter. 


This has been demonſtrated in the 9th, 11th, and 2oth Articles of 
the firſt Book; the 43d, 45th, and 55th of the ſecond Book; and the 
83d, 85th, and 118th of the third. 


Go:KT'0:1ki:4aATY.; 


I45. HEN CE if any right Line MM, terminating in a Conick 
Section, be cut into two equal Parts by the Diameter A a, 
in the Point P, not being the Centre ; then all the Parallels to that 


Line terminating in the Section, will be biſected likewiſe by that 


* Art. 145. 


* Def. 7.1. 
* Def. 9. II. 


* Def. 9, 
m9 


* Art. 50. 


* Art. 96. 


Diameter. 


PROPOSITION VII, 


Problem. 


146. A Conick Section being given, to find a Diameter thereof. 
| Draw the right Lines M M, N N, parallel to one ano- 
ther, and terminating in the Section; then if they be biſected in the 
Points P, ©, the right Line Aa drawn thro' P,. ©, will be a Diameter. 
For * the Diameter paſling through P the Middle of MM, muſt 
paſs likewiſe through Q the middle of NV. 


Con OL LA T. I. 


147. TF any other Diameter Dd be drawn, as above; then it is ma- 

nifeſt, that the Conick Section will be * a Parabola, when 
D 4 is parallel to A a; an Ellipſis, * when D d meets Aa within the 
Section; and laſtly, an Hyperbola, * or the oppoſite Sections, when 
the Lines Dd, Aa, meet each other in the Point (C, without the 
Section; in which two laſt Caſes, the Point of Concurrence C is the 
Centre. And ſo you have here a Succeſſion of the Definitions of the 
Diameters of the Parabola, Ellipſis, and Hyperbola. 

When the whole Ellipſis is given, you need only draw a Diameter 
A a, for having the Centre thereof: For becauſe the Magnitude of 
the Diameter is * determin'd by the Ellipſis, you need only biſect 
that Diameter in C. The ſame is to be done * when oppoſite Hyper- 
bola's are given, * | 


Co Rol- 
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148, H ENCE, a Conick Section being given, together with ſome 
| Point O, in the ſame Plane; we may always draw ſome 
Diameter D d, through that Point: For in the Parabola, you need 
only draw Dd through the given Point O, parallel to any Diameter 
Aa; and in the Ellipſis, Hyperbola, or oppoſite Sections, the right 


Line Dd, paſſing through the given Point O, and the Centre C, found 
by the laſt Corollary, 


Go 205 LARRY; 


14 9. H ENCE it is evident, that a right Line M M can meet a 
Conick Section in only two Points 21, M. For if a Diame- 
ter Aa be drawn through P, the Middle of H M; it is manifeſt, by 
Art. 144. that the ſame will be parallel to the Ordinates to that 
Diameter; and ſo by the ſame Article, the Line MM can meet the 
Section in only two Points M, M. 
Note, If the Line ſhould paſs through the Centre C, then Recourſe 
muſt be had to Art. 138. where this has been prov'd already. 


CooL t nner I. 


150. ANY Ellipſis or Hyperbola being given, to find two Conju- Fc. 69, 
gate Diameters (Aa, Bb) thereof; and moreover, to draw '* 
the Aſymptotes CG, Cg, when the given Section is an Hyperbola. 
Find a Diameter Aa, by means of the Parallels MM, NN, and 
through C draw B 25 555 to thoſe two Lines: Then it is evident, 
* that Aa, Bb will be Conjugate Diameters; becauſe the Lines MM, * Def. 12, 
N N being divided by the Diameter Aa into two equal Parts in the I 4nd 
Points P, Q, will be * Ordinates both ways to that Diameter. Ste 4. 
But now to draw (Fig. 70.) the Aſymptotes CG, Cg; make as 
APxPa:PM::CA:CBorCb. or (which is the ſame thing) 
make as a mean Proportional between AP and Pa to PM, ſo is CA 
to CB or Ch. This being done, if the right Lines 4B, Ab are 
drawn, then the indefinite right Lines Cg, CG, drawn thro the Cen- 
tre C parallel to 4 B, Ab, will be the 1 ſought. For it is 
manifeſt, that Bb will be * the Conjugate Diameter to the firſt Dia- * Art. 81, 
meter 4 ; and what remains, is manifeſt by Def. 13 and 14. Book 3. 2d 118. 


PROPOSITION IX. 
Problem. | 
151. AY T Conick Section being given, together with one of its Diame- Fi c. 68, 
tees Aa; to find the hs of the Ordinates (PM) to that 69,70, 71- 

2 


Diamster. Draw 
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Draw two Parallels to the given Diameter A a, equally diſtant each 
way from the ſame, and meeting the Section in the Points M, M; 
then I ſay, the Line MM, which cuts the given Diameter in the 
Point P, is an Ordinate both ways to the Diameter Aa, if the Point 
P does not fall in the Centre. 
For, by Conſtruction, the Line M M wall be biſected by the Dia- 
+47. 14.4, Meter Aa in the Point P; and conſequently the Line MM will be * 
an Ordinate both ways to that Diameter. | 
After this manner may be found always the Poſition of any Ordi- 
nate (PM) to the given Diameter Aa. For 1. in the Parabola, and 
Hyperbola (Fig. 68 and 70.) when the given Diameter Aa 1s a firſt 
Diameter, it 1s manifeſt, that at whatever Diſtance the two Paral- 
lels be drawn from the Diameter Aa, they will each meet the Secti- 
* 4:t. 10, on in one Point M; becauſe the Section & infinitely recedes more and 
20, 84, more from the Diameter 4a. 2. In the Ellipſis (Fig. 69.) and the 
and 118. oppoſite Sections (Fig. 71.) when the given Diameter Aa is a ſecond 
Diameter; then it is manifeſt, that there can be drawu two Parallels 
on both Sides the Diameter Aa, each of which will cut the Section in 
one Point M, fo that the Line M M will meet the given Diameter 
Aa in the Point P, not being the Centre; becauſe in the Ellipſis the 
Art. 44, Ordinates to the Diameter A a do continually * diminiſh from the 
and 55. Centre C to A; and contrariwiſe, in the oppoſite Sections, do * in- 


* Art. S4, creaſe as they go from the Centre C. 
and 118. 


F Co tO0oLTLARY-L 


Ti. a 33h FR OM hence ariſes a new Way of drawing a Tangent through 
5 a Point (4) given in a Conick Section. For draw * a Dia- 
Art. 148. meter (Aa) through that Point, and find a double Ordinate (MPA 
+ 4+. 1, to that Diameter. Fhis being done, it is manifeſt, * that a Line 
20,4455» 8 through the Point & parallel to MM, will touch the Section in 
$4, 118, . | | X | | 


1 A | 
„III. X | | 

We 69, 153. FJENCE it farther appears, when an Ellipſis, on two oppoſite 
70, 51. Sections are given, together with any one of their Diame- 


ters Aa, how to find the Conjugate Diameter (B to that. For you 
need only draw Bib. through the Centre C, parallel to the Ordinates 
to A a. | 

Or elſe, if Bb be the given Diameter, and the Conjugate to it (Aa) 
is requir'd, draw M M parallel to B b, and terminating in the Section; 
and then through the Points E C, the Middles of M M and Bb, draw 
the Diameter A a fought, 245 


-- 
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Görner HL 


154. AN Hyperbola M 4 M being given, together with one of the F: 6. je. 
ſecond Diameters Bb in Poſition, to determine the Magni- 
tude thereof, and alſo to find the Poſttion of the Ordinates to the 
ſame. 
Firſt ſeek the firſt Diameter Aa, to which Bb is the Conjugate, 
by the ſecond Part of the laſt Corollary; and then make A P « Pa: 


PII: CA Bor Ch. This being done, it is * manifeſt, that Eh . 44 gr, 
will be the Magnitude of the ſecond Diameter Bb, and the Ordinates and 118. 
thereof will be parallel to A a, 


PROPOSITION X. 


Problem. 
155. ROM a given Point T without a given Comck Section, to draw FG. 52, 
two Tangents TM, TM, to that Sefton. 735 74. 
For the Parabola. | ; 


Draw * a Diameter through the given Point FC (Fig. 72.) meet- Ari. 148. 
ing the Parabola in A, and take A Pequal to AI; moreover, draw 
* a Parallel to the Ordinates to that Diameter through the Point P, * A,. 151 
which will meet * the Parabola in the two Points M, M; then if the Art. 144. 
right Lines TM, TM, be drawn through the given Point J, the ſaid 
Lines will be * the Tangents ſought. 4 _ 22s 
cha and 23. 


For the Ellipſis. 


Draw * the Diameter Aa through the given Point J, and take CP Fr c. 73- 

2 third Proportional to-C'T, CA; likewiſe through P draw a Paral- 7. 148. 

lel to the Ordinates which will meet * the Ellipſis in the Points , M; + 4,4. 144. 
then if the right Lines TM, TM, be drawn from the given Point J, | 

thoſe Lines will touch * the Ellipſis. | * Art. 57 
| | and 58.. 


For the Hyperbola and oppoſite Sections. 


Draw * the Diameter Aa through the given Point J, and deter” F.C. 74. 
mine * the Magnitude thereof, if it be a ſecond: Diameter, and take Art. 148. 
CP a third Proportional to CI, CA viz. on the ſame Side the given 4. 154+ 
Point T. with regard to the Centre, when that Point falls in one of 
the Angles formed: by the Aſymptates; and on the oppoſite Side, 
when it falls in the adjoining, Angles: This being done, through the 
Point P draw a Parallel to the Or 

| . 4 perbo 


1 4 


dinates, which will meet * the uy” An. 144. 4 
5 
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perbola, or oppoſite Sections, in the Points M, M; then if the right 


Art. 121. Lines TM, IM be drawn through the Point J, they will be * the 


Tangents ſought. 
If the given Point ſhould fall in the Centre C, then would the 


Art. 1o8. two * Tangents be the Aſymptotes CG, Cg; which might be drawn 


by Art. 150. And laſtly, if the 15 Point ſhould fall in one 
Aſymptote, as in S; then there mult be drawn through the Point H, 
the Middle of C'S, the Parallel HM to the other Aſymptote CG, 


Art. 104 which will * meet the Hyperbola in the Point M, through which, 


and the given Point $, if the right Line SM be drawn; this Line 


. Art. 107. will be * one of the Tangents ſought, and the other Tangent will be 


the Aſymptote Cg it ſelf, wherein the given Point S is given. 


F 


156. B. the Line MPM, being parallel to the Ordinates, al. 
* Art. 144. 


ways meets * the Section in two Points M, M, equally diſtant 
each way from the Point P, and not more; it follows, that there can be 
drawn but two right Lines T M, T M, from a given Point T, with- 
out a Conick Section, to touch the ſame. Whence it is evident, 
that the Diameter drawn throngh T, the Point of Concurrence of the 
Tangents, biſe&s the Line MM, joining the Points of Contact, in 
the Point P; and contrariwiſe, the Diameter biſecting the right Line 
M M, joining the Points of Contact of the two Tangents MI, M T, 
in the Point P, paſſes through T the Point of Concurrence of the 
Tangents. | 


COROLLA . 


I57. AN Y two Tangents to the Parabola (Fig. 72.) will meet each 
other, being produced if neceſſary. For if any two Points of 


Contact M, M, be joined by a right Line; and then if that Line be 


biſected in the Point P, and the Line AP be taken in the Diameter 
paſſing through the Point P, and meeting the Parabola in A, equal to 
AP ; it is manifeſt, that the two Tangents MT, MT, paſſing through 
the Points M, M, will meet one another in the ſaid Point J. 


COL ASS MM 


158. 1 farther evident, (Fig. 74.) that any two Tangents to an 


perbola, will meet each other, if produced according to 
Neceſſity; and that always within the Angle form'd by the Aſymp- 
totes: For if any two Points of Contact M, M, be joined by a ſtraight 
Line, and after having biſected the ſame in P, there be taken CT in 


the 
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the Diameter paſſing through that Point (and meeting the Hyperbola 
in A,) a third Proportional to CP, CA; it is then manifeſt, that the 
Tangents MT, M T will meet each other in the Point T, which will 


be always * within the Angle torm'd by the Aſymptotes ; becauie the An. 103. 
Semi- diameter CA falls within that Angle. 


erinner . 


159. A NY two Tangents to an Ellipſis, or the oppoſite Sections, 


(Fig. 73, 74.) will meet each other, when the Line joining 
the Points of Contact does not paſs through the Centre; viz. the Tan- 


gents to the Ellipſis, on the ſame Side the Centre as that Line falls, 
and thoſe to the oppoſite Sections, on the contrary Side. This is 


prov'd by means of the Propoſition above, as we have ſhewn in the 
two laſt Corollaries. 


PROFUSIT-ION XL 


Problem. 


160, J Conick Section being given, to find a Diameter thereof, which ſhall 


; make Angles either way with the Ordinates equal to an Angle 
given. 


For the Parabola. 


Find * 4 P one of its Diameters, and draw the Line AN through A * 44.146. 
the Origin thereof, making the Angle PAN with AP, equal to the Fc: 75, 
given Angle, and meeting the Parabola in the Point N; then biſect 76: 
AN in O, and draw O M parallel to AP; and, I ſay, the Line 
OM is the Diameter ſought. Wn 

For 1. Becauſe all the Diameters of a Parabola muſt be parallel to 
one another, by Def. 7. Book I. therefore the Line MO will be a 
Diameter; ſince A P is one likewiſe, 

2, Becauſe the Line A N, terminating in the Parabola, is biſected 
by the Diameter MO; therefore that Line will be * an Ordinate * 4rt.144- 
each way to the Diameter M O. AA | 

3. Becauſe MO, AP, are parallel, the Angle MO A, made by the 
Diameter MO, and its Ordinate O 4, will be equal to the Angle 
PAM which was made equal to the given Angle. Therefore, &c. 

If the Angle given be a right one, then it is manifeſt, that the 
Diameter MO, found as above, will be * the Axis of the Parabola, * 4, 23. 


— Fer 
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Pyor the other Sections. 5? 
*4rt.146, Find * 4a one of the Diameters, and upon the ſame deſcribe the 
FIC. 77, Segment A Na of a Circle, that may contain an Angle equal to the 
78,7980. Angle given, or the Complement thereof to two right Angles ; then 
draw the right Lines NA, Na, from the Point N, wherein the Circle 
cuts the Section, to the Ends A, a, of the Diameter A a. This being 
done, if through the Points O, Q, being the Middles of MVA, Na, 
and the Centre C, you draw the two Diameters M m, S5; I fay, each 
of theſe Diameters make Angles with their Ordinates equal to the 
given Angle. | | 
For becauſe the Line A N, terminating in the Section, is biſe&ed 
.f. 144. by the Diameter Mm in the Point O, the faid Line AN will be * 
an Ordinate both ways to that Diameter; ſince it biſects the Lines 
Aa, AN in the Points (, O: Therefore the Angle OA made by 
the Diameter Mm and Ordinate 40, will be equal to the Angle a MA, 
which by Conſtruction is equal to the Angle given, or its Comple- 
ment to two right Angles. After the ſame manner we prove, that 
the Diameter $s makes an Angle with its Ordinate © M, equal to the 
given Angle, or its Complement to two right ones. Whence, &c. 
Def. 12, Tt is maniteſt, 1. That the Diameter Ss is * the Conjugate to the 
1 s _ Diameter Mm; becauſe the ſame is parallel to the Ordinate ON. 
3 58, 2. The Conjugate Diameters M m, $s will become * the two Axes, 
and 128. When the Angle given is a right Angle. 


PROPOSITION XI. 
Problem. 


161. AN T Diameter of a Conick Section being given, together with the 

£E Parameter thereof, and the Poſtion of its Ordinates; and know- 
ing moreover, whether the ſame be a firft or ſecond Diameter, when we have 
to do with the Hyerbola, to deſcribe all the three Sections by one uniform 


Method. 
Firft Way. 
* Art. 27, For the Parabola. Find * the Axis AP, its Origin A, and Parame- 
Fi d. 81. ter 4G, aſſum'd in the Axis continued out beyond A, and draw an 
indefinite right Line D D through the Point G perpendicular to PG. 
This being done, if the indefinite right Line D M be mov'd along 
DG, always parallel to 4G fo that the End D thereof carries along 
with it the Side D A, of the right Angle DAM, whoſe Vertex A is 


moveable about 4 the Origin of the Axis: I ſay, the continual In- 
N terſection 


* 
* 
” 
* 
- 
- 
„ 
” 
* 
*. : 
* 
” 
, 
= 
, 
- 
= 
* 
5 *; þ ? . * * 4 - Fact . * - * * 8 * » a Þ 
N n 2 3 — : —* 7 5 * 2 * 1 x Y ——» W 
2 x y - # 4 4 4 6 * * 8 * : et by 4 
a 24 82 p » A I _—_ ' . > hat 1 ' 
= c 4 7 _- . 4 . ( _— 2 
0 * — 4 
ry * * 
* 7 * ... FO TIO I Oe I 
— — 
2 - . 


11 


Of the Three Conicx SEtcrT1oNs. 87 


terſection (M) of the Line D M, and the Side 4 M, will by this 
Motion deſcribe the Parabola ſought. | 

For if M be drawn perpendicular to the Axis, then the right- 
angled Triangles 4 G D, MPA, will be ſimilar ; becauſe each cf the 
Angles G AD, PM A, being added to the Angle PA M, makes up a 
right Angle. Therefore we have this Proportion, viz. A G : G D, or 


PM:: PM: AP. And fo PM will be = G 4 * AP; and conſe- 
quently PM will be * an Ordinate to the Axis 4 P. * Art. 7 
ote, This Conſtruction has been already laid down in Book I. ; 
Art. 29. ſo as to agree to all Diameters: And the Reaſon why we 
have here only confin'd the ſame to the Axis, is to ſhow its Affi- 
nity with the Conſtruction we are going to give for the other 
Sections, 
For the other Sed ions. Find a mean Proportional between the given 
Diameter and its Parameter, and place the ſame fo that it be parallel 
to the Ordinates, aud divided into two equal Parts by the Centre; 
then it is manifeſt, * that we thall have two Conjugate Diameters ; pf. , 
by means of which find * the two Axes, and the Parameter of either II. and | 
of them in the Ellipſis, and that of the firſt Axis in the Hyper- 15, III. 
bola. This being done, T _ 64» 
Produce the Axis of the Ellipſis to O, and divide the Axis (A a) of Fr 78. 
the Hyperbola in G; ſo thataG he to G A, as the Axis Aa is to its 33. 
Parameter; and draw the indefinite right Line DD through the Point 
G perpendicular to Aa; then if the Point D moves along this Line, 
and at the ſame time this Point carries with it the right Line Da, 
moveable about the End à of the Axis (Aa); as alſo the Side D A, 
of the right Angle D 4 M, moveable about its Vertex A, plac'd on 
the other End (A) of the ſaid Axis 4a: I ſay, the continual Inter- 
ſection (M) of the right Lines 4 M, a D, will by this Motion de- 
{cribe the Section requir'd. 
For if MP be drawn perpendicular to the Axis A a, the ſimilar 
Triangles a PM, a G D, will give this Proportion, viz. aP: PM:: 
a G: & D. But the right-angled Triangles 4G D, M P A, are ſimi- | 
lar; becauſe each of the Angles G A D, PM A, being added to the 1 
Angle PA M, makes a right Angle: And therefore 4 P: PM:: GD | 
GA. And by multiplying the Antecedents and Conſequents of the 
two firſt Ratio's, by the Antecedents and Conſequents of the two laſt, 


there will ariſe a PPA: PM:: aG G D: GD xGA::aG: | 
GA; that is, as the Axis A a to its Parameter. Therefore, &c. At. Ar, 

ote, The farther the Point D is diſtant from G, the greater will 44 81. 
the Angle Pa M be; and contrariwiſe, the leſs the Angle PAM; ſo | 
that when the Lines a M, 4 M, becoming parallel in the Hyperbola, | 


and afterwards cutting one another on the other Side the Line 3 D, 
their 
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their continual Interſection will deſcribe the oppoſite Hyperbo- 


la. | | 

In the Ellipſis and Hyperbola, if the Point à be conceiv'd to be 
infinitely diſtant from A, or (Which is the ſame thing) if the Axis 
Aa be ſuppos d infinitely great; then the Lines G A, Da, which 
will meet one another at an infinite Diſtance, may be taken for Paral- 
Tels. And fo this laſt Conſtruction falls again into the Caſe of the 
foregoing Conſtruction. Therefore the Ellipſis or Hyperbola will 
then become a Parabola, whoſe Parameter is the Line 46; and 
conſequently a Parahola may be eſteem'd as an Elliplis. or Hyperbo- 
ta, whoſe Axis is infinite, viz. the firſt Axis in the Hyperbola, and 
either of the two in the Ellipſis. 


Second Way. 


Fac. 84 For the Parabola, Let HAL be an Iſoſcelles Triangle, one of 


whoſe Sides A H is ſituate in the given Diameter A P indefinitely 
produced both ways from its Origin A, and the other Side ' 4 L in 
the indefinite Tangent LAL patling through the Point A. Now if 
HI, the Baſe of this Triangle, be ſuppos'd to move always parallel 
to it ſelf; ſo that one End L thereof carries along with it the indefi- 
nite right Line L M parallel to 4 P, and the other End H, the Line 
FH, parallel to 4 L, and equal to the given Parameter of the Dia- 
meter A P; and if the Extremity F of the Line FH, likewiſe carries 
along with it the right Line FA, moveable about the fix'd Point A: 
Then, I ſay, the continual Interſection (M) of the two right Lines 
F 4, L M, during the Motion of the Line HL in the Angle HA LE, 
and that vertical thereto, will deſcribe the Parabola MAM requir'd. 
For if the Ordinate M P he drawn to the Diameter 4P, the ſimi- 
lar Triangles AHF, A'PM, will give 4H, or AL, or PM: H:: 


Art. 7, AP: PM, and therefore PM = AP HF. Whence, * &c. 
and 20, It muſt be obſerv'd here, that the Point H falls beyond A, the Ori- 
gin of the Diameter 4P, when the Points F, L fall on both Sides 
that Diameter, 
Fre. 85, Fer the other Sedbions. Here the Conſtruction is the ſame as that of 
85, the Parabola, only the Line L 4 muſt move about a, the other End 
of the given Diameter Aa; whereas in the Parabola, LM muſt be 
parallel to Aa. Nete, In the Hyperbola, we ſuppoſe that the given 
Diameter is a firſt Diameter; for if it be a ſecond Diameter, the firft 
Diameter being the Conjugate to it may be fcund, as allo its Para- 
meter by Art. 115. | p 
For if the Ordinate AI be drawn to the Dinmeter Aa; then the 
fmilar Triangles a PM, a AL, and APM, AHF, will give theſe 
Proportio:'s, a P: PM:: aA: ALor A H. And AP: PM:: _ 
HF. 
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HF. And therefore, if the Antecedents and Conſequents of the two 
firſt Ratio's be multiply'd by thoſe of the ſecond, there will ariſe 


42 PPA: PM:: aA AH: AHx HF::aA:HF, Whence, * * 4rt. Ar, 
C. 55 81. 
It muſt be obſerv'd, that the Points , a, ought to fall on both Sides 4d 118. 

the Point A in the Ellipſis, and on one Side in the Hyperbola, when 

the Points F, L, fall on both Sides the Diameter A a, 


CoOokodotiainy 1 


162, FENCE, it any Diameter Aa, together with one of its Or- p , c. 84 
dinates PM be given; the Parameter H thereof may be 
found. For 1. In the Parabola, aſſume AH, in the Diameter A P. 
equal to PM; and then if the Line HF be drawn parallel to PA, 
and terminated in F by the Line A M, drawn through A the Origin 
of the Diameter, and M the Extremity of the Ordinate: I fay, it is 
2 that the Line HF will be the Parameter of the Diameter, 
A P. 
2, In the other Sections, draw the Line a M through a, one End Pre. 85, 
of the given Diameter Aa, meeting the Tangent A L, pailing thro! 86. 
the other End, in the Point L; then aſſume 4 H, in the Diameter 
Aa, equal to 4 L, and draw HF parallel to PM, meeting the Line 
AM in F, and the Line HF will be the Parameter of the Diame- 
wr X85. | 


ConoL lak Y IL 


163.FJE NCE ariſes a very exact and uniform practical Method 

for deſcribing a Conick Section thro* ſeveral Points: An 
Example of which I ſhall give in the Ellipſis, which will ſerve as a 
Rule for deſcribing the other Sections. 

Aſſume AG, in the Tangent AL, paſſing through ( one End of F 1 c. 8). 

the given Diameter A a, equal to the Parameter of that Diameter, 
and draw the indefinite right Line G F parallel to Aa; and through 
the Point A draw any Number of right Lines A F, A F, &c. at plea- 
ſure. This being done, aſſume AL, AL, &c. in the indefinite Tan- 
gent each equal to its Correſpondent G F, G F, &c. and draw the right 
Lines aL, aL, &c. then, I ſay, the Inter ſections M, M, &c. of the 
Fe, erw right Lines FA, La, FA, La, &c. will be Points of the 
Ellipſis, whoſe Diameter is the Line Aa, Tangent the Line A L., 
and the Parameter of the Diameter Aa, the Line. AG. This is 
manifeſt by drawing FH parallel to AG, and alſo the Line HL 
through the Point L, anſwering to F. For the Triangle HAL will 
be Iſoſcelles, becauſe * AL is _ toGF, or AH, and H F hag bo Hyp- 
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the Parameter of the Diameter Aa; and fo this Conſtruction falls 
again into that of the ſecond of the two aboveſaid ways. | 

Becauſe the Lines G F, A L, become very great, when the Points 
(M) to be found are near to the Point a; theſe Points may be found, 
by uſing the Tangent al pailing through the cther End a of the Dia- 
meter Aa, together with the Line g f Parallel to A a, as may be ſeen 
in the Figure. | 

If the Ordinates MP, M P, &c. be drawn parallel to the Tangent 
A L, and if they be produced on the other Side of the Diameter 
A a, to the Points M, M, &c. ſo that each of them be cut into two 

* At. 43. equal Parts by that Diameter; then it is * evident, that the new Points 
M, M, &c. will be moreover in the ſame Ellipſis. 

The ſame Extent of your Compaſſes, viz. G F, or AL, will 
ſerve for denoting any Number of Points F, F, &c. L, L, &c. at plea- 
fure, in the Lines G F, AL. For by that means, all thoſe ſmall 
Parts being equal to one another, every G F will be equal to its 
Correſpondent AL: Which is the Foundation of the Demonſtration. 


PROPOSITION XII. 


Theorem. 
Frc. 88, 164. JF there be two right Lines MN, AR, terminating in a Conick 
89290, 91. Section, meeting each other in P, and if they be parallel to two 


right Lines given in Poſition : I ſay, the Rectangle MP x PN will be always 
to the Rectargle AP x PR, in a given Ratio, in whatſoever Part of the 
Section the ſaid right Lines MN, AR fall. 


For the Parabola. 


Fc. 88. Let the Tangents CB, E B, meeting one another in the Point B, be 
parallel to the right Lines MM, AK: I ſay, MP PN: APN PR 


* Art. 22, E, we ſhall have * KC=CL; and ſo KB=BE. Again, draw the 
and 23. Ordinate A D, and the Line A E parallel to the Diameter CG, and 
call the given Quantities KB or BE, n; BC, u; CK, e; the Para- 
meter (CH) of the Diameter CG, p; and the indeterminate Quanti- 

ua 4 P, x; PM.; AD, ri, CD,. hi 
This 


wn WW 4 = +6 E 
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{imilar, therefore PF is =— » AF or DVR And conſequently 
co GM or GMS + = + PN or G NTP 
3+ —+ 27 MPxPN=yy+ — 74 275, Gil =yy + eb a 


m 


:: TD (rr): GM =10 Arr., becauſe AD (77) = 


there will be form'd the following Equation y y +—"7+ 27 y.+ — x x 
20 
the Line AR falls above the Diameter CG, and the Point of Inter- 


ſection P falls between the Points A, R. | + 
Now in the aforeſaid Equation if you make y =o, and ſtrike out 


all the Terms affected with y, we ſhall have xx+= — 2 . 
mm m m 


From hence we pet x = MP "—AR; becauſe when PM () is 


Therefore AP» PR == x —= xx; and conſequently MP. PN 


( 275) AP. PR (-x :CB (nn): 


EB (mm) : becauſe by multiplying the Means and Extremes, the 


CB, BE remain always the ſame, let their Parallels MN, AR, fall 
in any Part of the Parabola ; therefore, &c. ; 

Here it muſt be obſerv'd that there may happen different Caſes, 
according to the different Poſitions of the right Lines MN, AR; 
but ſince the Demonſtration is every where the ſame, excepting only 


ferv'd alſo in the other Sections. 


For the other Sections. 


Lines M N, AR: I ſay MPxPN; APx*PK:: CO: CB. 
| 2 = — Draw 


This being laid down, becauſe the Triangles KBC, APF, are 


CD«*CH(ps). And comparing the two Values of GA together, 


22 2. —o, which agrees to all Points of the Parabola, when 


nn * 
equal to nothing it is manifeſt that AP (x) will be equal to 4 R. 


preceeding Equation will come out again. And ſince the Tangents 


in the Alteration of ſome Lines, or Terms that vaniſh ; therefore L 
mall not explain all the Cafes ſeparately ; which I would have ob- 


85 


5 * 27 T A rr. But x CD): CG (J 46 


and 20. 


If the two Semi-diameters CO, CB, be drawn Parallel to the right p, d. 89, 
90, 9s. . 
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Draw the Diameter CG, having the Line MN for a double 
Ordinate, and draw BE, AD, parallel to M N; alſo draw 
AF parallel to CG, and call the given Quantities CB, n; BE, u; 
CE, e; and the Semi-diameter CA, t; the Semi- conjugate to it CO, c; 
and the intermediate Quantities A P, x; PM, y; AD, 2; CD, s. 


This being premiſed, becauſe the Triangles C BE, APFare ſimilar, 


therefore PFis ==, AForD G ==, And conſequently in the Hy. 
N 

perbola or oppoſite Sections, ( Fig, 90. and 91.) we have CG = 

As, GMorGN=y += r, PNaGN+GP=y+ —. 

m 


—2r; MP, PN=yy ya., GM =yy+ —y—2ry + 


K* Tr. But * TDICK(s5sTDtt):TOE TK 


* Art. 82, mm 


and 118. / eexx 25x — . eerrxx + 2emrrex 
eeccxx ＋ 2eccmsx 3 cc ry 
— = — f —_——— * 
1 4.18 rr + — by ſubſtituting _ 2 = Value 
thereof. And comparing the ſaid two Values of G M, we ſhall 
form the following Equation yy + _ y—2z7y + —— * X — 


Zurtt a 2cces 


— uL—P— uu — 


mtt 


* 4+t.134. Diameter, you mult ſuppoſe as a Conjugate Hyperbola to paſs through 
Art. 81, the Point B;) becauſe * CE + CK (ee +tt):EB(nn)::CK (tt) 
1 70 (c.) then there will ariſe yy + — y—2ry+ _ * X — 


2nrtt 1 ⁊cces 


— #0, which Equation agrees to all Points of the Section, 


when the Points A, R, fall on both Sides the Diameter CG, and 


the Point of Interſection P falls between the Points A, R. 
Now in the ſaid Equation, if you make y =o, there will ariſe (by 


ſtriking out all the Terms affected with y) = x x — ZZ x =o, 
| mm mit 


and ſo we ſhall get x = teen, AR; becauſe when P () 


cett 


is equal to nothing, then AP (x) will be = AR, Therefore 4 P 


x PR (A x—xx) :MPxPN(yy + —y— EXELL} 


cet 


CB (m m) : CO ( cc). For if the Means and Extremes of this Pro- 
Portion be multiply d, there will ariſe the preceding Equation. "oy 
| 2 becauſe 


x =0 ; in which, if you ſubſtitute cctt in the Place of | 
its Value utt—ccee (where note when CB is half of a ſecond. 


b K * 
pA 
an * — , = RO a 2 
"* Si $7 — . % o 2 0 © 
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becauſe the Semidiameters C O, CB remain always the ſame, let their 

Parallels MN, AR fall in any Part of the Section: Therefore, &c. 
I ſhall not here lay down the Calculus for the-Ellipſis in particular, 

becauſe it differs only in ſome Lines from that of the Hyperbola, 


| j 


165. FF any two right Lines MN, AR, terminating in a Conick Fo. 92. 
Section, meet each other in P; and it any two other right 

Lines FG, B D be drawn parallel to the two former ones, terminating 

in the Section likewiſe, and meeting one another in the Point ; 

then it is manifeſt, that MP. PN: AP. PR ES x OG:BYO x 

D. For the two right Lines AR, B D, being parallel to one ano- 

ther, will be parallel to the ſame right Line CZ given in Poſition; 

as likewiſe the two right Lines MN, FG, to the ſame right Line 

CT, alſo given in Poſition, 


COxS LL LL: A24Y; It 


166, IF there be two Parallels A R, B D, terminating in a Conick 

Section, and meeting any right Line FG, terminated by the 
fame Section in the Points E and © ; then I ſay, FEx EG: AE « 
ER :: TF. AG: BAD. For if in Corol. 1. the Line MN 
de ſuppos d to fall in FG, it is manifeſt, that the Rectangles. 
MP. PN, AP PR, will become FE. EG, AE ER. 


CO R o L IL ARX x. III. 


For the Circle. 


167. FR OM this Theorem may be drawn that moſt noted Proper- F ic. 935 
ty of the Circle, viz. that if through any Point P taken 

within or without a Circle, there be drawn any Number of right 

Lines A R, MN, HL, &e. terminated by the Circumterence, all the 

Rectangles 4 Px PR, M Px PN, HP « PL, &c. will be equal to one 

another: For if the Semidiameters C B, CO, CD, &c. be drawn pa- 

rallel to theſe Lines, then (by the Theorem) it is maniteſt, that all 

thoſe Rectangles will be to one another, as the Squares of the ſaid 

Semidiameters or Radii, which by the eſſential Property, of the Cir- 

cle are all equal to one another, 


Cor0 mt 
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b For the Parabola. ? 


F 1G. 94. 168. TF there be any right Line MN terminating in a Parabola; and 
| if the Diameter A F be drawn-through any Point A in the 
Parabola, meeting the Line MN in the Point F: I fay, the Rectan- 
gle MF *« FN, is equal to the Rectangle under 4 F and CH, the Pa- 

rameter of the Diameter CG, paſling through the Middle of MN. 
For ſuppoſing, in the Theorem, the Line A P to fall in 4 F, then 


it is manifeſt, that the Line PF (= x) will become equal to nothing, 


OF | x WT. * * 
* . n 2 3 * 
CY 2 . * ; £EB Lad "Y "> 
» 4 ne WS 


and ſo _ So. Therefore ſtriking out all the Terms affected with 


- in the Equation for the Parabola, viz. yy + —) +27) +—_ xx 


+ = x — = 5 =0, we ſhall have this y y + 2 -A s. But 


mM 
A4 F =, CH=p, nl MF« FN=yy+2ry. Whence c. 


I have laid down this Corollary only to ſhew the great Extent of 
the Theorem it is deduced from; for it may be demonſtrated more 


eaſy another way, which is thus: GM=GCxC H, ADorGF= 


DC«CH, and therefore GM —GFor MFx FN=GC—DC 
xCH=AFs CK * ; 


C0401 4ant-yF, 
| For the Parabola. 
169. H ENCE it is manifeſt, 


1. If there be two right Lines MN, EL, terminating in a Para- 
bola, and parallel to one another; and if through any two Points 
A, B, in that Parabola be drawn two Diameters A F, BP, meeting 
the Lines MN, EL, in the Points F, P: I ſay it is evident, that MF. 
FN: EP*PL-:: A F: BP. For the Diameter CG which paſſes through 
the middle of MN, paſſes alſo through the middle of E L; and con- 
ſequently the Rectangle EPP L is = BP « CH, and moreover MF 
xFN=AF=CH 3 

2. If any right Line M N terminating in a Parabola, meets two 
Diameters (A F, BK, ) thereof in the Points F, K; then we ſhall 
have this proportion, M Fx FN: MK. XN: : A F: BA. if 

3. 
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3. If any two parallel right Lines M N, EL, terminating in a Pa- 
rabola, meet any one of its Diameters (B P) in the Points K, P; then 
will it be as MK AN: EPX PL:: BAK: BP. 


i LEARTY FL 


For the Parabola. 


170. ENCE 125 the Boy of deſcribing a Parabola paſ- 
ſing through three given Points A, M, NM, and whoſe Dia- 
meters A F, CG ſhall be parallel to a right Line given in Poſition ; 
together with the manner of demonſtrating, that there can be but 
one Parabola only that will fatisty the Conditions cf the Problem. 

For join two of the given Points M, N, by the right Line MN, 
and through the third A draw a Diameter 4 F parallel to the Line 
given in Poſition, and meeting the Line M in the Point F; alſo 
through (G) the Middle of M N, draw. G C parallel to 4 F. This 


being done, make M Fx FN: MG GN, or G M:: AF: G C. And 
having taken CH, a third Proportional to CG, G M, deſcribe * a Pa- 4. 29, 
rabola, with the Parameter CH, and Diameter CG, whoſe Origin is and 30. 
C, 1 are parallel to MN; and that will be the Parabola 
uir'd. | 
* 1. The Parabola will * paſs through the Points M, N; be- A,. 5, 
cauſe by Conſtruction CH. CG Mor GN. 2. It will paſs “20. 
alſo through the Point A, becauſe MG. GN: MF. FN:: CG: FA. 
3. The Diameters 4 F, C G, will be parallel to the right Line given 
in Poſition. eee 
And becauſe the right Line CG, whoſe Origin is C, is a Diameter 
of the Parabola anſwering the Conditions of the Problem, and the 
determinate Line C H is the Parameter of that Diameter; therefore 
there is but one Parabola only that will ſatisfy the Problem. 


ren FL, 


3 iT For the Parabola. 
171. Tf there be two right Lines A R, MN, terminating in a Para- Fd. 88. 
x bola, meeting each other in the Point P; and if it be made 
as AP>PR:MP*xPN::AP :PF : and the Line A P be drawn ; 
then, I ſay, the Line 4 F will be a Diameter, For if the Tangents 
CB, EB, be drawn parallel to the right Lines M N, AR, and the 
Diameter CG be drawn through (C) the Point of Contact meeting 
EB (produced) in K, we ſhall ** EB or KB: BC AP. 5 5 N 
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MPE PN:: AP: PF, and conſequently 1B: CB: : AP: PF. 
Therefore the Triangles K BC, A PF, will be ſunilar, and their Sides 
AF, K C parallel : Whence the Line A F, being parallel alſo to the 

* Def. 7,1. Diameter CG, will be a Diameter; becauſe all Diameters * of the 
Parabola are parallel to one another. | 


r TR 


For the Parabola. 


172. BY means of the laſt Corollary, a Parabola may be deferib'd, 
which ſhall paſs through four given Points A, M, R, N. 

For if the ſaid four Points be joined by two right Lines A R, 
M N, interſecting each other in the Point P; and if you make A P 


x PR: MPX PN:: AP: PF, and draw the Line A F; then if a 
Art. 170. Parabola be deſcrib'd * paſſing through the three Points A, M, NM, 
whoſe Diameters are parallel to the Line AF; this Parabola will be 
that requir'd. For by the Theorem, the Line 4 P muſt meet that 
Parabola in the Point R, being fuch that A P PR: MP x PN:: 


| E Bor KB: BC: AP: PF. | 2 2 185 
Fac. 95. If the Point F falls beyond the Point P, then there may be another 


* : 


Pie. 96, 173. Ir there be a right Line M NM, terminating in an Hyperbola, 
97. or the oppoſite Sections, meeting an Aſymptote CB in the 
Point ©, and which is parallel to a right Lipe given in Poſition; and if 
thro' any Point A in the Section, there be drawn a right Line A pa- 
rallel to that Aſymptote, meeting the Line M in the Point P: I ſay, 
the Rectangle MP x EN to the Rectangle 2 4 PPA will be in a 
given Ratio, let the Tight Lines MN, AP fall in any Part 
ſoever of the Section or Sections. ann Ae 
For if in the 'Fheorem (Fig. 9a, 91.) the Semidiameter CB be fup- 
Art. 102, poſed to become an Afymptote ; then at is * maniſeſt, that each of 
the three Sides of the Triangle CE will become infinite. And ſo 
it KS be drawn (Fig. 96, 99.) through. X, the End of the Diameter: 


aun (Lg. 96, 97.) 
L (pause through fig, Mild of g paratiel 80. MN 206 
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meeting the Aſymptote C in S; then the Triangle CX will be 
| form'd, whoſe three Sides are finite, and this will be ſimilar 
to the Triangle CBE, therefore CK (t): KS, or * CO 7c) : : Aut. 113. 
CE (e): EB (%; and fo ce is nt. Now ſubſtituting ut in the 
Place of its Value c e, in the Equation found in the Theorem for the 


. . Z ux nntt — ccee 2nrtt 1. Zeccs 
Hyperbola. viz. — 2 27 — — — X 
YPe 2 es m * JT mmtt mtt % 
zurt = 2ncs 


there ariſes y y +—=y— TE = 


3 z ux 
WS WI + Fen 


—_ 2nrt + 2.ncs 


But producing AD, (if neceſſary ) till it meets the 


Aſymptote CB in E, then the ſimilar Triangles CK S, CDH, will 
give this Proportion, wiz. CK (t): KS (c): : CD (): DUH = 


cs 


7 And therefore, AH or P = — = = Whence we have M P x 


2rt + 2cs 


PN(yy+=y—279) :2 AP Pg (=== 8) 2: EB (u) : CB 


(n) :: KS: CS. Becauſe in multiplying the Means and Extremes, 
the aforeſaid Equation will again be produced. Now becauſe the 
Lines KS, CS, remain always the ſame, let the Lines MN, A P fall 
in any Part ſoever of the Section; ſince the Diameter LX, paſſing 
through the Middle of MN, alſo * paſſes thro' the Middle of all the Art. 145. 
Parallels to M terminated by the Section, let them fall any how 
ſoever. Therefore, &c. 

This Corollary may be immediately demonſtrated, without having Fr c. 96. 
recourſe to the Theorem, after the following manner. Let the given 
Quantities CK be t, KS or CO c, CS n, and the indeter- 
minate Quantities CD=s, AD or DI=zr, AP = x, PM = Y. 

Then becauſe the Triangles CSK, AP F, are ſimilar, therefore PF is 


== AF or D ===; and therefore G M or GN = y + 


| 247,CG=Z+5 Now becauſe the Triangles CKS, CD 
c are ſimilar; therefore CK (t): KS (c):: CD DH 
C$ 


—::CG (= + 92622 * ＋ And therefore MAM or 


2 =,2 2CCIX css ö 21K „„ 


28 —GM =— 2 —755— _ +2 75+ rr AH Art. 97. 


x H J, or BH r and by ſtriking out from each 


ar 6s 4 


Ya 


side ZZ — 7 7, and bringing over all the Terms wherein) is, to ane 
* N 2 Side, 
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Tec 3 
— which 


mt 


+ 
being reduced to a Proportion, gives M Px PN (y3y + — — 2770: 


Side, we ſhall get this Equation, y y + __ 2y 5. 


2APxPQ (= +275) :: KAS (c): C&S (n.) . N. D. 
The Demonſtration is the ſame, for the oppoſite Sections only with 


the Alteration of ſome Signs. 


Gelten 


For the Hyperbola, or oppoſite Secti ous. 


174. Ir follows from the laſt Corollary, ; 

1. If there be two parallel r1ght Lines MN, HG, termina- 
ting in an Hyperbola, or the oppoſite Sections, and meeting one 
Aſymptote CS in the Points ©, I; and if thro' any two Points (A, B) 
in the Section, there be drawn the two Parallels A P, B D, to the 
Aſymptote CS, meeting the Parallels HM HG, in the Points P, D; 


then the Rectangles MP, PN, 2 AP P, will be to one another, 


FIC. 92+ 


as the Rectangles HD * DG, 2 BD*x DI; and therefore we have 
MP x PN:HD*x DG:: AP*PQ&:BDxDLI. ; 

2. If there be two parallel right Lines MN, HG, terminating in 
an Hyperbola, or the oppoſite Sections, and meeting one Aſymptote 
CS in the Points Q, I; and if, through any Point A in the Section, 
there be drawn AQ parallel to CS, and meeting the Lines MN, HG 
in the Points P, O; then we ſhall have the following Proportion, (by 
conceiving in the laſt Caſe the Line BD to fall in 4) MP «x PN 
: oh 0 APP N: AOxXOT::AP: AO, becaufe P is 

3. If there be any right Line HG terminating in an Hyperbola, 
or N Sections, and meeting the Aſymptote CS in the Point 
J; and if thro'any two Points (A, B) in the Section, there be drawn 
the Lines 4 O, BD, parallel to CS, and meeting the Line HG in the 
Points O, D; then we ſhall have this Proportion, HO x OG : HD x 
DG::AOxO0T:BDx DI. This is a farther Continuation of the 
firſt Caſe, in ſuppoſing the Line MY to fall in HG, 


CornoLLlaxry KI. 


175. IF any right Line BD, meeting a Conick Section in two Points 
5 B, D, be ſuppos d to move parallel to itſelf, until it becomes 
the Tangent LS; then it is manifeſt, that the two Points of Inter- 
ſection B, D will coincide in the Point of Contact L; and 1 3 

i | ont 
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Pcint-of Contact may be conſider'd as two Points of Inter fection that 
do coincide, Which being premis'd, there ariſes ſeveral Caſes of the 
iſt, 2d, 5th and 1oth Corollaries, the Principal of which are as fol- 
low. 

7, If there be two Tangents, KS, LS, meeting one another in the 
Point &, and two other right Lines MN, AR, parallel to thoſe Tan- 
gents terminating in the Section, and meeting one another in P; I 


ſay, MP. PN: AP PR:: KS: LS. This has been prov'd in 
the Theorem, with regard to the Parabola: But for the other Sections, 
if in the firſt Corollary you conceive the Line FG to fall in the Tan- 
gent KS, and BD in LS; then it is plain, that the two Points of 
Interſection F, G, will coincide in the Point of Contact K; as like- 
wile the two Points B, D, in the Point of Contact L; and fo the 


Rectangles FAA, BY x QD, will become the Squares KS, 


LS. 
2. In an Ellipfis, or the oppoſite Sections, if there be drawn a Tan- 


gent 1x parallel to KS, and meeting SL in the Point X; then we 
prove, as in Num. 1, that MP. PN: A PY PR: TX: LTB; and 
therefore KS: LS: : TA: LAX; and XS: SL:: TX: LX. That is, 
if two Tangents parallel to K S, TX, meet a third Tangent LS, in 
the Points &, X; then we ſhall have this Proportion, AS: LS: : TX 
LA; or KS: TX: : LS: LX. * 

3. In the Ellipſis, Hyperbola, or oppoſite Sections, if there are 
two Tangents KS, LS, meeting one another in the Point S; and it 
the two Semidiameters CT, CZ, be drawn parallel to thofe Tangents ; 
I ſay, theſe Tangents will be to one another, as the two Semidiame- 


ters, For by the Theorem, CT:CZ::MPxXPN: APxPR:: 


KS: Tö by Num. 1. therefore CT: CZ . KS L S. 
4. If there be two right Lines AR, FO, terminating in a Conick 
Section, and meeting the two Tangents K I, L O, being parallel to 


them in the Points I, O; then I ſay, FO x OG: LO. XI. A1 
IR. This is evident by conceiving in Corol. 1. that the Line B D be- 
comes the Tangent LO ; and MN, the Tangent K J. 

5. If there are two Parallels A R, B D, terminating in a Conick Secti- 
on, and meeting the Tangent K H in the Points I, H; then I fay, 
KIT AI. IR:: KH: BH. HD, or KI; KH.: AI*IR: BH 
x HD. This is a Continuation of Corol. 2. by concewing the Line 
FG to fall in the Tangent K H. 

6. If the Conick Section, in the laſt Number, be e an Hy- 
perbola, and the Tangent HK an Aſymptote; then the Rectangles 
BHxHDP, AP IR, will become equal to one another, For 5 
| N ; I | the 


94 


* 4:2, 153, the Point of Contact K will be * infinitely diſtant from the Points 
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H. I; and conſequently the infinite right Lines HK, IX, whoſe Difle- 
rence is only the finite Line HI, may be taken as Equals. This has 
been demonſtrated already in the 97th Article; and the Reaſon why 
we have repeated it again, is only for proving what we have laid 


down, and {hewing that the ſame Truths may be diſcover d after very 


F C. 94. 


F Go 98, 


different ways. | a 

J. If there be two Tangents KS, LS, meeting one another in the 
Point S; and if there be a right Line A R, terminated by the Section, 
parallel to one of thoſe Tangents, as LS, and meeting the other K &, in 


the Point I; then . ſay, KI: AI*IR::KS:LS, This is mani- 


feſt by conceiving, in the ſecond Corollary, the Lines FG, BD, to 
fall in the Tangents K 5, LS. 5 ide 

8. In an Ellipſis, or the oppoſite Sections, if there be two parallel 
Tangents KI, IV, meeting the Line A R, terminating in the Secti- 


on, in the Points J, V; then I ſay, XT. AI. IR:: TP: RV *V A. 


This is a Continuation of the ſecond Corollary, by ſuppoſing the Pa- 
rallels MN, FG, to fall in the.Tangents IV, II. 

9. In a Parabola, if there are two Parallels AN CH, one of which 
touches the Section in C, and the other is terminated by the ſame; 
and it through any two Points 4, B, of the Section, there be drawn 
the two Diameters 4 F, BO, meeting the Lines MN, CH, in the 


Points F, O; then it is evident, by conceiving (in Num. 1, and 2. of 
Corol. 6.) EL to fall in the Tangent CH; 1. That MFx FN: CO 
::AF:BO. 2. That if EA be produced till it meets the Tangent 
E in Q, then we ſhall have MF. FN: C. AF: AQ. _ 

Io. If there be two Parallels MN, K T, whereof one, as K J. 
touches an Hyperbola in K, and meets one of the Aſymptotes in S, 
and the other MN is terminated by either of the oppoſite Sections, 
and meets the ſame Aſymptote in &; and if, thro any two Points 
A, B, in the Section, there be drawn two Parallels 4 P B I, to the 
Aſymptote CS, meeting the Lines MM K J, in the Points B, T;ʒ 
then we ſhall have (by ſuppoſing in the three Numbers of Coroll. 10. 


the Secant G H to fall in the Tangent RT) 1. The Rectangle 


MP«PN:RT:: AP*P@:BTxTS. 2. By producing PA till 
it meets K J in N, the Rectangle AI P. P N. KR. AP; AR. 
* 1 ö r r E239 1 S 
3. The Square XT; XR: : BT. TS: AR RS. 
II. In the oppoſite Sections, if there be two parallel Tangents 
KR, L E meeting the Aſymptote CS in the Points S, V; and if thro 
any two Points 4; B, in the Section, there be drawn two Parallels 
A R, B F to the Aſymptote CS, meeting the two Tangents in the 
Points R, F; then we {hall have (by ſuppoſing, in Numb. 1, and 2. 


Corel. 
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Corol. 10. the two Secants MN, GH, to fall in the two Tangents 


KR, LF) 1. The Square KR: Li. AR» RS: BF. FV. 2. The 
Square K R LE: : AR: AE. | 
OP ROPOSTEION, zw. 
+4 Problem. N 


176, JO deſeribe an Ellipſis, or two oppoſite Hyperbola's about a given Fo. 99, 
Fl T Peg n F 2 1 ſo goof one A the Diameters oy 1 and 

thereaf,« being parallel to the two Sides F K, G H, be to the Confugate 

Diameter D. E, in the given Ratio of m ta n. | Iu 

Draw the Lines A B, DE, biſecting the oppoſite Sides of the given 

Parallelogram FG HK; then it is * manifeſt, that thoſe Lines will Ar. 146. 


be the two Conjugate Diameters of the Section requir'd, and their 


Point of Interſection will be the Centre thereof; becauſe by one of 
the Conditions of the Problem, the two Parallels FG, K H, muſt 
terminate in the Section, as well as the two other Parallels FR, GH. 
This being laid down, it 4 B, D E be taken for thoſe two. Conjugate 
Diameters; and you call the given Quantities CL, or CO, a; L F, 
or OA, b; and the unknown Quantity CA or CB, t; then we ſhall 
have, I. (when the Section is * an Ellipſis) BL. LA Sos 8 8 
— 9 and 55 
LFO AB. DE . And therefore tt S + —- 

. ' | . . BY K. BF FH = Mu. TP; \--- A7. 81, 
2. When! the Sections are oppeſite ones, CL C 2 (aa T tt): 3 e . 


. * * 
A — 


0 mbb 
AB DE::mm:nn: andfottis=aa——-, or tt = 


un 


aa; vix. =aa— IF, when the Line A B is a firſt Diameter, 


id = 9 — 06, when the fame is 6 ſecond Diameter; ang) from 
hence ariles fic following Confradtion, of which.I-make three Caſts. 
Caſe I. When the Section is an Ellipſis, make the right-angledTriangle 
rs Tauch; that the Side & T be = CL, and the Side 8 . . L. F, 
then if an Ellipſis be deſcrib'd with the Semidiameter CA == ITV, 
having the ſame Propartien to its Semi, conjugate CD, as m is to u. 
I fay, that Ellipſis will anſwer the Problem. For 1. The Dia- 
meter A B being parallel to the Sides F K, GH, is to the Conjugate 
DE, in the given Ratio af w to n. 2. Becauſe the Triangle T8 /, 


23 8 — — 58498 
« riglt-gpgled aß d he Square Tf er C l Gi) TS (ae) , 


„% 3 _- 
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mmb x | nd” 1 5 22 
„ (==); and therefore B L « L A (tt—aa) = > 1 and conſequent- 


ly we have BL« L A (==) LT ();: m m nu AI . BT. 


Whence it appears, that L is an Ordinate to the Diameter AB; 
and fo the Section paſſes thro the Point F. After the ſame manner 
we demonſtrate that the Section will paſs thro' the three Points G, H, 
K; becauſe GL=LF=OK=OH, and CO =CL. 


Caſe 2. When the Sections are oppoſite ones, and CL is greater than 


LF: form the Right- angl'd Triangle TSV, ſuch, that the Side SY 


be L. F, and the Hypothenuſe JT L; and then deſcribe two 


oppoſite Hyperbola's, having the Semi- firſt Diameter CA I, in 


the ſame Proportion to CD, the Semi- conjugate, as m is to u. 
Caſe 3. When the Sections are oppoſite ones, and CL 1s leſs than— LF: 


Then the Right- angl'd Triangle TSY muſt be form'd, having the Side 


TS=CL, and the Hypothenuſe S . F. And afterwards two oppo- 


lite Hpperbola's muſt be deſcribed withthe Semi-ſecond Diameter C4 


TJ, and the Semi-conjugate CD, having the ſame proportion to one 
another as n to 1. 


The Demonſtration of theſe two laſt Caſes is the ſame as that of the 
firſt; but it muſt be obſerved when CL is = LF, the Problem 18 
impoſlible. f | | 


Cos on Ann. FE 


177. B Ecauſe the poſition of the two Conjugate Diameters AB, DE, 

ſk is determinate, as well as their Magnitude , ſince by the Con- 
ditions of the Problem, the ſaid Diameters muſt cut the oppoſite Sides 
of the Parellelogram, and there can be found but one V alue for the 


Semi-diameters CA, CB, therefore the Problem can have hut one 
Anſwer. 


COR OLLI AX V II. 


1 78. H ENCE appears the Manner of deſcribing a Conick Section, 
Ke about a given Parallelogram FG HK, and paſſing through 
a given Point M. | | 


For draw two Conjugate Diameters A B, DE, biſecting the oppo- 
ſite Sides of the Parallelogram; alſo from the given Point M draw the 
2 Ordi- 


. 
: 
. 
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Ordinate MP to the Diameter 4 B, meeting the oppoſite Sides F K, 
GH, in the Points R, O, and the Section (which I ſuppoſe to be de- 
ſcrib'd) in the Point N ; then it is evident that PMS PM, and fo 
RN=9M, ſince PR=PY, Therefore the Rectangle R M « M9 
will be equal to the Rectangle R M « RN, But F RN RAK. MR 44165 


R N:: RM. M:: AB: DE. And conſequently the Ratio of the 
Diameter A B, ( which is parallel to the Sides FK, G H,) to the 
Conjugate DE is given; becauſe the Rectangles FR « RK, RM MS, 
are given. Farther, the Section will be an Ellipſis, when that of the 
two Ordinates (MP, K O) to the Diameter (A B) falling on the ſame 
Side the Centre C, which is nigheſt the Centre, is greater than that 
more diſtant; and contrariwiſe, the oppoſite Sections, when that 
Ordinate is leſſer. Whence it appears, that this Queſtion is brought 
to that of the laſt Problem. 

It the given Point M ſhould fall in one of the Sides of the given 
Parallelogram, continued out at Pleaſure ; then the Problem would 
be impoſlible; becauſe that Side would meet the Section in three 
Points, which * cannot be. Art. 149. 


oel nk. . 


179. H ENCE ariſes a Method of deſcribing a Conick Section ſuch, 
+ RF: that the right Line AB, given in Poſition, may be one of its 
Diameters, the given Point C the Centre thereof, and the right Lines 
MP, X O, Ordinates to that Diameter. 

In the Diameter A B, aſſume CL, equal to CO, and draw L 
parallel and equal to O K; then it is evident, * that LF will be an * Ar. 45, 
Ordinate to the Diameter 4 B, and fo producing K O to H, and FL 55, 35» 
to G, ſo that OH be S OA, and LGS L; the equal and pa- . 
rallel right Lines K H, FG, will be * double Ordinates to the Dia- Art. 144. 
meter A B. Whence it appears, that the Section muſt be deſcrib'd 
about the Parallelogram FG HK, and muſt paſs through the given 
Point M. And this may be done by the laſt Corollary. 

Becauſe this Queſtion is brought to that of the laſt Corollary, 
which is brought to the Problem in Coroll. 1. and ſince this Problem 
has but one Anſwer, therefore there can be but one Anſwer that will 
fulfil the Conditions of this Corollary. 


PROPOSITION XV. 
Problem. 


180. JT 0 deſcribe a Conick Sedion, which ſhall paſs thro five given Points Fic. 102. 


S F, M, K, G, N; and to demonſtrat? that there can be but one 103. 
Section that will anſwer the Problem. 


Join 
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Join four of the given Points by the two right Lines FG, MN. 

meeting one another in the Point R ; and through the fifth given 
Point K, draw two right Lines K D, K H, parallel to FG, MN, 
meeting them in the Points E, Q; then in thoſe Parallels produc'd, 
(if neceſlary ) aſſume the Points D, H ſuch , that MR «<RN :GR « 
RF:;ME*xEN:;:KE*XED; and FRxRG: MR RN: : F 
„86: HS QA. (Obſerving that the Points K, D, or K, H, 
muſt fall on each Side the Point of Concurrence E or Q, when the 
Points M. NM, or F, G, likewiſe fall on each Side that ſaid Point, and 
contrariwiſe.) This being done, draw the right Lines LI, AB, 
through the middle Points of the Parallels D K, FG, and MN, X H, 
meeting one another in the Point C; then if a Conick Section be de- 

Art. 179. ſcrib'd *, with the Line 4 B given in Poſition as a Diameter, the 
given Point Cas the Centre, and the two right Lines MP, K O, as 
Ordinates to that Diameter: I ſay, that Section only will fatisfy the 
Conditions of the Problem. | 

Art. 166. For the two Points D, H, will be * in the Section paſſing through 
the five given Points F, M, K, G, N; and ſo the Lines L I, A B, will 

Art. 146, be * Diameters, whoſe Interſection ſhall determine the Centre C. 

and 47. Therefore it is manifeſt, that the Line A B given in Poſition, will 
be a Diameter of the Conick Section paſling through the five given 
Points, the Point C the Centre, and the Lines M P, KO, Ordmates to 
the Diameter 4B. And becauſe there is but one Section only that 
can fulfil theſe Conditions, it is manifeft, that the ſame will be that 
requir'd, and there is no other but that. 

It it happens that the Diameters 4B, LI, be parallel to one ano- 

+ 44.147. ther; then the Section will be * a Parabola, which may be deſfcrib'd 

by Art, 170, | 


The End of the Fourth Book. 
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| BOOK v. 
| Of the Compariſon of” the Conick Sections, and their Segments, 


with each other. 


LE M M 4 1. 


181, IFibe Difference of two Quantities does continually diminiſh, ſo that 
at laſt it becomes leſs than any given ©nantity; then will thoſe two 
vantaties at laj} be equal. 
For if the two Quantities at laſt be not equal, we may aſſign ſome 
Difference between them; which is contrary to the Hypotheſis. 


LEM M A II. 


182. F the Ratio of two Quamities be ſuch, that the Antecedent re- 
maining always the ame, while their Difference and the C:nſequent 
diminiſhing. continually, do become leſs than any given Quantity; then will 
thoſe two Quantities at laſt be equal. | 
For the Antecedent will be equal to its Conſequent by the laſt 
Lemma; and ſo the Quantities, whoſe Ratio they expreſs, will be 


equal 
L E M M A III. 


183. . an Arc (MN) of any Curve Lire AB G be ſuppos'd to be Fic. 104. 
infinitely ſmall, that is, leſs than any given Quantity; and if 
thro the Extremities of that Arc there be ſuppos d to be drawn the Ordi- 
nates MP, NQ, to the Axis or Diameter A C, together with the Far al- 
lels MR, Ns to that Diameter: I ſay, each of the Parallelograms PQ RM, 
PQNS, may be taken for the Space PQ NM, contained between the Or- 
dinates PM, QN, the very ſmall right Line PQ, and the very ſmall 
Curve MN, 
All the Points of any Curve do either continually recede from its 
Diameter, or continually approach thereto; or elſe that Curve 
Line is compoſed ot. ſeveral Parts; ſome of which recede more and 


more from, and others approach nearer and nearer to the Diameter. 
| 5 I ap For 


The FirTH B O O K. 


For it is evident, that there is no Part of a Curve Line that can have 
all its Points equally diſtant from the Diameter; becauſe that Part 
then would not be curv'd, but a ſtraight Line parallel to that Dia- 
Meter. l K | ; 
Let us ſuppoſe, 1. That the Arc MN be taken in the Curve AMB, 
all of whoſe Points recede more and more from the Diameter AC; 
then if the Arc MO be taken of a finite Magnitude from M beyond 
the Point N, and the Ordinate OF be drawn parallel to MP, as 
likewiſe the right Lines O D, ME, parallel to the Diameter 4C;, 
it is manifeſt, that the Curve-lin'd Space PFOM, will be 
greater than the inſcrib'd Parallelogram PFEM, and leſs than the 
circumſcrib'd Parallelogram PFO D. Now if the Point O be ſuppos d 
to move along the Curve towards M, it is plain, that the Parallelo- 

ram ME O D, which is the Difference of the circumſcrib'd and in- 
crib'd Parallelograms to the Arc O M, will diminiſh continually, till 
at laſt it will become nothing, at the Inſtant the Point O comes to 
M: Therefore, when the Point O is come to NM. that is, infinitely 
near to M, then the Parallelogram ME O D, which becomes MRNS, 
will be leſs than any given Magnitude; and ſo, by Lemma 1. the Pa- 
rallelograms P RM, P© NS, will then become equal to one ano- 
ther; and conſequently each of them equal likewiſe to the curvilineal 
Space P NM. Therefore, &c. 

2. Suppoſe the very ſmall Arc MN, to be taken in the Curve 
BMG, all the Points of which approach nearer and nearer to the 
Points of the Diameter CG; then it is manifeſt, that the Demon- 
ſtration in this Caſe will be the ſame as in the laſt, only here the 
cxreumſcrib'd Parallelogram P © NS, becomes an inſcrib'd one. 

2. Let the Curve AB G be compos'd of ſeveral Portions, ſome of 
which, as AB, recede more and more from the Diameter 4G ; and 
contrariwiſe others, as BG, accede nearer and nearer to it; then, I 
ſay, the Points, as B, that ſeparate thoſe Parts, cannot fall in the 
Arcs MN, for if this were poſlible, the Point B would be nearer to 
M than the Point N is; which is contrary to the Suppoſition ; and fo 


it is mamteſt, that this laſt Cafe is contain'd in either the firſt or ſe- 
cond Caſe. | 


COooLtit ens 


184. ENCE, if any Ordinate CB be drawn at pleaſure parallel 

to PAN; and if the Part of the Curve A B, be ſuppos'd to 
be divided into an infinite Number of infinitely fmall Arcs, as AN; 
then the Space 4 CB, contain'd under the right Lines 4 C, CB, and 
the Part cf the Curve 4B, will be equal to the Sum of all the Paral- 
lelograms, as PO uM, or POD NS, It is evident farther, that the 
Space 
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Space MPC B, contained under the Right Lines MP, PC, CB, and 
the Part of the Curve MB will be equal to the Sum of all the Paral- 
lelograms (PR NM) that can be form d in that Space; and the ſame is 
to be underſtood of the whole Curve 4 B G. 


COLD ELALS II, 


185. JF there be any Figure CM D OC, included between two Paral- Fro. 105. 


lels CE, DF; and if any where between thoſe Parallels 
there be l two right Lines MO, NL, infinitely near to one 
another, and likewiſe parallel to CE, P; then, I ſay, the Space 
or Part (OMNI) of the Figure CMD OC included between thoſe 
Parallels, will be equal to the Rectangle under one of them, as MO, 
and their Diſtance MR, or OS. For if the Perpendicular AB be 
drawn to the Parallels CE, DF, meeting the Parallels MO, NL, in 


the Points P, Q; then it is manifeſt, by the Lemma *, that the Space * 4-2, 183. 


PM NM 1s equal to the Rectangle PMR 9, and the Space POL. 
to the Rectangle POS ©; and conſequently the Space O MNL is 
equal to the Rectangle C MRS, or O Mx Pg. 


Corott A T. III. 


186. II. is manifeſt by the laſt Corollary, that if there be any two 
Figures CMDOC, EG FHE, mcluded between two Paral- 
lels CE, DF, being fach, that if a right Line MH be any where 
drawn between CE, D F, parallel to them; the Parts MO, G H, of 
that Line included by in Figures CMD OC, EG FH E, be in a 
given Ratio; then, I ſay, the two Figures, that is, the Spaces con- 
tain'd between them are alſo to one another in a given Ratio. For 
ſuppoſing another Parallel N infinitely near to MH, and drawing 
a Perpendicular AB to the Parallels CE, DF, meeting the Parallels 
MH, NA, in the Points P, © ; then it is evident, (by the laſt Co- 
rollary ) that the Space O MN L is equal to the Rectangle O H= 
PO. And moreover, the Space G H K I equal to the Rectangle G H 
„P. Therefore thoſe two Spaces will be to one another, as MO 
to GH; and becauſe this happens always, let the Line M be 
drawn in any Place: It follows, that the Sum of all the ſmall Spaces 
MN LO, that is, the Space CHD OC vill be to the Sum of all the 
17 Spaces G H IA, that is, to the Space EG FH E, in a given 

at 10. 

After the ſame manner we prove, that the Part (MO) of the 
Figure CMDGC, is to the correſpondent Part (G FH) of the 
other Figure EG FHE, in a given Ratio; as alſo the remaining Parte 
CHO, EG H 


It 
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to one another, 
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R Hence, if the . given Ratio be a Ratio. of Equality, that. is, 
if the Parts (MO, G H) of the right Line M H, are always 91 
to one another; then the Spaces CM DOC, EG F HE, and their 


correſpondent Parts M D O, G FH, aad CMO, EG H, will be equal 


L E M M A IV. 


N be an infinitely ſmall Arc of any Curve Line; and if MT, 
T, be two Tangents meeting one another in the Point I, and if 


the Line MN he a Chord, and the right Line NS. be drawn perpendicular 
to the 'Taugent MT produced; then, I ſay, the Arc MN may be taken. 


for its Chord MN, or for the Sum of the two Targents MT, NT; or 


elſe for the right, Line MS. le | 
Every Cure is concave neceſſarily one way, or made up of many 
Parts, whereof ſome are. cancave one way, and the others concave 


the contrary way. Now the Points ſeparating thoſe Parts cannot be 


Art. 183. 


* had in infinitely ſmall Arcs, as MN; becauſe then they would be 
nearer to the Point M than N is; which is contrary to the Suppoſiti- 
on. Therefore we can ſuppoſe always, that the Arc M is à Part 
of a Curve, that 1s concave one way. | | 
Now if the Arc MO be taken in the Curve having a finite Magni- 
tude; and if there be drawn the Chord O M, the Tangent O G, and 
the right Line O D parallel to VS; then it is manifeſt; 1. That the 
Tangent MD is leſs than the Chord MO, becauſe the Triangle 
M.D © is right-angled at D, and confequently the ſame js leſſer ſtill 
than the Arc MN O; wheretore the Arc MN O, and its Chord M, 
axe each greater than MD, and each of them leſs than the Sum of 
the two Tangents MG, O G, 2, Becauſe the Arc MN O is concave 
but one way, therefore if a Tangent I R be drawn through any Point 
N in the Arc MO; the Points T, R, wherein that Tangent meets the 
Tangents MG, OG, will be ſituate between the Paints M, G; and 
5 I F and ſo the Angle OG D, is greater than the Angle R TG, or 
This being ſuppos d, if the right Lines ME, M F, be drawn 
parallel to OG, NT, meeting the right Line DO in the Points 
E; and if the Point O be ſuppos'd' to move along the Curve 
towards the Point M; then it is viſible, that the Angle O GD, 
or the Angle EM D, will diminiſh continually, until it va- 
niſhes at the ſame time as the. Point O comes to M; becauſe then 
the Tangent O G will coincide with the Tangent MP; and there- 
fare the Line ME; diminiſhes continually, until it becomes at laſt 


equal ta MD. Therefore, When the Paint O is come to N, that is, 
when the ſame is. ipfinitely near to the Point M; the Line ME, 
being then in M, will differ from the Tangent M D, only by a 


2 Magni- 
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Magnitude leſs than any given one. And fo the Lines TV. TS, * An. 182. 
will be equal to one #nother. Therefore the two Tangents MI, T'N, 
taken together, will be then equal to the Right Line MS, or to the Arc 
MN, or elſe to the Chord MN. V. V. D. | | 


Kon O uI AA 1 1. 


188. B Ecauſe the Angle FM D, or NTS, equal to it, is infinitely 

D ſmall; in the Suppoſition of the Point N being infſnitely 
near to the Point M; therefore the Internal Angle N MT; of the 
Triangle TV, being leſs than the External Angle NTS, will be 
alſo infinitely ſmall, that is, leſs than any given Angle: And ſo there 
can no Right Line be drawn through the Point M, in the Angle TIL. 
Whence it appears that the two Right Lines MT, MN, do coincide; 
and fo any Tangent may be look'd upon as a Right Line paſſing thro' 
two Points of a Curve Line infinitely near to each other. 


Co ROL IL AR V II. 


189, IE amg Curve Line ho to be divided intò àn infinite 

| Number of infinitely ſmall Ares as MV: Then it is evi- 
dent, that if the Chords of thoſe Arcs be taken for the Arcs them- 
ſelves, there will ariſe a Polygon of an infinite Number of Sites, each 
Side being infinitely ſmall; which may be taken for that Cut ve Line, 
as no wiſe differing there-from: * And-farther, if the finall Sdes G. 4, 189; 
that Polygon be produced both ways, they will be Tangents to that 

Curve; ſince every of them do paſs through two Points infinitely near 


to each other. 


Lenore 


19⁰1¹— T muſt here be obſerv'd, that what I have ſaid with regard to 

I the Tangents to the Conick Sections, does not extend to any: 
other Curves but thofe that are Concave the ſame way, as are the Co- 
nick Sections: Whereas that Definition of Tangents laid down - 4 26, 
above, takes in the Tangents to all Curves in general, and is the Foun- 61, 124. 
dation of the Method for drawing Tangents, explain d in my Treatiſe, 
Des Infiniment petits, which J dare aſſum is as ſimple and general as 
can be defired. A ſhort Specimen. of which may be ſeen at the 
End of this Book, n I 


Deer 


** 
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DEgrIiNITIONS. 


| 2 ; | 4 
Pico, Two Segments of any two Curve Lines E A d, bad, are called ſimi. 
168, 109. lar, if when any Right-lind Figure B M NO, being inſcribed 
within one of them, we can inſcribe always a ſimilar Right-lin'd Fi- 
gure h mo d, in the other, 


— 2. | 

- Two Conick Sections are ſaid to be ſimilar, when any Segment BAD, 
being taken in the one, we can aflign always a ſimilar Segment bad in 
the other. 


3. 
The Diameters AP, ap, in two Conick Sections, are ſaid to be 
ſimilar, when they make the ſame Angles A PM, ap n, with their 
Ordinates PM, pm. 


CO:2TFDL-EARET, 


191. H E NCE it appears that the leſſer the Sides BM, MN, &c. 
| bm, mn, &c. are, the greater is their Number, and the nearer 
do the ſimilar Right-lin'd Figures BMNOD, bmnod, approach to 
the Segments B AD, bad, in which they are inſcrib'd ; ſo that at laſt 
the ſaid ſimilar Right-lin'd Figures will become equal to thoſe Seg- 
Art. 189. ments, viz. when each * of the Sides is infinitely ſmall, and their 
Number conſequently infinite. Therefore the ſimilar Segments BAD, 
bad, are to one another as the Squares of their Chords, B D, bd, bein 
e Sides; and the Parts of the Curves B AD, bad, as theſe 
hords, | | g J 


PROPOSITION I. 


Theorem. 


F 16.107, 192. T* there be two Parabolas AM, a m, having two ſimilar Diame- 


ters AL, a L, ſituate in the ſame ſtraight Line: So that the 


L be- aſſum'd in that Line within the Parabola, ſo that L A be to L a, as 


the Parameter (AG) of the Diameter (AL) of the Parabola AM, to 
the Parameter (ag) of the Diameter (aL) of the Parabola a m: Then 
I ſay, if a Right Line I. M, be drawn from the fix d Point L to any Point 
M of the Parabola A M; that Line will meet the other Parabola a m, in 


one Point m, being ſuch that LM:Lm::LA:La. 
1 I Draw 


n , * ö „ * 4 2 1 
1 — * 4 1 1 2 4 2 7 — 
* 2 * p : T wa” +47 a Ks X 
— _ a * 3 * c I SAS Oo IHE STR” — 


Ordinates P M, p m, be parallel to one another,; and if the fix'd Point 
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Draw the Ordinate M, and call the given Quantities L A, a; 
La, ); AG, 75 and the indeterminate Quantities AP, x; PM, y: 


then we ſhall have this Proportion, viz. L A (a): La (:: AG 
(p) : ag =>, But if ap be taken in the Diameter (aL) of the 


Parabola am equal to 2. and the Ordinate p m be drawn; then it is 


plain, * that pm —pa xag (=) = by putting Jy) for p x 1,0 
* Th; 
and ſo pm is 2 Therefore P M 7 :pm (2) 142 — Ibid. 


; Lp (b—=). And conſequently the Line L M will paſs through 


the Point m, the Extremity of the Ordinate p m, that is, the ſaid Line 
will cut the Parabola a m in that Point: And ſo becauſe the Trian- 
gles LPM, Ly n, are ſimilar, therefore LM: Lm:: PM (y): pm 


2 : LA (a): La (). V. V. D. 


CoroLlLLaARY, I. 


193. IF any Segment BAD, be taken in the Parabola 4M , and if 
the right Lines LB, L D, be drawn, meeting the other Para- 
bola a m in the Points b, d, and the Chord ô d be drawn; then, I ſay, 
the Segment (Y ad) of the Parahola am, is ſimilar to the Segment BAD 
of the Parabola AM. For if any right- lin d Figure B MN O D be in- 
ſcrib'd in the Segment BAD; then, by drawing the right Lines LM, LN, 
LO, meeting the other Parabola in the Points m, u, o; it is manifeſt, 
that the Triangles LBM, Lbm; LMN, Lmn, LNO, Luo; 
LO D, Led; LB P, Lö d, will be ſimilar: and ſo the Sides BM: 
bm, MN, mn; NO, no; OD, od, B D, bd, will be parallel, 
and always in the ſame Ratio, each to its Correſpondent; becauſe all 
the right Lines LB, LM, LN, L O, LD, are divided in the ſame 
Ratio in the Points 5, m, 1, o, d: therefore the right - Iin d Figures 
BMNO D, bmnod, are ſimilar, And ſince it is manifeſt, that 
this Demonſtration is the ſame, let the right-lin'd Figure inſcrib'd in 
the Segment B 4 D be what it will; therefore the Segments B A D, 
Te d, are * ſimilar; and ſo conſequently are * the Parabola's An, am, , De f. 
Allo. 2. 


P CoRoOL, 


- ag, bs + = 
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Sides given); then the ſaid Lines L M, LN, LO, will paſs * 
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COROLLARY II. 
194. H ENCE, if a double Ordinate EF be drawn in the Parabo- 

la AM, meeting the other Parabola am in the Points e, f; 
then the Segments (EA, e af,) of the Parabola's A AM, a m, will 
be ſimilar. 


Cen erte rr BL 


795. AE. Parabola's are ſimilar; for if 4 L, a L be taken in the 
Diameters of two different Parabola's, being to one another 
as the Parameters AG, ag; and if the Diameter La be fuppos d to 
be plac'd in the Diameter L A, ſo that the Points L, L, coincide with 
one another, and the Ordinates.PM, p m, be parallel; then, by draw- 
ing a right. Line L M, from the fixed Point L to any Point A of the 
Parabola AM, it is manifeft, that this Line will meet the other Pa- 
rabola am in one Point n, being ſuch, that LM:Lm::LA:La. 
Therefore, * &c, AY 


Emo mm 2-Y IF. 


196. FJENCE, if AL, aL, be taken in the Diameters of two 
11 different Parabela's, being to one another as the Parameters 
of thoſe Diameters; and if the double Ordinates EF, e f, be drawn 
through the Points L, L; then the Segments (EA F, ea f,) of the 
two Parabola's A M, a m, will be ſimilar. | 


C4ST04.T449 FyF- 


297. IF two Segments BAD, bad, are ſimilar, and one of them, as 

B A D, be the Segment of ſome one Parabola; then, I ſay, 
the other Segment had will be a Segment of fome other Parabola; 
and ſo among all the Curves poſſible, there can be none but Parabo- 
la's that can be ſimilar to a given Parabola. For if the ſmall Seg- 
ment had be fo placed within the great one B A D, that the Chords 
bd, B D, be parallel; and if any two ſimilar right-lin'd Figures 
BMNOD, Im uod, be inſcrib'd in theſe Segments; then it is 
plain, that the homologous Sides B M, bm; M NM. mn, &c. of the 
{aid two Figures will be parallel, becauſe the Angles DB M, db 
B MN, bmn, &c. are equal. And drawing LM, LN, LO, thro” 
L the Point of Concurrence of the right Lines Bb, Dd, which join 
the Ends of the parallel Chords B D, 5 d, (being the two homolcgous 
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the correſpondent Foints m, u, o, wherein they will be divided in the 

ſame Ratio as LB is in h, or LD in d; becauſe BD:bd::LB: 

EWU: : BM: im:: LM: In:: MN: Mu: : LN: Lu: NO: no 

:: LO0:Lo:;:UDN zes. | | 
Now if the Diameter (LA) of the Parabala 4 M be drawn thro' 

the Point L; and if the ſame Parabola am he divided in a, in the 

ſame Ratio as L B is in mb, or L D in d; and if you deſcribe * the * 4rt.161. 
Parabola a m with the Diameter a L, and the Parameter ag, (being 

fo the Parameter 4 G of the Diameter (4 L) of the Parabola 4M, 

as La is to LA,) whoſe Ordinates p m are parallel to the Ordinates 

PM of the other Parabola; then it is * manifeſt, that the ſaid Para- 470. 192. 
bola will paſs through all the Points ö, n, u, o, d, dividing all the 

right Lines LB, L M, LN, LO, LD, in the given Ratio cf B D to 

bd. And becauſe the ſame Reaſon holds, let the Number of Sides of 

the ſimilar right-lin'd Figures BMNOD, bmnod, as likewiſe 

their Magnitude, be what they will ; therefore the Parabola a m 

paſſes thro every Point, as the Segment h ad dces ; and fo that Seg- 

ment will be a Part thereof. F. V. D. 


PROPOSITION II. 


Theorem. 


198. JF there be an Ellipfis, or Hyperbola A M, one of whoſe firſt Diame- Fic. 108, 
a 1 ters is the Line 1 H, 5 25 Lixe AG its 2 and if the 109. 

fix'd Point L be taken in that Diameter ( produced in the Hyperbola ) 
as alſo the Points a, h, ſuch that LA:LH::La:Lh. And again, 
if there be another Ellipſis or Hyperbola, whoſe firſt Diameter is the Lire 

a h, aud Parameter to that Diameter the Line ag, which is to AG, as 
a h to AH; and if the Ordinates pm to, the ſame be parallel to the Or- 
dinates P M. of the other Section AM : Then if any right Line L M, be 
drawn from the fixed Point L to any Point M in the Section AM, T ſay, 
that Line will meet the other Section am in the Point m, ſo that LM: 
LMm:: LA: La: that is, all right Lines drawn from the fixed Point 

L to the Section A M, will be divided in the ſame Ratio by the Section a m. 

V are to prove, that LM: L m:: LA: La. 

Draw the Ordinate MP, and call the given Quantities L A, a; L a, 
?; AH, 2t; and the indeterminate Quantities AP, x; PM, y: then 

we ſhall have this Proportion, LA (a): La (b):: LH: LH: LH 


2. LA. or AH (20 L h A. La or ab ==. Now if ap be ta- 


? 


| b | | 
ken in the Diameter (a) of the Section a m equal to —, and the Or 
: P 2 dinate 


* cas „ \ bad +» © - = N 


108 
„.. 42, dinate'p m be drawn; then it is * maniſeſt, that 4 P. PH (2txTxx) 


55» Bt, 
and 118. 


Ellipſes or Hyperbola's 4 M, a n, 
demonſtrated after the-ſame manner, as is done for the Parabola in 
Art. 193, and 194, | 


The FirtTu BO Ox. 


: PM (5) : AH: AG::ab:ag: :ap 7902 5 — 


; | 5 
2 and ſo pm = Therefore PM (3) :p m (LPG H: 


Lp (b—*=). And conſequently the Line LM will paſs through m 
the Extremity of the Ordinate p m, that is, the ſaid Line will cut the 
Section am in that Point, Therefore, becauſe the Triangles L PM 

Lyn, are ſimilar, LM:;Lm::PM (9) :p m 2) : LA (a): £7 
). V. V. D. 


CoRoOLLARY I. 


199. IF B AD be any Segment of the Section A M, and the right 

Lines LB, L D, be drawn meeting the other Section am in 
the Points b, d; and if the Chord h d be drawn likewiſe , then, I ſay, 
the Segment (bad) of the Section a m, is ſimilar to the Segment 
4B AD) of the Section 4M; and therefore, if a double Ordinate 


E F be drawn in the Section A M, thro' the Point L, meeting the 


other Section in the Points e, f; the ms E A F, eaf, of two 
will be ſimilar. This may be 


/ COROLLARY II. 


200. A LL Ellipſes or Hyperbola's 4 M, a m, having two ſimilar 

Diameters A H, a h, in the ſame Ratio with their Parame- 
ters AG, ag, are ſimilar to one another, For if AL, aL, be taken 
in the ſame Ratio as the Diameters 4 H, ah; and it the Diameter 
a h be. ſuppos d. to be laid in A H, fo that the Points L, L coincide ; 
and. the Ordinates par, P M be parallel to one another; then the right 
Line L M being drawn from the fix'd Point L to any Point in one 
Section A M, it is evident, that the ſaid Line will always meet the 
other Section am in the Point m, ſo that LM: LM :: LA: La. 


Art. 199. Therefore, * &c. | 


Corolla Ry III. 


201. LJENC E, if there be two Ellipſes, or Hyperbola's A Al, am, 
| whole two ſimilar Diameters 4 H, a b, have the ſame Ratio 


-3s their Parameters A G, a £; and if AL, aL, be taken in the fame 


Ratio 


Of the Compariſon of the Conick Sections, Oc. 
Ratio as the Diameters 4 b, a h, and the double Ordinates E F, ef, be 


drawn thro' the Points L, L; then it is manifeſt, that the Segments 


E AF, eaf, of the two Sections 4 M, am, are ſimilar. 


202.1 F two Segments B A D, b a d, be ſimilar; and one of them be 

the Segment of an Ellipſis or Hyperbola 4 M, any one of 
whoſe Diameters is the Line 4 H, and 4 G the Parameter thereof; 
then, I ſay, the other Segment had will be that of ſome other Ellip- 
ſis or Hyperbola a m, having the Line ab ſimilar to A H, for one of 
the Diameters thereof, and the Ratjo of this Diameter to its Parame- 
ter ag, the {ame as that of the Diameter A H to its Parameter 4 0. 
For if the Segment bad be ſo plac'd within the Segment B A D, 


Corollary IV. 


that the Chord þd be parallel to the Chord B D, and the Lines Bb, 


D d, do concur in the Point L of the Diameter 4 H, (which is polli- 
ble always) and if there be inſcrib'd in both of the ſaid Segments any 


ſimilar right-lin'd Figures; then we can prove, as in the Parabola 


(Art. 197.) that the right Lines LM, LN, L O, will paſs through 


) 
the ak Ka Points m, », o, and will be divided by theſe Points 


in the ſame Ratio as L B is in h, or LD, in d. 
Now if L 4, L H, be divided in the ſame Ratio in the Points a, 
h, as L is in h; and if an Ellipſis, or Hyperbola a m, be deſcrib'd 


109 


* with the Diameter a h, and Parameter a g, (being to the Parameter Ar. 161. 


AG of the Diameter A H, as La to L A, or ah to AH) whoſe Or- 
dinates p m, be parallel to the Ordinates (PM) of the other Ellipſis 


or Hyperbola 4 M; then it is * evident, that that Section will paſs = 47. 198. 


through all the Points 5, m, u, o, d, which divide all the right Lines 
LB, LM, LN. LO, LD, in the given Ratio of b d to BD. And 
becauſe this Reaſoning is the ſame always, be the Number of Sides of 
the right- lin d ſimilar Figures B MN O D, b mn o d, as likewiſe their 
Magnitude, what they will: Therefore the Ellipſis, or Hyperbola 
am, paſſes through all the Points that the Segment þ d does; and ſo 
that Segment is a Part or Portion of the ſame. 


COR OT La RY V. 


203. H ENCE, if there be two ſimilar Ellipſes, or Hyperbola's 

L AM, an; and if AH be any Diameter of the Section 4 MH; 
then we can have always a Diameter (ab) of the Section am, which 
is in the ſame Ratio to its Parameter ag, as AH to its Parameter 
AG; and ſo the ſimilar Diameters 4 H, ab, will be in the ſame Ra- 
tio as the Diameters, which are Conjugates to them : And becauſe 


tie e can be but two Pair of Conjugate Diameters * in an Ellipſis or + ,,,, 55, 
TS Hyper- 45d 128. 


"ww: © The Fir Tu Book 
Hyperbola making the ſame Angles with each other; and fince the 
ſaid Diameters do only differ in Poſition, their Magnitude being the 
ſame ; therefore in ſimilar Ellipſes or Hyperbola's, all Conjugate Dia- 
meters making the ſame Angles, will be to one another 1n the ſame 
Ratio; obſerving to takg the two greater of the Conjugate Diameters 
for the Antecedents of the Ratio's, and the leſſer for the Conſequents. 


- 


"PROPOSITION m. 


ene | \_ Theorem. 
Fic. 110, 204. J amy two Parallels BD, E F, be drawn in a Conick Section termi- 
— I ated by the ſame ; and if their Extremities be joined by two right 


Lines BE, DF; I ſay, the Segment: BMEB, DMF D, contain'd un- 
der Portions of the Seton, and the right Lines joining the Extremities of 

the Parallels, will be equal to one another. 

Produce the Chords B E, D F, meeting each other in the Point G, 
and draw the right Line G H through the ſaid Point G, and (H) the 

Middle of the Line B D; then the Line G H will biſect EF (paral- 

lel to B D) in the Point K; as alſo any other parallel (to the ſame 

Line BD) as OO in the Point P. Therefore the Line HK, will be 

Art. 146. a Diameter; * and the Parallels B D, E F, double Ordinates to the 
3 fame; and ſo if a Line be drawn through any Point P, in that Diame- 
Art. 144 ter parallel to the Ordinates z that Line will meet * the Section in 
two Points M, M, equally diſtant from P Whence it appears, that 

the Parts MO, O M, of any Parallel (M M) to BD, included with- 

in the Segments BME B, DMFD, are always equal to one another, 

| let that Parallel he any where drawn between the Lines B D, E F. 
Art. 186. Therefofe it is manifeſt, that thoſe two Segments ſhall be equal. 
If the Chords B E, D FE, be parallel; then the right Line HK 

muſt be drawn thro” H the Middle of B D, parallel to thoſe Chords, 
and the Demonſtration will be the ſame as before. | 


CoOanothtaitY 1: 


Fig. 110. 205. NEcauſe PM is equal always to PM, it follows, 1. That the 
29 Conick Trapezia K HB E, K HD F, are equal to one ano- 

ther. 2. (When the Line B D does not cut the Section, but touches it 

in the Point 4) the Conick Trilineal Figures A KE, AK F, are 

equal; and fo. are likewiſe the Segments AE MA, AFM A : Be- 

cauſe the Triangle A EE, is divided into two equal Parts by the Dia- 

meter A K, paſling through the Middle of EF. 


2 Co Rol- 


Coo oocvess]s 


- — — 


Of the Compariſon of the Conick: Sections, ec. 111 


Co AOIL I ANN H. 


206. JF We Section be a Parabola, Ellipſis, or Hyperbola 3 and the Fic. 110, 
+2 right Lines B F, P E, be drawn through the Extremities of the 

Parallels BD, EF, cutting one another between thoſe Parallels; 

then the Segments BFD AB, DEB AD, will be equal to one ano- 

cher. For the Triangles BFD, B E D, being between the ſame Pa- 

rallels B D, E F, and having the ſame Baſe BD, are equal to one 

another; and ſo if the Segment DM FD plus the Segment BA DB 

be added to one Side, and the Segment BME B { which is equal to 

DMF D) plus the ſame Segment BADB, to the other; then the 

wholes B FD 4B, DEB A D, will be equal to one another. 


COO ROI IL 48 IV III. 


207. UN ENCE appears the manner of drawing two right Lines F:c. 112. 
DG, DF, from a Point D in a Conick Section, ſuch, that 
they ſhall cut off from that Section two Segments D GED, DFB D, 
each equal to a given Segment BED B. For draw the right Lines. 
BD, DE, and draw B G parallel to PE, and EF parallel to BD, 
meeting the Section in the Points G, F; then it is manifeſt, * by * 44.206. 
joining the right Line DF, that the Segment D FB P, is equal to 
the Segment BED B; becauſe D B, EF, are parallel. And in like 
manner hy joining DG, the Segment BGE D is equal to the Seg- 
ment BE D B, becauſe BG, D E, are parallel. | DEA 
It the Point given happens to fall upon one End of the given Seg- 
ment DGE D; then a right Line G F muſt be drawn through the 
other End, parallel to the Tangent paſſing through the Point D; 
' which being done, if the Chord D be drawn through the Point F, 
N (herein G F meets the Section,) and the given Point D; it is plain, 
oy 77 Segment DFBD will be equal to the given Segment 
Hence, in this laſt Caſe, there can be but one Segment DFB D, | 
equal to the given Segment DG ED ; becauſe any other Segment: 
having tho garen Point D, as one of the Extremes thereof, will be | | 
greater or leſs than the Segment DF B D, according as the other Ex-. 
treme is nearer to, or farther from D than F is: Therefore, if two. g 
Segments DG ED, DFB, having one common Extreme D, are b 
equal between themſelves ; and if a right Line be drawn through. the 4 
Point P, 2 to the right Line G, joining their other Ends.; 
then will that Line touch the Section in the Point D., | 


C ONO U 


- 
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CorRol bt ah yt N. 


208, F ROM the laſt Corollary ariſes a new and very eaſy way of 
drawing a Tangent through a Point D given in a Conick 
Section, which is as follows, | 
Draw any two right Lines DB, BE, through the Point D, meet- 
ing the Section in the Points B, E; moreover, through the Points 
B, E, draw the right Lines BG, EF, parallel to DE, BD, 
meeting the Section in the Points G, F, which join by the Line G F; 
then if a right Line be drawn thro' the Point D, parallel to G F, 
that Line will touch the Section in the Point D; becauſe the Segments; 
DGE D, DFB D, being each equal to the Segment B E D B, will 
be equal to one another. 


PROPOSITION . 


Theorem. 


Fic. 113, 209. JN au Ellipfis, Hyperbola, or oppoſite Sections, if there be two right 
114. 115 , I Lines B 1 F al 2 3 1 terminating in the 
Section; and if the Semidiameters CB, CE, CD, CF, be drawn from the 

Centre C: I ſay, the Hyperbolick or Elliptick Sectors CBE, CDF, will 

be equal to one another. | 

For if the Diameter CK be drawn through H, K, the Middles of 

B D, EF; then the Triangles CHB, CHD, and CKE, CK F, will 

be equal; becauſe they have the ſame Vertex C, and their Baſes HB, 

HD, and K E, X F, are equal. Therefore (Fig. 114.) KHBE + 
CBE=CKE—CHB=CKP—CHD=KHDF+CDEF;, and 

(Fig. 113, 115.) KHBE—CBE=+CHBEICKE=+CHDLFE 
CKF=KHDF—CDF. And becauſe the Conick Trapezia 

Ant. 205. KH B E, XH D F, are * equal; therefore the Elliptick or Hyperbo- 
lick Sectors CBE, CD F, are equal alſo. | 


C-0-23-0-4-44:nyq-t. 


Frc. 113, 210. FF the Section be an Ellipſis or Hyperbola ; and if the Line 
114. B D, being parallel to E F, becomes a Tangent in 4; then 
it is plain, that the Sectors CAE, CAF, will be equal to one ano- 

ther. For producing the Semidiameter C A, until it meets the Line 

EF in the Pcint X, the ſaid Line EF will be biſe&ed by the Point 

K, and coy the Triangles C KE, CK F, will be equal. And 

An. 205. oy Trilineal Conick Figures AK E, A K F, are * ſo alſo, Whence, 

c. I 

Co Rol- 


Of the Compariſon of the Conick Sections, . 113 


CoroLLAazx Y II. 


211. HE NCE, if any Hyperbolick or Elliptick Sector CEF, be 
| requir'd to be divided into two equal Parts; there is no more 
to do, but draw the Semidiameter C A, biſecting the Chord (E F) of 
that Sector in the Point K. From whence we can prove again, that 
the Sectors CBE, CD F, are equal to one another, if BD be parallel 
to EF. For ſince by this Means, the Sectors CAE, CAP, and CAB, 
CAD, are equal to one another: Therefore the Sectors CBE, CD F, 
being the Differences between them muſt needs be equal. | 


— 22 * — ĩ̃ — apo PC — 2 — . — — 


PROPOSITION V. 


Theorem. 


212. JF there be a Semicircle ADH, whoſe Diameter A H 7s the firſt Eid. 116. 

| Axis of an Ellipſis AB H; and if a Perpendicular be let fall from 

| any Point N in the Periphery of the Circle to the Axis meeting the ſame in 

: P, and the Ellipſis in the Point M; and laſtly, if the right Lines CM., | 
CN, be drawn from the Centre C. I ſay, the Elliptick Sector CAM, is , 

to the circular Stor CAN, as CB, the half of the ſecond Axis of the 

Ellipfis is to CA or CD, the half of the firſt Axis. : 

For PM:CB:: AP PE: AC x CH, or CA, by * the Pro- 4. 42, 
perty of the Ellipſis. And PN: CD :: AP*xPH: AC«CH, * 
CA, by the Property of the Circle ; therefore PM : CB: : PN: CD; 
or PM :PN::CB:CD. And extracting the ſquare Roots, PM: 

PN:: CB: CDor CA. And ſince this is ſo always, let the Perpendicular 
PM N fall any how; therefore * the whole Elliptick Space A B H A, Ari. 186. 
is to the Semicircle 4 D HA, and the Part or Portion 4 P M of that 
Space to the Part or Portion 4 P I of the Semicircle, as CB to CD, 
or CA. But the right-angled Triangle CPM, is to the right-angled 
Triangle C P.N, having the ſame Altitude, as the Baſe PM is to the 
Baſe PN, that is, as CB is to CD, or CA; and conſequently the 
Elliptick Space 4 P M plus, or minus the Triangle CPM ( viz. plus 
when A P is leſs than 4 C, and minus when it is greater) that is, 
the Elliptick Sector CA M will be to the circular Space A PN plus 
or minus the Triangle CPN, that is, to the circular Sector CAN, as 
C is to CD, or CA. V. V. D. 


2 Res Son uti; > CS A. ITE 


« 


Q COROL- 
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213. BEaauſe the Sector (CA N) of the Circle is equal to the Rect- 
| angle under the Arc AN, and one half the Radius CA, or 


CD: Therefore the Elliptick Sector CA M is equal to the Rectangle 
under the fame Arc A N, and the one half of CB. 


Contokt i any 1 


214. IF thro? ar Point G, (beſides P) in the firſt Axis (4 H) be 

drawn a Perpendicular to that Axis, meeting the Ellipſis in 
the Point E, and the Circle in the Point F; I fay, the Elliptick Se- 
ctors ACE, ACM, are to one another, as the circular Sectors ACF, 
ACN. For ACM: ACN::CB: CD. And moreover ACE: 
ACF::CB: CD. And therefore ACM: ACN:: ACE: ACT; 
and ACM: ACE:: ACN: ACF. Whence, if it be requir'd to 
find the Elliptick Sector 4 CM, which may be to the Elliptick Sector 
ACE, in a given Ratio, you need only find the circular Sector ACN, 
that may have that given Ratio to the Sector A CF, or elſe (which 
is the ſame thing) divide the Arc A MF, or Angle 4CF, into that 
given Ratio, | 


PROPOSITION VL 


Theorem, 


Fi. 117, 215. I there be two Hyperbola's AM, AN, or BM, DN, having the 

418. Point C, as a Centre common to them both, the right Line C A, a 

- Semadiameter to them both, and any two right Lives CB, CD, fituate in 
the ſame Line, ſemi-conJugate Diameters to C A, CA; and if through any 
Point P in the Semidiameter CA (produced, if neceſſary) there be drawn 
a right Line parallel to CD, meeting the Hyperbola's in the Points M, N; 
as alſo the right Lines CM, CN, from the Centre C to the ſaid Points 
M, N; I ſay, the Hiperbolick Sedlors CAM, CA N, or CBM, CDN, 
will bs to ore another, as the Semiconjugate Diameters CB, CD. 

'* Art. 81, By the Property * of the two Hyperbola's AM, AN, or BM. 


and 118. DN, we have the two following Proportions, viz. PM:CB::CP 


2 — 2 — — 


TCA: CA:: PV: CD. And conſequently PM: PN. CB. CP. 

And extracting the ſquare Roots, PM : PW:: CB: C D. And ſince 

„ Ve have always this Proportion, let the Parallel PM N be any where 
Au. 186. drawn ; therefore * the Hy perbolick Spaces 4 PM, A P N, or CPMB, 
"CP ND, are to one another, as C to CD, But the T riangles CA, 

| CEN; 
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Of the Compariſon of the Conick Sections, Oc. 115 


CPN, are to one another, as their Baſes PM, PM, (becauſe they 
are ſituate between the ſame Parallels C D, PM, or as the Semicon- 
jugate Diameters CB, C1). And conſequently (Fig. 117.) CB : CD: : 
CPM— A PM: CP N— APN: :CAM : CAN. Or elſe (Fig. 118.) 
4 14 ORE EMICD I. 
1 V. . ; 


WY — 


COROLLA S:L 


| 216. IF. the two Semi- conjugate Diameters CA, CD, be equal to one 
| another; then A N, or DN, will be an equilateral Hyperbo- 
4 la. And if we did know how to ſquare the Hyperbolick Sectors 

| CAN, or CD N, then ſhould we have likewiſe the Quadrature of 
| the Sectors CAM, or CBM, whole Baſes are Parts (4 M, or BM) of 
ſome other Hyperbola, and CD the Conjugate Diameter thereof equal 
| to any given Magnitude : Becauſe the Relation of the Hyperbolick 
} Sectors CAM, CAN, or CDN, CBM, being expreſs'd by the right 


ü )œ«%c%U, .᷑ L——p . . oo 
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Lines CD, CB, is given. Therefore, if we could get the Quadra- 
ture of the equilateral Hyperbola, we ſhould have likewiſe the Qua- 
drature of any other Hyperbola : Juſt as the Quadrature of all Ellip- 
ſes might be had by having * the Quadrature of the Circle, v. Art. 212. 


— 
* 
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PROPOSITION VII. 


Theorem. 


217. JF the Parts CK, CL be aſſum'd in one Aſymptote (C N) of 
r I Hyperbola EBDF, bt ſame Na 8 two other Hos Beat 
CG, CH, of the ſame Ahymptote; and if the Lines GF, HD, KB, 
LE, be drawn parallel to the other 4ſymptote C P, meeting the Hyperbola 
in the Points F, D, B, E; and laſtly, if the Semidiameters C F, CD, CB, 
CE, be drawn; T ſay, the two Hyperbolick Sectors CBE, CDF, will be 
equal to one another. Ve 
Draw the two right Lines BD, E F, meeting the Aſymptotes in 
the Points M, O, NN, P; then becauſe K B, HD, and LE, G F are pa- 
rallel, we have the two following Proportions, MB : MK:: DO: 
CH, and NE: ML:: FP: CG. And therefore, MK = CH, and 
NL =CG, becauſe * M D O, and NES FP. But (by the 4+ 95. 
Hypotheſis) CG, or LN: CH or KM:: CX: CL:: LE: KB. Art. ico. 
and therefore LM: LE: : XM: XB. And conſequently the Lines 
NE, MB, that is, EF, BD, are parallel. Therefore the Hyperbo- 
lick Sectors CBE, CDF, are * equal to one another, /. V. D. * Art.209, 
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218, Ir the Parts CK, CL, of one Aſymptote C N, be in the fame 
| Proportion, as any two Parts C'S, CT, of the other Aſymptote 
CP, and if the Lines K B, LE, and SD, TF, be drawn parallel to 
the ſaid Aſymptotes ; then it is plain, that the Hyperbolick Sectors 
CDF, CBE, ſhall be equal alſo to one another. For drawing FG, 
DH, parallel to the Aſymptote CP, we have * this Proportion, viz, 
CG: H:. HD, or CS: G F, or CT*::CK:CL. Therefore, &c, 


C:ono L Db AA IL 


219. IF CK be taken in the aforeſaid Aſymptote C N, equal to a 

third Proportional to any two Parts CG, CH, of the ſame ; 
then we can prove, after the ſame manner as in the Theorem, that 
the Line B F is parallel to the Tangent paſſing through the Point D; 
and fo * the Hyperbolick Sectors CFD, C D B, are equal to one ano- 
ther, Therefore, if any Number of Parts, CG, CH, CK, CL, &c. 


be taken in a continued Geometrical Progreſſion in one Aſymptote - 


.CN, and the right Lines G F, HD, KB, LE, &c. be drawn from 


them parallel to the other Aſymptote; then the Hyperbolick Sectors 


CFD, CDB, CBE, &c. are every of them equal to one another. 


Corodb at Yy. HL 


220. E NC E, if CH be the firſt of two mean Proportionals be- 
tween CG, CL. And if the right Lines G F, HD, L E, are 


parallel to the Aſymptote CP; then the Sector C O F, to the Sector 
CFE, will be as 1 to 3. And if CH be the firſt of three mean Pro- 
port ionals between CG, CL ; the Sector CDF, will be to the Sector 


FE, as1to4. And univerſally, if n denotes any whole Number, 


and CH be the firſt of as many mean Proportionals between CG, CL, 


as the Number m—: contains Units; then the Sector CD F will be 


to the Sector CFE, as i is to the Number . 


SCHOL IU M. 


221. HE NCE we may give a very exact Idea of thoſe Numbers in 


Arithmetick, call'd Logarithms; and likewiſe ſhew their 


great Uſe in facilitating extremely Arithmetical Operations, wherein 


la "ge Numbers are concern'd. 
et CG expreſs Unity, CL the Number 10, and ſuppoſe the Hy- 


; perbolick Sector CFE to be divided into 100000000090 equal 1 
| | then 


„ n a * — N 9 PS 
s "wt 5 A = = er Ce : * * * 
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| then if there be a Table divided into two Columns, in the firſt of 
| which are orderly contain'd all the natural Numbers 1, 2, 3, 4, 5, 6, 

&c. and in the other, artificial Numbers ſtanding againſt them, ex- 
| preſſing the Number of Parts that the Hyperbolick Sector CD F does 
: contain, with reſpect to the Number of Parts contain'd in the Sector 
; CE; then the artificial Numbers are call'd the Logarithms of the 


| natural Numbers anſwering to them. This being premis d, 
i 1. If any two natural Numbers CH, CK, be propos'd to be multi- 
ly'd by one another, you need but take their Logarithms in the Ta- 
| ble expreſs d by the Sectors CFD, CFB; and then adding the two 
| Logarithms together, you will have the Logarithm expreſſing the 
Sector C FE, againſt which in the firſt Column ſtands the natural 
Number CL, which is the Product of the Multiplication of the two 
K Numbers C H, CK. 
5 2. If it be propos d to divide the Number CL by the Number CK, 
5 you need only ſubſtract the Logarithm (C FB) of the Diviſor C K, 
a from the Logarithm (C FE) of the Dividend, and the Remainder 
| CBE, or CFD, will be the Logarithm of the Quotient C H. ; 
3. If it be propos'd to extract any Root of the Number CL, for 
Example, the Cubick; then you need only divide the Logarithm 
(CFE) thereof into three equal Parts, and you will have the Loga- | 
rithm CFD, againſt which ſtands the Number CH, which is the | 
Cube Root ſought, - ©  - | | | 
All this follows from the Equality of the Hyperbolick Sectors CFD, 
CBE, and CFD, CD B, C BE, &c. when CG: CH:: CK :: CI, | 
and CG:CH::CH:CK::CK:CL: : &c. Therefore by ſuch a | 
Table it is maniteſt, that Arithmetical Operations in great Numbers | 
may be vaſtly abbreviated, and ſo the Logarithms are of great Uſe in | 
Trigonometry and Aſtronomy, &c. 0 
- Becauſe the Relation cf the Hyperbolick Sectors CFD, CFB, 
: 
| 


c. to the Sector C FE, cannot be expreſs'd exactly in Numbers; 
therefore that Relation is expreſs d in Numbers nearly; and by means 
of ' theſe Numbers, (call'd artificial ones) and the natural Numbers ſet 
againſt them is a Table of Logarithms compos'd, which has all the | 
Properties we have here explain'd. Now according to the Suppoſition, | 
that the Sector CFE being the Logarithm of CL (10) contains 

10000200000 equal Parts, we ſhall find that the Parallelogram CG | 
F'T, contains more than 4342944818 of thoſe Parts, and leſs than 1 
4342944819. Therefore any Hyperbolick Sector CB F, is to the Pa- | 
rallelogram CG FT, nearly as the Logarithm of the Number CA | 
(taken to ten Places of Figures beſides the Characteriſtick) is to the 
Number 4342944819, | 
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PROPOSITION vn. i 


Theorem. 


Fic. 120. 222. F in each of the Aſymptotes there be taken the Parts CG, CL, and 


CR, CS, being ſuch that / CG £ CL:: / CR: CS; 
and if the right Lines G F, LE, R T, S V, be drawn parallel to the A- 
ſymptotes ; T ſay, the Sector CFE will be to the Sector C ITV, as m is to 
n: The Letters m, n, denoting any whole Numbers at pleaſure. 


For if you make CG: CL:: CG: CE, and / CR: / CS:: 
CR: C. And if the right Lines HD, Q, be drawn parallel to 
* 4rt.218. the Aſymptotes; then it is manifeſt, * that the Hyperbolick Sectors 
* Hy. CFD, CT, ſhall be equal to one another; becauſe * CG : CH:: 
CR:C 2. But by the Nature of Geometrical Progreſſions, the Line 
CH will be the firſt of as many mean Proportionals between CG and 
CL, as the Number m—: contains Units, and the Line CQ, the firſt 
of as many mean Proportionals between CR and CS, as the Number 
* 41.220, 2 — i contains Units. Therefore * CFE:CFD::m:1i, and CT N, 
: or CFD: : CTV: i: a. And confequently the Sector CFE is to the 
Sector CTV, in the Ratio compounded of to i, and of i to u, that 

is, as the Number m is to the Number u. V. V. D. 


CoROLL AR x. 


223. H NC E, if any Hyperbolick Sector CF E be given, as alſo 

any Point T'in the Hyperbola ; and if it be requir'd to find 
ſome other Point in the ſaid Section, ſo that the Sector CFE be 
to the Sector CTV, as m is to n; then you muſt aſſume Co, ſuch that 


JCG:/CL::y/CR:Y/CS, or (which comes to the ſame) 


CG :/CL::CR:CS,; that is, you muſt take CS = CR. 
CL 


PROPOSITION IX. 


Theorem. 


Fic: 121. 224. IF the right Lines RK. F G, be drawn through the Extremities B, E, 
| of any Hyperbolick Sedor CB F, parallel to one Aſymptote. CS, 


and terminating in the other CL; I ſay, the Hyperbolick Sector CB F p 
equa 


rr „% „„ „ * . 


F the Compariſon of the Conick Sections, c. 149 


equal to the Hyperbolick Space B K GF, contain d between the Parallels 
5 B K, F G, the Part GK of the Aſymptote CL, and the Portion B F of 
the Hyperbola. 


E For if the Triangle CG A be taken from the equal * Triangles * An. 99. 
; CRB, CG F, (the Point A being the Interſection of the two right 

Lines FG, CB,) and if to the two Remainders B XK G A, CA F, there 

be added the Hyperbolick Space BA F; then on one Side we ſhall 

have the Space B K GF, equal to the Sector CBF on the other. V. 

V. D. 


Dre 


225. IF the Lines BQ, FO, be drawn parallel to the Aſymptote CL, 4 

and terminating in the Aſymptote CS ; then we can prove by 
the like Reaſon, that CB F is equal to the Hyperbolick Space BY OF; 
from whence it appears, that the Spaces or Hyperbolick Trapezia 
BKGF, B20 F, are equal to one another, 


ConroLLaryY IL 


226. FJ ENCE, whatever has been demonſtrated in the 217th, f 
| 218th, 219th, 220th, 221ſt, 222d, and 233d Articles of Hy- | 
perbolick Sectors, extends to the aforeſaid Tra pazia, becauſe theſe are | 
equal to the Sectors, 


PROPOSITION XK, 


Theorem. 


227. I. there be two Hyper bola s BMF, HND, having the ſame Aſym- Fi. 122. 
ptotes CL, CS; and if through any two Points G, K, in one Aſym- 
ptote, there be drawn the right Lives GDF, KH B, parallel to the other; 
1 ſay, the Hyperbolick Space HK GD to the Hyperbolick Space B KG E, | 
5 1 * Power of the Hyperbola HND, to the Power of the Hyperbola 
MT. | | 
For through any Point P in the Part GK, draw a Parallel to G D | 
or K H, meeting the Hyperbola BM F, in the Point M, and the Hy- | 
perbola H ND, in the Point MN; and call the Powers of the Hyper- | 
olas HND, B MF, aa, bb, and the indeterminate Quantity CP, | 


x; then will * PV be =, and PM ==; and fo PN: PM: A. 101. | 


aa:bb, And becauſe this is ſo always, let the Point P be any where 
taken between G and K, therefore * the Hyperbolick Space H KG D, An. 186. 
to the Hyperbolick Space BK OF js, as aa to bb, V. V. D. | 


CORKROL- 
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228, W HEN the Powers of the Hyperbola's HND, BM F, are 
to one another, as the Number m to the Number u; then 

in the Hyperbola H ND we can find always an Hyperbolick Trape- 

zium RSI, equal to the Hyperbolick Trapezium G K B F, in the 

other Hyperbola B MF; the right Lines CG, CK, C R, being given. 

Art. 222, For it is manifeſt, * that the Trapezium G K HD, to the Trapezium 
and 223. GK B F, is as m ton; and fo the whole Difficulty conſiſts in finding 
the Trapezium RS J, in the Hyperbola H N D, which ſhall be to 

the Trapezium G K HD, as the Number n to n. And this may be 


« 444.223» done * in taking CS ſuch, that ,/ CG : / CK ::CR : CS. 


and 226. 


DEKHFPINITIO RNS. 


4. 


Fic, 123. If there be an indefinite right Line AC, whoſe Origin is the fix d 
Point 4; and if there be a Curve 4M B ſuch, that a right Line 
M P being drawn from any Point P in the ſame, making a given 
Angle 4 PM with AC, and if, the indeterminate Quantities A, 
PM, being call'd x, y, we have always a x = yy (where the Letter a 
Ari. 19. denotes a given Line); then it is plain, * that the Curve A MB is a 
Parabola, the right Line AC a Diameter, the right Line PM an Or- 
dinate to that Diameter, and the given Line a the Parameter. But 
now, if the Nature of the Curve 4M B be ſuppos'd to be expreſs d 
by this Equation y = aax, or this )˙ Sax x; then that Curve is 
call'd a Cubick Parabola, or a Parabola of the third Degree. - Becauſe the 
Power of one of the indeterminate Quantities x, y, ariſes to the third 
Degree. In like manner, if the Equation be y* a' x, or y* =ax? 
then the Curve 4 MB, is called a Parabola of the fourth Degree. Be- 


cauſe one of the indeterminate Quantities, as y, ariſes to the fourth 


Degree, and ſo of others to Infinity. 


5. 


F16, 124+ If there be a right Line 4 C (as in the laſt Definition) and the fixed 
Point A be the Origin; and if there be a Curve Line B M ſuch, that 
drawing the right Line MP from any Point M thereof, making a given 
Angle 4 PM with A4 C, and calling A P, x, PM, y; we have always 
xy Sas (where the Letter a denotes a Line given); then it is plain, 


I * that 


I 


: r een Ine SY 


—_ — —— —— — 
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* that that Curve will be an Hyperbola, and the night Line 4 Cone At. 101 

of its Alymptotes, the Line A D (parallel to PM) the other, and | 
the Square aa the Power thereof, But if the Equation expreſling' the 

Nature of the Curve B M bex xy —=a'? ; then that Curve is called a 
Cubick Hyper hola, or an Hyperbola of the third Degree; becauſe the Pro- 
duct x x y of the two indeterminate Quantities x and y, is of three 
Dimenſions. Farther, if the Equation be x* y : then the Curve 
B M 1s an Hyperbola of the fourth Degree. Becauſe the Product xy is of 
four Dimenſions : And ſo of others to Infinity. | 


| Co20t Lay: I. 


229. 1 F the Letter m denoting any whole Number, be the Exponent Pic. 123, 
a of the Power of the indeterminate Quantity 4 P (x); and if 124- 

likewiſe the Letter be the Exponent of the other indeterminate 
Quantity P M ( y ) 3 then it 1s evident, that the Equation P=x® uns. 

, or (for Brevity's Sake, making the ue Quantity a = 1) y* 

=x" , expreſſes the Nature of Parabola's of all the Degrees to Infini- 

ty. In like manner the 75 x y = aun, or (making a=1) 

„ r, expreſſes generally the Nature of all Kinds of Hyperbo- 

4 7 


Co 2340-0 L'4A2Wv: I. 


230. J F any indefinite right Line 4 D be drawn thro' A the fix'd 

I Origin of the Line 4 C, parallel to PM, and if M & be drawn - | 
parallel to 4 C, meeting 4 D in the Point K, and the indeterminate | 
Quantities 4 R, K M, be call'd x, y; then it is evident, that the in- 
determinate Quantity x, which expreſs'd before the Line A P, or M A, 
will now be y; and contrariwiſe y, which expreſs'd P M or A K, will 
now be x. From whence it follows, . 

1. If the Curve 4 MB be a common Parabola, then the Equation 
thereof will be zy=a x, or xx = ay, according as the Points of the 
Parabola regard the Points of the Line 4 Cor A D; if that Curve 
be a Cubick Parabola, then the Equation expreſſing the Nature thereof 
will be y'=aax, when the Points thereof regard the Line A C, or 
x*=a ay, when the Points thereof regard thoſe of the Line A D; 
and y =x* a=", or x" = yn a*-", will expreſs in general the Nature 
of the Parabola 4 M B, according as the ſame regards the right Line 
A Cor A D, where 1 1s 94 to exceed s. ; : 

2, The common Hyperbola is always expreſs'd by this Equation x,,, 124. , 
x y = aa, whether it regards the Line 4 Cor A D, the Cubick Hy- | þ 
perbola. by this x x y a, when it reſpects A C, and by this x y y = = | 
a', when it regards the other Line 4 1 And laſtly, K* * al | 4 
| r wat 4 


—— 28 — — — — . 


Fi6, 123. 


= 
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or * =a*+", will expreſs in general the Nature of the Hyperbola, 
zecording as the Pointe thereof have regard to thoſe of the Line 4 C. 
or of A D. | Fs 


CoROLLARY, III. 


231. H ENCE it is manifeſt, that there are two Cubick Parabola's, 

one of which is expreſs'd by the Equation y* = a ax, or & 
= aay, and the other by y*=a x x, or x =ay y; whereas there is: 
but one Cubick Hyperbola x x T or x y der a*, For the indeter- 
minate Quantities x and y, can be combined but four ways for expreſ- 
fing the Nature of the Cubick Parabola, and but two for expreſling the 
Nature of the Cubick Hyperbola. And becauſe the fonr firſt Equations: 
appertain to two different Curves, and the two laſt to the ſame z there- 
fore, &e, And after this manner may be found the Number of Parabo- 
la's or Hyperbola's.of the fourth Degree, fifth Degree, &c. 


Co R OTL Arty IV. 


Eig. 124. 232. T H E indefinite right Lines A (, 4D, may not enly be A- 
ſymptotes of the Conner e but moreover, Aſy mp- 

totes of any other Hyperbola of whatſoever Degree. For let the ge- 

neral Equation, expreſſing the Nature of auy Hyperbola, be x” y — 


avs, or y = = (AP=#x, PM = y) when the Points of it are 
referr'd to thoſe of the Line 4 C; then it is manifeſt, that the more 
AP (x) increaſes, the more, on the contrary, will y», and conſequent- 
ly P M'(y) dimintfh , fo that when x 1s infinitely great, PM ( y ) will 
become nothing; that is, the Hyperbola B M, and the Line 4 C, be- 

ing both infinitely produced, do continually approach nearer and 
nearer to one another, until they meet one another at an infinite Di- 

| ſtance z and fo that Line will be an Aſymptote. Now if the Points of. 
the ſame Hyperbola be referr'd to thoſe of the Line 4 D, then we 
ſhall have x” y* =art=, ory" = (4 K=x, KM=y) , from 

whence it follows, that the more A K (x) increaſes, the more doth- 

K MY diminiſh, and.ſo the Line 4 D is an Aſymptote alſo of the 

ſame Hyperbola, ; | 


PROPOSETEON XL 
Problem | 
fia. 1234-233; 175 regquir d to dra the Tangent MT to the Point M given in the 


Cubick Farabola A.M. B, whoſe Nature js expreſſed by the Equation: 
W 


Of the Compariſon of the Conick Sections, Oc. 


Suppoſe the Arc MM to be infinitely ſmall, and draw V. paral- 
Jel to PM, and MR parallel to 4 C; then the ſmall Triangle MR.N, 
will be ſimilar to the great one TPM; becauſe the ſmall Arc MN 
may be taken * for a Part of the Tangent TM produced. This being 
Iaid down, call the Sub-tangent (TP) fought, s ; the ſmall right Line 


P, or MR, e; and then we ſhall have RN — z becauſe the Tri 
angles TPM, MR, are ſimilar. Now, if the Cube of CN (y + 


Z) be put for y in the Equation y' = a x x, expreſſing the Nature of 


the Curve A MB, and the Square of AQ (x + e) for xx; then we 
mall form this Equation y* 4 


„ 8% 3 + 
+ TT + © + — = Ax x ＋ 2e a X + 
ee a, which expreſſes the Relation of 4 2 to & N. And if the Equa- 
tion) =a x x be taken from this Equat ion, and the remaining Equa- 
| 3 2oy3 
tion be divided by e; then there will ariſe — + 39 — 2 24 
Tea; and ſtriking out all the Terms wherein e happens, becauſe 
P (e) being infinitely ſmall, thoſe Terms are infinitely little in 


| | 1454 * 
reſpect of the others; and then we ſhall get — za x; and there- 


fore PF (s) = 2 — *, in ſubſtituting for ax the Value there 


zar 2 
of, V. Y. D. V 
| ; TIT | tn | Sc H OLIV Mg: fc | | 

234. JF Regard be had to the aforegoing Proceſs, it will appear by 
1 ſubſtituting, Inſtead of the Power of y, a like Power of y + 


© that there is only Occaſion for the two firſt Terins of that Power:; 
for all the other Terms being multiply'd by the Powers of e, have 


either e, or Powers of e, in the laſt Equation found at the End of the 
Operation; and fo theſe Terms muſt conſequently vaniſh. Under- 
ſtand the fame in putting for the Power of x, a like Power of « + e. 
But if all the Powers of the Binomial x + e, be ſucceſſively formed; 
then x* + 2e * will be the two firſt Terms of the ſecond Power; x? 
' + 3 e xx, the two firſt Terms of the third; x* + 4 ex?, the two firſt. 
Terms of the fourth; & + 5 e, the firſt Terms of the fiſth; and fo 
en. So that the two firſt Terms of any Power (n) of x + e, will be 


x" + me x", Aſter the fame manner it will be found, that the two 


firſt Terms of any Power (v) of the Binomial y +=, will be * + 
=" 


mm 
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Art. 189. 
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235. [JENCE. we have a general. Expreſſion for the Sub tangent 
PT (s) of all Kinds of Parabola's, by means of the general 

Equation * — 9 a , of ( _ * = 1) FIRE * expreling the * 
ture of all Sorts of Parabolas. | 
Ms * * two. firſt Terms of the Power (n) of y 98 


— that is * * — for yin the general Equation y=x"; and the 
ron firſt Terms af the Power (m) of x e, that i is, x” ne N 


for x” , and then we ſhall get * + 524 = + nei. And ſub- 
ſtracting the firſt Equation from this and then dividing by e, we 


ſhall have on — m K H; and therefore s = dl 9 — x, by putting 


mem 
x": for *. n 
PROPOSITION XII. 


Problem. 


Fic. 124. 236. 70 dram Tangente to all Kinds of Hyper bola b. 


The ſame Preparation being made, as in the aforegoing 
Propoſition, ſubſtitute the two firſt Terms of the Power (n) of A 
(* T e) that i is, æ + me x" for x”, in the general Equation x" y» = 
ar expreſſing the Relation of AP (x) to PM (9) : and = two firſt 


Terms of the Power (1) of 2N(y—2) that is, y* — — - for * 
and ſo by Multiplication we ſhall get this Equation yn y +mey 


- 80 mM — xm—1 


& 1— 


= au expreſſing the Relation of 4 © to 
N. And ſubtracting the firſt Equation from this, and then divi- 


nx" muex un 


ding by ey, and there will come out 1 x — — — —— = 


mnexn—1 


—, being incomparably final1 with | 
reſpect to the two others, dennis the infinitely ſmall Line P 9 G ) 


multiplies the ſame, and we ſhall get ETO =. ==> . = _ x. 


And ſtriking out the Term 


yy 
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237. HEN CE, if it be requir'd to draw a Tangent MT to the pc. 122% 
7 & given Point M mn any Parabola or Hyperbola of whatſoever 124. 
Degree, the Nature of the Parabela being expreſs'd by) = x” an, 

and of the Hyperbola by x” : you need only aſſume the 

| : Sub-tangent PT = 15 AP, on the ſame Side the Point A as P is, 


when the Curve is a Parabola, and on the other Side when the ſame is: 
an Hyperbola, 


F PROPOSITION xm. 


VS aw 


Theorem. 


2238. LE T there be a Parabola AMB of any Kind, whoſe Nature is ex- Fic, 1254 
7 preſs d by the Equation y" = x" a; and ſuppoſe the right 
Line BC to be drawn from any Point B in the ſame, making a given Angle 
2 (ACB) with AC: and compleat the Parallelogram ACBD. I ſay. the 
= circumſcrib d Parallelogram A CBD is to the Parabolick Space ACBMA, 
contained under the ſtraight Lines A C, CB, and the Part AMB of the 
 Parabola, as m n is to n. | 
Vie are to prove, that AC BD: AC BMA: : mn: n. 
Suppoſe an Arc (M N) of the Parabola 4 M B. to be infinitely 
| ſmall, or (as ſome pleaſe to ſpeak ) indefinitely ſmall, that is, ſo ve- 
3 ry {mall as to be lefs than any given Part of that Parabola ; and draw 
. the right Lines M P, N 9, parallel to BC; and MKM, NL, parallel 
pF to 40 forming the ſmall Parallelogram MR NS: Alfo draw the 
10 Tangent MT, meeting the Diameter A C in the Point J, from which 
. draw a right Line parallel to B, meeting the Lines M K, NL in the 
ivi- I Points F, G. This being done, the ſmall Arc MM may be taken * + 44, 189. 
for one of the infinitely ſmall Sides f the Polygon, making. up the 
- Part or Portion (AM B) of the Parabola, and the Tangent M J, for 
I that ſmall Side continu'd out; ſo that we have two right-lin'd Trian- 
vith Weles NR M, MPT, which are ſimilar : Whence NR or „S: RM:: 
MP:PTor MF. And therefore the Parallelogram PM R 9 1s equal 
2 2 to the Parallelogram FM SG ; becauſe the Angles PM R, FMS, are 
equal, and the Sides about theſe Angles are reciprocally proportional. 


| But * M For PT = 15 A Por — MK. Therefore alſo the Parallelo- rt 137 
ol. ſom FMSG, or its equal PM R= KMSL. And fince this 


8 always ſo, let the ſmall Arc MN be taken any where on the Dr. 
We : 4 of 


| 126 The FIT TH BOOK. 
of the Parabola; therefore the Sum-of all the ſmall Parallelograms 
PMR Q, that is, the * Trilineal Parabolick Figure A CB NA is 


— * 4DBMA the Sum of all the ſmall Parallelograms — KMSL. 
m 


Whence ADBMA: ACBM A:: n: n. And conſequently ADBMA4 
+ ACBMA, r ACBD :AC BMA: A nin V. V. D. 


* Art. 184. 


Golo t 


239. ENCE it is evident, that the Trilineal Parabolick Figure 
APM to the circumſcrib'd Parallelogram 4 PM A, is as u 
to m + »; and ſo the Parabolick Trapezium MPCB is = 


e ABCD = :. APMXK ; becauſe ACBMA = „ ACBD, 


and APM= — APMK. 
mMmA-Nn 


l PROPOSITION XIV. 


Theorem. 


Fic. 126. 240. J ET there be an Hyperbola B MO, of any Kind, whoſe Nature is 
expreſs d by the Equation x y» = an", and ſuppoſe the right 
Line B C to be drawn from any Point B therein parallel to one of the Aſym- 
ptotes A D, and terminating in the other C, and compleat the Parallelogram 
ACBD, TI ſay, the ſaid-inſcrib'd Parallelogram ACBD is to the Hyper- 
bolick Space ECB MO, contain'd under the determinate right Line BC, 
the right Line C E indefinitely produced towards E, and the Part BOM of 
the Hyperbola infinitely produced towards O, as mn is to n. 
We are to prove, that ACBD : ECBM O :: m—n : n. 
The ſame Preparation being made as in the laſt Propoſition, we 
prove, as we have done there, that the ſmall Parallelogram PMR 


is = — KMS Z. And becauſe this is always 10, let the infinitely 


ſmall Arc MN be ſuppos'd to be taken in any Part (B MO) of 
the Hyperbola ; therefore the Sum of all the little Parallelograms 


An. 184. PM RY, that is, the Space * ECBMOis =— E AD BMO, the 


Sum of all the ſmall Parallelograms 1 XK MSL. Whence we have 


| EADBMO:ECBMO::m:n; and therefore EADBMO— 
i ECB MO, or AC BD: ECB MO: : -n: n. V. V. D. 
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Conottianyt I 


241, H ENCE it is manifeſt, that the Hyperbolick Trapezium 


CPMBis =— ACBD—— APM K; becauſe 


INN M—/ 


ECB MO is = _—_ ACBD, and for the ſame Reaſon the Space 


EPMO is = APM K. 
— 


Conor nnn . 


242. H ENCE, 1. If n be greater than n; then the Relation of the 

inſcrib'd Parallelogram 4 C BD to the Space ECBMO in- 
definitely extended towards E, will be expreſs'd always by poſitive 
Numbers; and fo in this Caſe we have always the abſolute Quadrature 
of that Space. 2. When Mu, which happens in the common Hyper- 
bola ; then the Relation of the Parallelogram 4 CB D to the Hyper- 
bolick Space ECB M O is as o to 1; that is, the ſaid Space is infinite 
in reſpect of the inſcrib d Parallelogram 4 C BD. 3. When is leſs 


than », then the inſcrib'd Parallelogram 4 C BD will be to the Hy- 


perbolick Space EC BM O, as a negative Number is to a poſitive one; 
and therefore the Ratio of that Space to the Parallelogram AC B D, 
is (allowing the Expreſſion) more than infinite. But it muſt be ob- 
ſerv'd, in this Caſe, that the Hyperbolick Space included by the 
right Line DB, the Aſymptote 4 D infinitely produced towards D, 
and the Hyperbola O MB infinitely produced towards B, will be to 
the inſcribed Parallelogram 4C'BD, as m is to »—m, that is, the ſaid 
Space is ſquarable: For if the indeterminate Quantities (x) be aſſu- 


med on the Aſymptote 4 D, inſtead of 4 C, then the Equation of the 
Hyperbola will become * x* y» e a * », 


PROPOSITION XY, 


Theorem. 


243. II there be any Curve AMB within the right Angle CAD, and the x,5, 127. 


right Line MIT, touches the ſame in any Point M taken at plea- 
ſure ; and if there be ſome other Curve H F E, within the Angle DAH, 
(adjacent to the Angle CAD) ſuch, that, the Line FM being drawn from 
any Point F therein parallel to AC, meeting the Line AD in K, and the 
Curve AM in M, the Line AK may be to MT, always as ſome ar 


Lire a to KF: I ſay, if the Line EB be drawn throngh any Point 4 
the 


* rt. 230. 
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the Line AD, parallel to A C, and terminated by the two Curves, then the 
Space ADE F H will be equal to the Rectangle under the Curve AMB, 
and the conſtant Quantity a. 

We are to prove, that A DE F H- AMB a. | 

Suppoſe MN to be an infinitely ſmall Arc taken any where in the 
Curve A MB, and draw the right Lines MF, NG, parallel to 4C, 1 
meeting the right Line 4 D in the Points K, L, and the Curve HF E, [ 
in the Points F, G; alſo draw the right Lines FS, MR, parallel to 5 
AD, and produce RM till it meets 4 C 1 This being done, the 


two ſimilar right-angled Triangles MP J, V4 RN, give this Propor- 

tion, viz. MR: MN: : MP or AK: M.: 4: KF. And therefore 

KF. MR, that is, the ſmall Rectangle FK LS is = M IN a. And 

becauſe this is ſo always, let M N be taken any where at pleaſure in the | 

Curve AMB  ; therefore the Sum of all the ſmall Rectangles K LSF, ; 

An. 184, that is, * the Space 4 DEFH, will be equal to the Sum of all the 
ſmall ReQangles MM a, that is, equal to the Rectangle under the 

Curve 4 MB, and the conſtant Quantity a, V. V. D. | 


C03-01-L-4 3.YX--4, 


244- UH ENCE the Rectangle under the Portion A M, and the con- 

| 1 ſtant Quantity a, is equal to the Space AKFH, and the 
Rectangle under the Portion MB, and the ſame Quantity a, is equal 
to the Space K DEF. We 


r 


245. I the Curve 4 MB be ſuppoſed to be a Cubick Parabola, ex- 

preſs'd by) Sax x, (AP being = x, and PM =y) then 

471. 233. Will * PT be = + x 3 and becauſe the Triangle M PT is right-angled, 
the Hypothenuſe M T will be= Y Ax x. But by the Property 

of the Curve HF E, it muſt be as MP (): MT(//yy+%xx)::a 

KF, And ſo there ariſes K FA + 2 =aa-+ = ay, by ſub- 


y 
ſtituting y* for a x x. Whence the Curve H FE is a Parabola in this 
Caſe, the right Line A D being the Axis; the Point O falling on the 
other Side D with reſpe& to A, (ſo that 4 O be a) being the 
Origin thereof, and the Parameter =+ aa; for by the Property of that 
„ 4+. 19. Parabola, the Square of the Ordinate K F will be * equal to the Rect- 
angle under KO, and the Parameter 4 a, that is, in analytick Terms, 
KF -aa+2a y. And betauſe' the parabolick Trapezia 4D EH, 
rt. 239. A KFH, are * ſquarable; therefore we have the Rectifigation of the 
Curve 4 M, or of any one of the Parts (4 M) thereof. ol 


OF the Compariſon of the Conick Sections, c. 129 
If you have a mind to expreſs the Value of the Part A M, you 
muſt obſerve, firſt, that 4 H is = az becauſe 112 40 —a = 
aa. Then calling the Tangent MT, t; and the Line 4K or MP, y, 
and there ariſes KF 5 and the Parabolick Trapezium FK AH, 


1 2 ; 2 8 aat 8 
or * — FK KO— SHA * AO will be =— at + — a= Art. 239. 


3 
AM x a. That is, (dividing by a) the Portion 4M fought will be 


8at 8 . g 
== t + — _— From whence ariſes the following Conſtruction. 


Draw theTangent MT from any given Point M in the Cubick Para- 
F bola 4 MB, meeting the Line AK drawn through the Origin A of 
the Axis A C perpendicular to the ſame, in the Point Q, and one A K 


aſſume A = — a; then if YC be drawn parallel to MT, meeting 


the Axis in C, and a Circle be deſcrib'd about the Centre /, with the 
Radius / A, cutting in X; I ſay, the Part 4 M of the Cubick 
_— 5 M, will be equal to the Sum of the two right Lines 
M2, . [3-215 

| 87 becauſe the Triangles TPM, T 4 Q, are ſimilar, it is plain, 


that M is = 4 MT (t), fince APN PT; and becauſe the Tri- 
angles MPT, V. AC, are ſimilar, we have this Proportion MP ( „ MT 


1 8):FC = 3 
(t): : AV ( - a): TC _ and therefore CX 2 3 Whence, 


, 4 EY TIE 
* ry . - © 
. S a ot e 


PROPOSITION XVI. 


Theorem. 


246. L T there be an Equilateral Hyperbola E A F, together with a Pa. Fic. 128. 
rabola NCS; and let C be the Centre of the Hyperbola, the 
Tine C A half ef its firſt Axis, and the Line CA produced beyond C, the 
Axis of the Farabola, having a Line the double cf CA for the Parameter 
thereof, and the Point C for its Origin. Then if a right Line N E be drawn 
through any Point N in the Parabola NCS, parallel to CA, meeting the q 
Hyperbola E A F in the Point E, and its ſecond Axis CL in the Point L. [ 
T jay, the Hyperbolick Space CLEA, ixcluded between the right Lines | 
AC, CL, LE, and the Portion of the Hyperbola E A is equal to the Rec- 
angle under the Portion of the Parabola C N, and the right Pine A C. 


5 Through 


1.30 y The Fir TH Bao KR. 
Through any Point M in the Portion of the Parabola CN, draw 
M perpendicular to the Tangent MJ, as allo MB parallel to CA, 


meeting the Hyperbola in B, and the ſecond Axis C L in N, then the 


Lines M G, H B, will be equal to one another. For drawing the Or- 


* rt. 24. dinate MP, we have * PG=C A; and ſince the Triangle MPG is 


Art. 127. right-angled, the Square M G = PM + PG=CH + CA HE; 
becauſe E 4 F 1s an equilateral Hyperbola ; and ſo MG — HB, But 
the ſimilar right-angled Triangles TPM, MPG, give this Proportion, 

Art. 143 · MP or CH: MT: : PG or CA: MY or HB. Whence, * c. 


CG n Li AAN Li 


247. ENCE it is manifeſt, that the Hyperbolick Tra 


Parabola MN, and CA the half of the Parameter of the Axis. 


Cot SL An 


248. IF any two Parallels BD, E F, be drawn in the equilateral Hy- 
4 | | 
perboly E A; and if the right Lines B M, EN, DR, FS, 


be drawn through their Extremities parallel to A4 (, meeting the ſe- 


cond Axis of the Hyperbola in the Points , L, X, O; then if the 
right Lines BE, D F be drawn, the Difference of the ReQangles 
ACx MN, AC* RS, will be equal to the Difference of the right- 

lind Trapezia HLEB, KO FD. t | 
Art. 24). For the Rectangle 4 C x MN is & equal to the Hyperbolick Trape- 
zium HLEB ; and conſequently the Rectangle 4 C x MN plus the 
Hyperbolick Segment D F will be equal to the right-lin'd Trapezium 
KOFD. And fo becauſe the two Hyperbolick Segments E B, D F, 
* 451.204. are * equal to one another, the Difference of the Rectangles AC., 


AC x RS, will be equal to the Difference of the right-lin'd Trapezia 


HLEB, KOFD. W.W, D. 


Conottarty, IM 


249, PHE fame Things being premis'd as in the laſt Corollary ; if it 
FT be made as 2 4AC:LH::BH+ LE: n; then it is plain, 
that the Rectangle A4. m =+ LH*BH+ LE, that is, equal to 


the right-ln'd Trapezium ALE B. In like manner, if it be made 


as 


,rapezium _. 
HL E B is equal to the Rectangle under the Portion of the 


* . * 
N »” E K : 
Was tr Wi ER W 
r 1 F „* p 15 — . 
N 7 | . F 4 E vP 
pol e © ha 8 
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Of the Compariſon of the Conick Sections, &. 
as 2AC:KO::KD+ FO :; then ACx9n will be equal to the 
right-lin'd FTrapezium K O F. D. And conſequently the Difference * An. 238. 
tte Rectangles 1 . MN, AC RS, will be equal to the Diffe- 
rende of the Kectangles IC m, AT « 1, that is, dividing by AC, 
the Difference of the Parabolick Arcs MN, RS, will be equal to the 
Difference between the right Lines n, u. Whence it appears, that 


ſtraight Lines may be found equal to the Difference of an infinite 
Number of Parabolick Arcs, ſuch, as MN, RS. 
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BOOK VI 
Of ihe C onick Seclions con ſicler d in the Solid. 


1 CHAP. I. 
Of the Three Conick Sections in general. 


DEFINITION &$. 


'T, 


Fic. 129. TF there be any immoveable Point S aſſum'd without a Plane in 


which the Circle TXT is deſcrib'd, and if a right Line S Z drawn 
through that Point, and infinitely p roduced both Ways, moves quite 
round the Circumference of the Girele | then each of the two Super- 
ficies produced by the Motion of the indefinite right Line 8 2. is 
call'd ſeparately a Conick Superficies, and both of them conjunctly op- 


poſite Conicł Super fictes, or only oppoſite Super fictes. = 


2, 


The immoveable Point S common to both the oppoſite Superficies, 
is call'd the Vertex. 


3. 
The Circle TXT, the Baſe, 


4. 
The Solid comprehended under the Baſe XI, and that Part of 
de Conick Superficies between the Baſe and the Vertex §, is called a 
one. : 
5. 
The Line SX drawn from the Vertex S to any Point & in the 
Baſe, is a Side of the Cone. Th 
6, The 
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6 


The Line SO drawn from the Vertex $, through O the Centre of 
the Baſe, is call'd the Axis of the Cone. 


. | 7. 
If the Axis be perpendicular to the Plane of the Baſe, then the 


Cone is call'd a right Cone; and if the Axis be not, then the Cone is 
call'd a Scalene Cone. | | 


8, | 
If a Conick Superficies be cut by a Plane WF G) not paſling thro' Fic. 130, 
the Vertex §, or parallel to the Plane of the Baſe TXT; the 131, 132. 
Curve FAG, form'd by the Concurrence of that Plane and the Conick 
Superficies, is a Conick Section. 


P4 
. | 5 
If a Plane (S DE) be drawn through the Vertex (S) of a Cone, pa- 
rallel to the Plane of a Conick Section; the indefinite right Line DE, 


formed by the Concurrence of that Plane, and the Baſe of the Cone, 
is call d a Directrix. 85 


To. / 
A Conick Section (FAG) is call'd a Parabola, when the Directrix DE 
touches the Circular Baſe of the Cone; an Ellipſs, when the ſame 
falls quite without that Baſe ; and an Hyperbola, when it falls within 
[or cuts] that Baſe. 
But in this laſt Caſe, if the Plane of the Section be continued, the Frc. 132. 
ſame will meet and cut the o polite Conick Superficies; and the Curve 
K MH form'd thereby, is call d an oppoſite Hyperbola with regard to 
the former Hyperbola FAG ; and both of them together are call'd 
oppoſite Hyperbola's, or oppoſite Sections. | 


3 II. 
If any ſtraight Line, in the Plane of a Conick Section, meets that F:c. 150, 
Section in one Point only, and being both ways infinitely continued, 131, 132. 
does not cut or fall within the Section; then that Line is call'd a 
Tangent ; and the Point wherein it meets the Section, is named the 
Point of Contact. | 


Con ol. 
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250. N the Parabola, all the Sides of the Cone being produced ande- 
finitely will neceſſarily meet the Plane thereof, except the 
Side S D only, which is drawn from the Vertex $ through the Point 
D, wherein the Directrix touches the Baſe; becauſe there can be only 
that Side in the Plane S DE, parallel to the Plane of the Section, and 
all the other Sides cut the Tame in the Point F. From whence it ap- 
pears, that the Parabola is a Curve of an infinite Extenfion, which 
doth not return into itſelf, 
Conollarty I 
251. IN an Ellipſis, all the Sides of the Cone being prodaced ( i 
; 1 Ke” a, will meet the Plane thereof; becauſe all the IG 
of the Cone meet the Plane SDE parallel thereto in the Point 5. 
From 3 it appears, that the Ellipſis includes a Space, and returns 
into it - e DIS i 7 e 


 ConroLttarky III. 


25 2.JN the oppoſite Hyperbola's, all the Sides of the Cone, except 

+4 only SD, SE, which are drawn from the Vertex & to the 
Points D, E, wherein the Directrix cuts the Baſe, being both ways in- 
finitely produced, muſt neceffarity meet their Plane; becauſe there 
can be but theſe two Sides that fall in the Plane $ DE, which is pa- 
rallel to the Plane of the Hyperbolas, and all the other Sides cut 
that Plane in the Point S. Farther, the Sides of the Part of the 
Cone S DFE do form the Points of the Hyperbola FAG, and the 
Sides of the Parts S PT E being produced beyond the Vertex S, do 
form the Points of the oppoſite Hyperbola XM H. From whence it 
appears, that each of the oppoſite Sections are infinite, and do not re- 
turn into themſelves, no more than the Parabolaa. 


PROPOSITION I. 


Theorem. 
253. JF two oppoſite Superfivies bs cut by a Nane 8 2 m, paſſing throueb 
I the Vertex 8; 1 ſay, the common Sections of that Plane? und the 
oppoſite Super ficies, will be two ſtraight Lines Sa, S m, both ways indefi- 
vitely extended from 8. 


For 


Of the Conick Se&ions conſider'd in the Solid. 

Fox let a m be the common Section of the cutting Plane, and the 
Plane of the Baſe; then it is plain, that a m will cut the Baſe in two 
Points a, ; becauſe the Plane $a m falls within the Conick Surface. 
And ſo if the Sides $a, Sm, be drawn, and produced indefinitely 
both ways from the Vertex S; then it is manifeſt by the Generation 
of oppoſite Super ficies, that thoſe Sides will be the two. common Se- 
ctions of the ſaid Superficies, and the cutting Plane Sam. V. V. D. 


Condt i ainy tk 


254. PRE that Part of the Line a m, joining the two Points a, m, 
falls within the Baſe,” and all the ref of that Line without 
the ſame ; therefore, if the Plane Sam be ſuppos'd indefinitely ex- 
tended every way, that Part thereof included in the Angle a & m, as 
2 alſo in the oppoſite vertical Angle, will fall within the two oppoſite 
-} Superficies; and all the reſt of that plane will fall without the ſaid 
two Superficies. 


(ono nn any II. 
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255. II ENCE if any two Points (A, M) of a Conick Section be pig. 130. 


: join d by a ſtraight Line, that Line will fall within the 
| 7 Section, and being, god ways produced, will fall without the fame. 
- For drawing the Sides Sa, Sm, from the Vertex $ through the Points 
4. A and drawing a Plane through theſe Sides; it is manifeſt, that 
> the Line 4 M falls in that Part of this Plane included in the Angle 
. a5m, and all the reſt of that Line will be in the Part of the Plane 
© falling in the adjoining Angles. 
nl 'ConroLLaxry III. 
,4 256. FE through the Vertex of the Cone S, there be drawn a right 

| Line parallel to the Line 4M, terminating in any Comck 


Section; then it is evident by the laſt Corollary, that that Line 8 H 
will fall in one of the Angles adjoining to the Angle 48 n, that is, 
it will fall without the Conick Superficies ; and ſo the ſame will meet 


the Plane of the Baſe in. ſome Point without the Circumference, or 
elſe will be parallel to the Baſe, 


b COOL IL. AR XI IV. 


efi- 257 FF is manifeſt (by Cool; 1.) that if any two Points (4, M) of Fic: 132. 


; two oppoſite Hyperbola's be join'd by a right Line, then that 
Line will fall within the ſaid Hyperbola's ; and if the ſame be both 
2 


ways 
o V 


| The S1x THB OO x. | 
ways continu'd, it will fall without them: for drawing the Sides Sa, 


Sm, thro” the Vertex (S) and the Points A, M, and drawing a Plane 
through thoſe Points and the Vertex both ways indefinitely extended 


from &; then it is evident, that that Part of this Plane included in 


cluded between the two adjoining Angles, (wherein are the Continua- 


Fi. 129, 


260. IE N CE the Baſe of a Cone may be put in any Place deſir d, 


the Angle ASM, wherein the Line 4 M falls, is contain d between 
thoſe two Superficies ; and likewiſe that the Part of the ſaid Plane in- 


tions of the Line 4 M) falls within thoſe two Superficies. And be- 
cauſe the Line AM is the common Section of the Plane S an, and 
that of the two oppoſite Hyperbola's ; therefore, &c. | 


Cond rt ta ty V. 


258. JT is manifeſt by the ad and 4th Corollaries, that a right Line 


can meet a Conick Section, or the oppoſite Sections, in two 


Points only, and not more. 
PROPOSITION II. 


| Theorem. 


259. I. either of the two oppoſite Super ficies be cut by a Plane ouxy pa- 


rallel to the Baſe OVRXY ; I ſay, the Section made by that Plane, 

and the Conick Te ?saCircle; and the Point o, wherein that Plane 

meets the Axis S O, (produced on the other Side the Vertex 8, if neceſſary) 
is the Centre thereof. | | 

For if through any Point X in the Baſe, there be drawn the Radius. 


X O to the Centre O, as alſo the Side XS from the Vertex S, meets - 


ing the Plane on x y in the Point x; then the Lines O X, o x, will be 
parallel to one anothex :, Becauſe they are the common Sections of the 


two parallel Planes OF XT, ov xy, and the Plane SO X (produced 


on the other Side the Vertex, if neceſſary) therefore the Triangles 


OSX, o Sxæ, will be ſimilar, and conſequently this Proportion will be 


had always, wiz. SO:OX::So:ox Now becauſe the two firſt 


Terms of this Proportion are ſtanding Quantities, therefore the fourth 


Term ox will be a ſtanding Quantity, let the Point x be taken any 


where at pleaſure z-and conſequently the Curve v xy is the Circumte- 


rence of a Circle, and the Point o is the Centre. 


+ 


/ * 
CO NOR IL IAR N. 


according as it is found moſt proper ſo to do. And fo when 
the Section is a Parabola or Hyperbola, it is placed commonly ſo as 


to 


* 
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to cut the Section; but when the Section is an Ellipſis, it is ſometimes 
placed ſo as to cut the ſame, and ſometimes ſo that the Ellipſis be 
above it. 


PROPOSITION II. 


Theorem. 


, 

q 
25 261. J. through any Point A, taken in the Parabola FAG, there be drawn Fc. 130. 
I the indefinite right Line AB in the Plane treat, within the Cone, 

| parallel to the Side 8 D, and paſſing through the Point D, wherein the Di- 

; rectrix D E touches the Baſe; I ſay, that Line AB falls entirely within the 
F Section, and being infinitely produced towards B, will never after meet the 

| ame. 

For if the Plane S A B be drawn thro' the Vertex ( of the Cone, 

and the Line A B; this Plane will form two Sides of the Cone by its 
Concurrence with the Superficies, one of which will be always the Line 
S D, becauſe AB is parallel to it; and the other, the Line Sa which 
paſſes thro' the Point 4. But the Plane D Sa, contain'd between the 
Sides S D, Sa, infinitely produced towards D, a, does fall within the 
Conick Super ficies: And conſequently * the Line A B, which is always 47 254. 
in that Plane, being parallel to the Side $ D, ſhall fall wholly within 
the 1 and will never after meet it, tho' infinitely produced 
towards B. 


PROPOSITION IV. 


Theorem. 


26 2. JF through any Point A taken in the Parabola FAG, there be drawn Fic. 130 
the right Line A M in the Plane thereof within the Cone, not being 
parallel to the Side SD, paſng through the Point D, wherein the Directrix 
DE touches the Baſe, I ſay, that Line A M will meet the Parabola in ſome 
other Point M. 
For if the Plane 8 4 M be drawn through the Vertex &, and that 
Line; then this Plane will fall within the Conick AO and will 
not paſs through the Side S D; and therefore the ſame will form * + 4,2. 2533. 
the two Sides Sa, & m of the Cone, one of which, as S a, paſles thro? 
the Point 4; and the other S m, is not parallel to the Plane of the 
Section, becauſe (y.) there is no Side but S D, which is parallel 
thereto. Therefore the Side $m being produced (if neceſſary) will 
meet the Plane of the Parabola in ſome Point M, which the Line 
AM, formed by the Concurrence of the Plane a & n, and that of 
the Parabola, paſles through, = it is manifeſt, that the Point M is 
in 


The S1ixTH BOOK. 
in the Parabola FAG, becauſe it is both in the Plane of the Section, 
and in the Superficies of the Cone. Whence, &c. 


PROPOSITION V. ; 


Problem. 


FiG. 133, 263. 1 a Tangent, as AF, from a Point A given in a Conick 
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ion. 

Through the Point A, and the Vertex (S) of the Cone, draw the 
right Line $ A, meeting the Plane of the Baſe in the Point a, and 
draw the Tangent E af to the Point a in the Baſe; then the Line A F, 
made by the Concurrence of the Plane S Ea, ( produced: beyond the 


Vertex, if neceſſary) and the Plane of the Section will be the Tan- 


gent fought, 

For becauſe the Tangent Ea f falls entirely without the Baſe, the 
Point a therein being excepted ; therefore the Plane S Ea f, indefinite- 
ly produced both ways from the Vertex S, will meet the oppoſite Su- 
perticies only in the Line Sa both ways indefinitely produced, and all 
the reſt of that Plane falls quite without the Superficies. And conſe- 
quently the Line A F, form'd by the Concurrence of the Plane SEaf, 
and the Plane of the Section, hath only the Point A, wherein the 
Line Sa meets the Plane of the Section, common to either of the op- 


oſite Superficies ; and does fall wholly without the Section, that Point 
bing only excepted, Therefore, Cc. 


t 


264. BFaauſe there can be but one Tangent Ea f drawn to the Point 
a in the Baſe of the Cone, therefore alſo there can be but one 
Tangent A F drawn to a Point (4) given in a Conick Section. 


CotoL iiany IL 


265, F R OM hence ariſes the Manner of drawing a Tangent 4 F, 
parallel to a right Line (M N) given in Poſition in the Plane 

of a Conick Section, or the oppoſite Sections. For if S E be drawn 
through the Vertex (S) cf the Cone, parallel to MN, this Line will 
either meet the Directrix DE in ſome Point E, or elſe be parallel 
thereto ; becauſe this Line SE will be parallel to the Plane of the 
Section, and will fall confequently in the Plane S DE. Now it SE 
meets DE in the Point E, falling without the Circular Baſe of the 
Cone; draw the Tangent Eaf from the Point E to the Circle, and 
then it is manifeſt, that the common Section of the Plane S EA, oy 
: the 
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the Plane of the Section, viz. A F is a Tangent, and will be parallel to 

the Line MN, becauſe the two Sections (A F, S E,) of the parallel 

* Planes MAN, SED, made by the touching Plane SEaf, are paral- « Hy. 
lel to one another, as well as * SE, MN. 


CornoLLARY III. 


266. T HE ſame Things being premis'd as in the laſt Corollary, it Fr. 133. 
follows, 

1. That in the Parabola, the Problem is impoſſible, when the Line 
M N given in Poſition, is parallel to the Side & D patling through the 
Point D, wherein the Directrix DE touches the Baſe : For then, 
ſince the Point E falls in D, there can be no Tangent, but the Dire- 
ctrix D E drawn through that Point: And ſince the Plane paſſing thro' 
the Vertex, and the Directrix DE, is * parallel to the Plane of the * Def. g. 
Parabola, therefore there can be no Tangent form'd, becauſe theſe two 
Planes cannot cut one another. But when the Line given in Poſit ion 
is not parallel to the Side $ D, there may be drawn always one Tan- 
gent 4 F parallel to that Line, and no more: for the Point E falling 
then without the Baſe of the Cone, we can draw always Ea f, EDL, 
to that Baſe; the latter of which coinciding with the Directrix, is of 
no uſe for forming a Tangent in the Plane of the Section; but by 
means of the former EX af, we may find always ſome Tangent A F by 
the Concurrence of the Plane $ Eaf, and the Plane of the Section, 
and that will be the Tangent ſought. The ſame muſt be underſtood 
when the Line SE is parallel to the Directrix, for the Tangent EZ af 
will then become parallel to the Dire&rix ; and ſo becauſe there can 
be drawn but one Tangent parallel to the Directrix, ſince the Dire- 

Erix itſelf touches the Baſe in the Point D, therefore, &c. 

2. In the Ellipſis, there can be drawn always two Tangents A F, Fic. 134 
BG, parallel to the Line M NM given in Poſition, and conſequently 
parallel to one another. For becauſe all the Points of the Directrix 
DE fall without the Baſe ; therefore there can be drawn always two 
Tangents'E af, Ebg, from the Point E to that Baſe, not coinciding 
with the DireQrix; and by means of theſe and the common Sections 
of the Planes S Eaf, SEbg, and the Plane of the Section, the two 
Tangents AF, BG, will be form'd parallel to MN. The fame mult 
be underſtood, when the Line SE is parallel to the Directrix; for then, 
inſtead of the Tangents Eaf, Ebg, drawn from the Point E in the 
Directrix, you need only draw two Tangents parallel to the Directrix, 
which is poſſible always. 

3. In the oppoſite Sections, the Problem is impoſſible when the Fic. 135. 
Point E falls within the Baſe of the Cone, becauſe then there can no 
Tangent be drawn from that 12 to the Baſe. But when the 7 

2 8 
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E falls without the Baſe, then there may be found always two Tan- 
gents 4 F, BG, parallel to the Line M given in Poſition; for be- 
cauſe the Directrix cuts the Baſe, there can be drawn always two 
Fangents Eaf, E bg, from the Point E to the Baſe, falling on both 
Sides the Directrix, by means of which the Interſection of the Planes 
SHaf, SEbg, and the Plane of the Section, will form the two Tan- 
gents AF, BG ſought. The ſame muſt be underſtood, when the 
Line SE is parallel to the Directrix DE; for inſtead of the two 
Tangents Eaf, Eg, you need only draw two Tangents parallel to 
the Lirectrix, which is always poſſible. 

In this laſt Caſe it muſt be obſerv'd, that the parallel Tangents 
A F, BG, appertain always to the oppoſite Hyperbola's, and never to 
one and the ſame; for this is evident, becaule the Tangents ( Eaf, 
Ebg) to the Baſe do fall neceſſarily on both Sides the Directrix DE. 


C-0-20L Lia YAY; 


267. I follows from the laſt Corollary, (I.) That in the Parabola 

and Hyperbola, there cannot be two Tangents parallel to one 
another; and contrariwiſe, in the Ellipſis and oppoſite Sections, if 
any Tangent AF be given in Poſition, there can always be drawn 
another (B G) parallel to it. 

(2.) If the Line MM given in Poſition, be bounded by a Conick 
Section; then, in the Parabola, there can be drawn always ſome 
Tangent AF parallel thereto ; and in the Ellipſis and oppoſite Secti- 
ons, two Tangents 4 F, BG; becauſe the Line SE, drawn through 

* 41,256. the Vertex (S) parallel to MN, will * meet the Plane of the Baſe, 
either in ſome Point E without the Circumference, or be parallel 
thereto, | 


DEFINITIONS. 


T3 


Tic. 133. In a Parahola, if through any Point A you draw the right Line 
AB within the Cone parallel to the Side S D, paſſing through the 
Point D, wherein the Directrix D E touches the Baſe; the ſaid Line 
4 B 1 call'd a Diameter, and the Point A the Origin | or Vertex 
thereol. 


13. ä 

Fc. 134, In the Ellipſis or 1 Sections, any right Line A B, joining the 

135. Points of Contact of two parallel Tangents 4 F, BG, is call d a 
Diameter; and the Points A, B are the Extremities thereof. 


14. If 


% 
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| 14. 

If through any Point P, in any Diameter (A B) of a Conick Secti Fic. 133, 
on, there be drawn the right Line MM, (meeting the Section in the 134, 133. 
Prints M, N.) parallel to the Tangent, paſſing through the Origin (4 
of that Diameter in the Parabola, and through either cf the Extre- 
mities thereof in the other Sections; this Line MN is an Ordinate on 
both Sides to the Diameter A B, and either of its Parts PM, or PN, 
is an Ordinate to that Diameter. 


15. 
That Diameter, which is at right Angles to its Ordinates, is 
called an Axis. 


e e 


268. II is manifeſt by Def. 12. (1.) That all Diameters in a Parabo- 

la are parallel to one ancther, becauſe they are all parallel 
to the Side of the Cone S D, drawn through the Point D, wherein the 
Directrix D E touches the Baſe. (2.) That there can be drawn but 
one Diameter through a Point given in the Plane of a Parabola, be- 
cauſe there can only one Line be drawn through that Point parallel to 
the Side S D. 


PROPOSITION VI. 


Problem. 


269. A NT Diameter AB of a Conick Section, together with its Ordi- Fic. 136, 
nate PM, being given, to __—_— the Section. 137, 138. 

Draw any Plane (the Plane of the Scheme 4 P M excepted ) thro? 

the Oxdinate PM, and draw the indefinite right Line Pa through the 

Point P in that Plane perpendicular to PM, and deſcribe a Circle 

about any Point C in that Line with the Radius CM. This being 

done, | 
1. When the Section is to be a Parabola, From one of the Points pid. 136. 

a, D, wherein the Circle cuts the Perpendicular P A, wiz. a, draw : 

the right Line a 4 through the Origin (4) of the Diameter A B, 

meeting the right Line D $ drawn from the other Point D, in the 

Point $; then if a Conick Superficies be deſcrib'd with the Point 5, for 

the Vertex, and the Circle D Ma NM for a Baſe: I ſay, the Concurrence 

of that Superficies, and the Plane APM, will form the Parabola MAN 

ſought, For if the Lines D E, af, be drawn through the — 


„ 


142 


* Hyp. 


* Hyp. 
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of the Diameter Da parallel to PM; then it is manifeſt, that theſe 
Lines will be Tangents, becauſe PM is * perpendicular to Da. But 


the Plane SD E pailing through the Vertex of the Cone &, and the 
Tangent D E, is parallel to the Plane 4 PM ; ſince S D, DE, are * 


* Def. 10 arallel to 4 P, PM: therefore * the Section M A N, form'd by the 


and 12. 


lane A PM in the Conick Snperficies, will be a Parabola, and the 


Art. 263. Line AB, a Diameter thereof. Farther, the touching Plane Sa f forms * 


the Tangent AF, in the Plane A PM, which Tangent will be paral- 
Jel to PM; becauſe AF is the common Section of the two Planes 
Saf, A PM, which paſs through the Parallels af, PM; and conſe- 


* Def. 14. quently * the Line PM will be an Ordinate to the Diameter A B. 
Fre. 137, . 2. When the Conick Section is to be an Ellipſis cr Hyperbola. 


138. 


* Def. 9. 


* Def. 13, 
and 14. 


Draw the right Lines a A, bB, from the Points a, 5, (wherein the in- 
definite Perpendicular Pa cuts the Circle) through the Extremities 
A, B, of the Diameter A B, meeting one another in the Point &. 
And then if a Cone be deſcrib'd, with the Vertex 5, and the Baſe 
aMbN; I fay, the Plane 4PM will form the requir'd Section 
M AN, in the Superficies of the Cone. For if $ D be drawn parallel 
to AB the Diameter of the Section, meeting ab the Diameter of the 
Baſein D; and if DE, af, bg, be drawn through D, and the Extre- 
mities a, b, parallel to PM; then it is manifeſt, that the Plane & DE 
is parallel to the Plane A PM, and fo D E will be * the Directrix. 
But in the Ellipſis, the Point D falls on the Diameter ah produced 
without the Circle; ſince the Diameter (A B) of the Section, falls in 
the Angle a S, form'd by the Sides of the Cone Sa, Sb; and con- 
trariwiſe, in the Hyperbola the Point D falls within the Circle, be- 
cauſe then the Diameter (AB) of the Section falls in the Angle a$B, 
adjoining to the Angle a$b. Therefore, by the 1oth Definition, the 
Section MAN is an Ellipſis in the firſt Caſe, and an Hyperbola in 
the ſecond. Farther, the Pangent AF, patiing through the Extremi- 
ty (A) of the Diameter 4 B, being the common Section of the 
touching Plane Saf, and the cutting Plane A PM (paſſing thro the 
Parallels a f, PM,) will be parallel to PM. In like manner, the 
Tangent BCG, being the common Section of the touching Plane $b g, 
and the cutting Plane 4 PM (paſling thro* the Parallels bg, PM) 
will be parallel alſo to PM ; therefore the Line AB is * a Diameter, 
and PM is an Ordinate to the fame. 

In the Ellipſis, it may happen that the Lines Aa, B b, be parallel 
between themſelves; in which Caſe, you. may take any other Point 
in the Line ab, for the Centre of the Circle a Mb N, 
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If two Tangents D H, EK, be drawn thro' the two Points (D, E) 
wherein the Directrix cuts the Baſe, when the Section is an Hy perbo- 
la; and if two Planes SDH, SEA, be drawn through the Vertex 8, 
and thoſe two Tangents ; the two indefinite right Lines CH, CX, 
form'd by the Concurrence of thoſe Planes, and the Plane of the Hy- 
perbola's, are call'd 4ſymptotes, 


COROLLARY. 


270, IF thro the Point of Contact D, there be drawn the Side DS, 

indefinitely produced both ways from S; then it is evident, 
that the Plane S DH will touch the oppoſite Superficies in that Line; 
becauſe all the Points of the Tangent D H, except D, do fall without 
the Circumference of the Baſe, But the Plane S DE paſſing through 
the Vertex &, and the Directrix DE, being * parallel to the Plane of 
the oppofite Hyperbola's, the common Sections SD, CH, of thoſe 
two Planes S D, CH, and the Plane S DH, will be parallel between 
themſelves; and therefore the Aſymptote CH will fall quite without 
(and between) the oppoſite Superficies, and conſequently will both ways 
leave the oppoſite Sections entirely without meeting them. The 
ſame may be prov'd of the other Aſymptote CK, becauſe the two 


Aſymptotes CH, C K, are form'd by the Planes SD H, S EA, falling 


on both Sides the ſame Conick Superficies, and the Superficies oppoſite 
to it; therefore all the Points of the Hyperbola FAG, are contain d 


in the Angle HCK, and all the Points of the oppoſite Hyperbola. 


in the Angle vertically oppoſite thereto. 


Noro een VIE 


Theorem. 


271. F the right Line B A be drawn through any Point B, taken in one 

Aſymptote CK, parallel to the other Aſymptote C H; I ſay, this 

Line will meet one of the oppoſite Hyperbola's in ſome oint A only, and 
being produced, will be ever after within the ſame. 

Becauſe the Lines B A, S D, are parallel to the ſame Line CH, they 


will be parallel between themſelves; and ſo both of tnaem will be in 


the ſame Plane cutting the oppo!'te Superficics, ſince that Plane maſt 
paſs through one Side S L of the Cone, and make an Angle with the 
Plane 8 DH, which touches the Cone in that Side SD. Tnerefore 
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*. Art. 270. 
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the Plane of the Parallels B A, S D, will form two Sides of the oppo- 
ſite Cones ; one of which is the Side S D, and the other the Side &a, 
which neceſſarily ſhall cut the Line B A in ſome Point A, becauſe 
the ſame is ſituate in the Plane paſſing through the Parallels S D, AB, 
and does cut SD in S. Whence, becauſe the Point J is in one of 
the Conick Superficies, and alſo in the Plane of the oppoſite Sections, 
this Point will be one Point of the Hyperbola. Moreover, becauſe 
the Line B A being indefinitely produced towards A, falls wholly in 
the Plane D Sa, contain'd between the Sides DS, Sa, when the Point 
A appertains to the Hyperbola FAG, and in the vertical Angle 48d, 
when the ſame appertains to the oppoſite Hyperbola ; therefore the 
Line A B falls wholly within one of the Conick Superficies, and con- 
ſequently alſo within the Hyperbola, which is the Section thereof. 


CoTOoLlL a ky. 


272. H ENCE it appears, that no Line can be drawn between the 
1 Hyperbola FAG, and its Aſymptote CH parallel to that 
Aſymptote. And becauſe the Line BA divides the Hyperbola into 
two indefinite Parts or Portions, one of which falls neceſſarily whol- 
ly within the Space contain'd between the Parallels B 4, CH ; there- 
ore the more CB diminiſhes, the more does the Point 4 advance in 
that Portion, even until C B becomes leſs than any given Magnitude ; 
that is, if an Hyperbola and its Aſymptote be indefinitely continu'd, 
they will approach always nearer and nearer to each other, till at laſt 


their Diſtance will become leſs than any given Magnitude, and yet 
they will * never meet, 


PROPOSITION VII. 


Problem. 


273. TH Aſymptctes CH, CK, of any Hyperbola FAG, together 
_ with any one Point F therein being given, to deſcribe the Hyper- 
ola. 


Draw any right Line H K through the given Point E, terminating 
in the Aſymptc tes, and draw any Plane (except the Plane HC K of 
the Scheme) thro' that Line, in which draw MN from the Point P, 
the Middle of H&K perpendicular to HK; and about any Point 0 
therein, as a Centre, and with the Radius OF, deſcribe a Circle FMN. 
From the Points H, K, draw the two Tangents HD, K E to that 
Circle, and through the Points of Contact D, E, draw the Lines D S, 
SE, parallel to the Aſymptotes CH, CK, rieeting each other in the 
Point S. Then it a Conick Superficies be deſcrib'd with the Vertex 8 

an 
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and the Baſe FMN; I ſay, the Concurrence of that Conick Surface 
and the Plane HC A, will form the Hyperbola F.4G requir'd | 

For by the Property of the Circle FMN, it is manifeſt, 1. That 
the Chord FG is biſected in the Point P by the Diameter M M being 
* at right Angles to it; and therefore, (becauſe PH = PX, by Con- Hs: 
ſtruction) FH is =G A, and G H= FA; and conſequently G H « . 


HF=FK*KG. 2. GH: HF=HD, and FR. KG=XKE, 
and ſo HD=KE. 3. If the Tangents H D, XE, be produced meet- 
ing one another in the Point O, the Parts DQ, E ©, will be equal to 
one another; and ſo D: EQ:: DH: ERK. Whence it appears, 
that the Line D E, joining the Points of Contact of the Tangents 
HD, K E, will be parallel to the Line HK, and the Plane S DE to 
the Plane CH K: Therefore the Line DE will be * the Directrix; and * Def. 9. 
becauſe the ſame cuts the Baſe in two Points, the Conick Section FAG. 
will be * an Hyperbola, It is farther manifeſt, that this Hyperbola * Def: 10. 
will paſs through the given Point F, becauſe this Point is both in the 
Conick Superficies and in the Plane HC N, being the Plane of the Hy- 

erbola z and the Lines CH, C A, will be the Aſymptotes of that 
Hyperbel, as being * the Common Sections of the touching Planes Def. 15. 
S DE, SE K, and the Plane of the Hyperbola. | 

It may fo happen that the Tangents DH, HA, be parallel to one 

another, and then it is manifeſt at Sight, that the Lines DE, HK, will 
be parallel to one another, becauſe thoſe Tangents are equal; and the 
reſt of the Demonſtration is the ſame as above. 


PROPOSITION IX. 


Theorem, 


274. 1 F there be two Right Lines MN, AB, terminating in a Conick pre, 1415 
Section, or the oppoſite Sections meeting one another in the Point P; 142. 

and if theſe Lines be parallel to two other Lines SE, 8 D, given zn Poſition : 

T ſay the Rectangle M P x PN to the Rectangle AP «x P B, will be in a given 

Ratio; that is, the Ratio of theſe two Refangles will be always the ſame, 

let the Lines MN, A B, be any where drawn. 

Draw two Planes thro' the Parallels SE, M N, and $ D, AB, then 
theſe Planes will form two Right Lines Eum, D ba, in the Plane of the 
Baſe, and the Sides of the Cone & Mm, S Vu, SA a, S Bb, aud their 
common Section will be the Line S Pp, which meets the Plane of the 
Baſe in the Point p, wherein the two Right Lines Em, Da, cut one 
another; through which Point draw the Right Line H XK in the Plane 
SMN, parallel to M N, and the Right Line FG in the Plane S AB, 


parallel to 4 B. This being done, 
| * Becauſe 
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Becauſe the Triangles SPM, SpH; SPN, SYR; SPA, SpÞ 

SPB, SpG, are ſimilar, therefore MP PN: Hp * pK:: SP: Sp: 
AP» PB: Fp xpG. And therefore we have. PR PN: APP 
:: Hp xpK:Fp A And the Ratio of Hp «pK, to Fp xp G, 
is compounded of the Ratio's of Hp x A to mp x pn, and of mp « 
p u, or, by the Property of the Circle, of ap p to Fp * p G. But be- 
cauſe the Triangles Hp n, & En, and Kp n, & En, are ſimilar, there- 
fore Hp: h:: SE: E. And y K: n:: CE: En And multi- 
plying the Antecedents and Confequents of theſe two Ratio's, we 
have Hp xpK:mp *xpn::SE:meE +» En: In like manner, becauſe 
the Triangles Fp a, S Da, and Gpb, S Db, are ſimilar, therefore a g. 


pb: FpxpG::aD D: SB. Whence it is manifeſt, that the Ra- 
tio of MP. PN to AP « PB, is compounded of the Ratio of TE 


to E * En, and of à D* D; to SD, Which two laſt Ratio's, by 


the Property of the Circular Baſe of the Cone, always are the fame 


whereſoever the Lines MN, 4B are drawn, becauſe the Points E, D do 
not vary. Therefore the Rectangle M Px PN to the Rectangle 
LPXPB is in a given Ratio. V. V. PD. | F 


CORORKRLL AR x. 


Fic. 143, 275. FENCE, in any Conick Section, or the oppoſite Sections, if 

144. there be any two parallel right Lines MN, O R, meeting a 
third right Line A B bounded by the Section, in the Points P. 2s I 
ſay, MPX PN: OY DR::APxXPB::AQ x © B. 


PROPOSITION X. 
Theorem. 


Fic. 145. 276. I the right Line AB be drawn through any. Point A in a. Parabola, 
| er Hyperbola MAN, parallel to the Side 8 D of the Cone, which, 
iF the Section be a Parabola, paſſes through the Point D, wherein the Di- 
radrix touches the Baſe; or, if an Hyperbola, through one of the Points 
wherein the ſame cuts the Baſe ; and if the Line MN be drawn through 
.any Point P in tha ſaid Line AB, parallel to the Line SE given in Poſition, 
and terminating in the Section, or oppoſite Sections, as alſo another Line F G, 
parallel to the Line Da, the common Section of the Plane S AB, and the 
Plane of the Baſe, and terminating in- the Sides Sa, SD; I ſay, the Re- 
Gangle MP « Þ N to the Rectangle FP x PG is given, that is, it will be 
always the ſame in whatſoever Part of the Line AB the Point P be taken. 


. * * 5 * 
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If a Plane be drawn through the Parallels & E, MN, this will form 
the right Line En n in the Plane of the Baſe ; the Sides & Mm, S Nu, 
in the Conick Superficies; and the Line S Pp in the Plane $ Da, which 
Line meets the Baſe in the Point p, wherein the Lines E m, D a, inter- 
ſe& one another; and through this Point draw the Line HK in the 
Plane SM YN, parallel to MN. This being laid down, the ſimilar 
Triangles SPM, SpH; SPN, SPR; SPF, Spa; SPO, SP, will 
give the following Proportions, MP x PN: Hp *« pK:: f ＋ 
FP. PG: ap * pD, or mp * pn (by the Property of the Circle.) 
And therefore we have MPX PN: FP. PG:: HpxpK:mp «pn, 
But the Ratio of Hp « p K to mp_* pn is compounded of the Ratio of 
Hp to pm, and of pK top», that is, (by the Similarity of the Tri- 
angles Hp m, SEm, and K n, SEn) of the Ratio of FF to Em; ant 
of FE to Ex; and conſequently Hp *pK:mp=xpn, or MP x PN:: 
FP« PG: E: E. En. Whence becauſe the Poſition. of the Point 
E is the ſame, let the Point P be taken. a; pion, and all the Rect- 
angles E m En, by the Nature of the Circle are equal to one ano- 
ther; therefore MP x PN is to FP* PG in a given Ratio. V. V. D. 
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CoRxRoOLLARY, | 

27% HE NCE, in a Parabola or Hyperbola (MAM if a Diame- pic. 146, 
ter ( A B) be drawn through any Point 4 in the Parabola, | 

or the Line AB parallel to one of the-Afymptotes in the Hyperbola ; 

and if the two Parallels M 1V, O R, are drawn from any two Points P, 

in the Line AB, terminating in the Section or oppoſite Sections; 

48 ſhall have this Proportion, MP. PN: OC AR: : AP: 

For draw the Plane $4 B forming the Sides of the Cone & D, Sa, 

ſuch, that SD may paſs through the Point wherein the Directrix 

touches the Baſe, when the Section is a Parabola, and through one 

Point wherein the Dire&rix cuts the Baſe, when the Section is an 


Hyperbola : Alſo thro* the Points P, O, draw the right Lines FG, 
. _ TV, in the Plane SD A parallel to Da; then it is evident, (by the 
E 3 laſt Propoſition) that MP « PN: FP. PG: :O AR: TH. 
, And ſo MP w PN OS x R:: FP. PG: TA. But PG, 
{ £7, the Parts of: the Lines FG, IV, are equal to one another; be- 
a cauſe the Lines A B, S. D, are parallel. And therefore MP. Þ N:: 
% O -R: : EP: IA: : AP: 42 (by the Similarity of the 
E Triangles APF, AQ T. Whence, &c. 


— 
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Fi6. 147. JF any any indefinite right Line 8 Z, which is without the Plane of the 
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CHAP. II. 
of the Ellipſis only. 


DEFINITIONS. 
17. 


Circle V'X T, moves about the Circumference of that Circle always 
parallel to it ſelf, until it be returned to the ſame Place from which it 
went ; then the Convex Superficies deſcrib'd by the Motion of the Line 
SZ, is call'd a 9 Super ficies, or the Superficies of a Cylinder. 


18. 


That Line 8 Z being in any different Poſition, is called PIG a 
Side of the Cylindrick Superficies. 


19, 
The Circle X T is the Baſe. 


20, 


The indefinite right Line CO, drawn from C the Centre of the 
Baſe parallel to the Sides, is the Axis thereof. 


The indefinite Solid com * under the Baſe X 7. and the 
. Super ficies, is call'd a Cylinder, 


22. 


II a Cylinder be cut by any Plane not au to its Baſe, or the 
Sides 2 then the Curve 4 MB N formed n in the Co- 
nick Superficies, is called a Cylindrick Section. 


PRO 


Wo - 


ind 
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PROPOSITION XI. 


Theorem. 


278. JF any Cylinder be cut by a Plane (v x arallel to the Plane o ; 
hed | the Baſe (VX T) ; then the Sellion A y will be a Circle, FAT th 
Point, c wherein that Plane meets the Axis, the Centre; and the Line c x 
equal to the Radius of the Baſe CX, the Radius thereof. 
For if the Side of the Cylindrick Superficies x X be drawn thro” an 
Point x in the Section v x y, this Side will be * parallel to the Axis , Def. 20. 
Ce; therefore a Plane may be drawn through thoſe two Lines form- N 
ing the two right Lines C A, c x, in the parallel Planes CV XI, cvxy, 
parallel between themſelves; which moreover will be equal to one 
another, as being included between the Parallels Cc, Xx. And be- 
cauſe this is fo always, let the Point x be taken any whereſoever in 
the Section v xy; therefore all the Lines c x, drawn from the Point e 
to the Points x in the Section v xy, are equal to the Radii CA of the 
Baſe that is, the Section v x y will be the Circumference of a Circle, 
the Point c, wherein the Plane v x y meets the Axis of the Cylinder, 
the Centre, and the Line C x equal to the Radius (CX) of the Baſe, 
the Radius thereof. V. V. D. 


PROPOSITION XI. 


Theorem. 
279, Very Ellipfis may be confidered as the Section of a Cylinder. Fic. 148. 
| E Bunde 8 a b in the Baſe of a Cone, wherein is 


produced any Ellipſis, meeting the Directrix D E at right Angles in 
the Point D; alſo draw the Sides $a, Sb, of the Cone meeting the 
Plane of the Ellipſis in the Points A, B; and draw the right Lines 
AB, SD, in the parallel Planes AMB, S DE. This being done, 
aflume (DF) a mean Proportional between a P, Db, draw 4G, 
B H, parallel to $ F, and deſcribe a Circle upon the Plane of the Cone's 
Baſe, with the Line G H for a Diameter, as alſo a Cylindrick Superfi- 
cies with that Circle as a Baſe ; and the right Lines 40, BH, as Sides. 
This being premis'd. md . I | 

If a right Line be drawn through any Point Pin the Line A B, pa- 
rallel to the Dire&rix DE, meeting the Conick Snperficies in M, and 
the Cylindrick Superficies in O; then, I ſay, the Points M and O 
will coincide, or fall both in one Point. 
For, if a Plane be drawn through that parallel Line, parallel to the 
Planes of the Baſe of the Cone and Cylinder ; this Plane will ow Art. 259, 
Ed ona the 
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* Art. 278. 
* Def. 6. 


Def. 20. 


* Hp. 
* Hyp. 
* Hyp. 
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the Circle KML in the Conick Superficies, whoſe Centre will be the 


common Section of that Plane, and the Axis of the Cone, together 
with the Circle® MR in the Cylindrick Superficies, whoſe Centre will 
be the common Section of the aforeſaid Plane, and the Axis of the 
Cylinder, But the Plane Sab does paſs through * the Axis of the 
Cone, and the Plane AG HB (coinciding with the Plane of the 
Triangle Sa h) through * the Axis of the Cylinder; and conſequently 
the Lines & L, QR, being the common Sections of thoſe two Planes, 
and the Plane parallel to the Baſe paſſing through the Line PO M4, 
will be Diameters of the {aid two Circles; and the Line PO M will be 
perpendicular to thoſe Diametersz becauſe the ſame is * parallel to 
DE, and D is * perpendicular to ab and & H (both being in the 
ſame & ſtrait Line) and the Diameters KL, QR, (being both in the 
{ame ſtrait Line) are parallel to ab and & H. Moreover, the Lines 
A B, $D, being the common Sections of two parallel Planes, and the 
Plane $bg, viz. the Plane SDE, and the Plane of the Ellipſis, will 
be equal to one another. This being well underſtood, 


1. In the Cone, we have PM = XP. PI, by the Nature of the 
Cirele KML; and becauſe the Triangles 4 PK, S Do, and PBL, 
S Db, are ſimilar, we ſhall get this Proportion, AP:XP::8D : aD. 
And PB : PL:: SD: Db. Therefore AP=PB: KPxPLor 
PM::SD:aD*Db. e | 

2, In the Cylinder, we have PO = © Px PR, by the Nature of the 
Circle QO R; and becauſe the Triangles A P S DF, and PB R, 


SDF, are ſimilar, we ſhall get the two following Proportions, viz, 
AP: PA.: SD: DTF; and PB:PR::SD:DF; therefore A P x 
PB: APR AR or PO: :D: BF or aD* Db, and conſe- 
quently PM == PO, and PM = PO. Whenee the Points M, O, 
coincide, or both fall in one. And becauſe. this happens always, let 
the Point P be taken any whereſaever in the Line 4 B, therefore the 
Plane of the Ellipſis meets both the Conick and Cylindrick Superficies 


in the ſame Points, and fo any Ellipſis may be conſider d as à Cylin- 
drick Section. I 


ADVERTISEMEN T, 


Becauſe a Cylinder is more ſunple than a Cone, in having all the 
Sides thereof parallel to one another, whereas the Sides of a. Cone do 
all terminate in the Vertex; therefore we ſhall conſider an Ellipſis in 
this Chapter, as being the Section of a Cylinder, and demonſtrate the 
Properties of its Diameters from the Cylinder, which, may be very 
eaſily done; and afterwards, in the next Chapter, we ſhall ſhew the 


extreme 
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extreme Facility in proving the ſame Properties of the Diameters of 


the Parabola and Hy perbola, by fappoſing Cones to have Elliptick 
Baſes inſtead of Circular ones. 


PROPOSITION xn. 
Theorem. 


280. 4 Diameters of. an yy do ent one another in one Point only, 


viz. that Point wherein the Plane of the Ellipſis meets the Axis of 
the linder, and are bhiſected in that Point. 


Aud contrariwiſe, all Lines drawn throngb that Point, and terminating 
705 — 5 in the Ellipſis, are biſected in that Point, and are Diameters of 
the Ellipſis. | | | 

Not! The aforefaid Point is call'd the Centre of the Ellipſis. 

1. Let AB be any Diameter, and C the Point wherein the Plane 
of the Ellipſis meets the Axis of the Cylinder, Now if the Lines 
Aa, Bb, be drawn parallel to the Axis Cc, then it is manifeſt, * that * Def. 20. 
the ſame will be Sides of the Cylindrick Superficies, and the two Planes 
FA4e, G Bb, paſſing thr thefe two Lines, and the two Tangents 
AF, BG, (which by the nition of Diameters muſt be paral- 
lel to one another) will be parallel between themſelves, and touch the 
Cylindrick cies in the Sides A a, Bb ; whence thoſe two Planes. 
will form the Lines af, 5 g, in the Plane of the Baſe, parallel to one 
another, and touching the Baſe in the Points a, b, wherein the Sides: 
Aa, Bb, meet it. But it is demonſtrated, in the Elements of Geo- 
metry that the Line ab joining the Points of Contact of two paral- 
lel Tangents (af, bg) to a Circle, paſſes through the Centre c; there- 
fore the Plane 4 ab B will paſs through Ce the Axis of the Cylinder; 
and the Line 4 B, which is the common Section of that Plane, and. 
the Plane of the Ellipſis, will paſs through the Point ( wherein the 
Axis meets the Plane of the Ellipſis. Moreover, becauſe the Lines. 
Aa, Bb, Cc, are parallel; it is manifeſt, that the Diameter A E of 
the Ellipſis is biſected in the Point C, becauſe the Diameter ab of the 
Circle is biſected in the Centre (c) of the ſame: Which was to be de- 
monſtrated in the firſt place. 

2. If the Lines Aa, Bb, be drawn through 4, B, the Extremities. 
of any Line A B, (paſling through the Centre C, wherein the Plane 
of the Ellipſis meets the Axis (Cc) of the Cylinder) parallel to that. 
Axis ; then it is manifeſt ( by Def. 17.) that theſe Lines wil be Sides 
of the Cylinder, and the Plane Aab B will paſs through the Axis Cc. 
Therefore the Line ah being the common Section of that Plane, and the 
Plane of the Baſe, will paſs through c the Centre of the Baſe; and 
ſo ſince the ſame is biſected in c, the Line A B will be biſected allo 


in. 
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Fi. 149. 
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in C. Moresver, becauſe the Tangents af, bg, paſſing through the 
Extremities of the Diameter a b, are parallel to one another; there- 
fore the touching Planes fa A, gb B, will be parallel to one another, 
and form two parallel Lines A F, BG, in the Plane of the Ellipſis, 
which will touch the ſame in A, B, the Extremities of the Line A B, 
and ſo AB will be a Diameter of the Ellipſis. Which vas to be de- 
mon ſtrated in the ſecond place. | 


C0:2:0LL:4+4:T, 


28 1 J ENCE there can but one Diameter be drawn through a 
11 given Point (beſides the Centre) in the Plane of an Ellipſis. 


PROPOSITION XIV. 
Theorem. 


282. E Live M PN being an Ordinate on both Sides to any Diame- 
ter AB, is biſected by that Diameter in the Point P. | 
And contrariwiſe, if any right Line MP N, terminating in an Ellipfis, 
and not paſſing thraugh the Centre C, be bi ſected by the Diameter A B in the 
Pint P; then that Line will be an Ordinate on both Sides to that Diameter. 
Draw the Sides A a, Bb, Mn, Nu, through the Points A, B, M, N, 
parallel to Ce the Axis of the Cylinder, and meeting the Plane of 
the Baſe in the Points a, b, n, u; then the Line Pp, being the com- 
mon Section of the Planes A 4h B, Mm n NM, will be parallel to the 
Sides of the Cylinder, becauſe all the Sides are parallel to one ano- 
ther. Moreover, the Plane Aa B will paſs through Cc the Axis of 
the Cylinder, becauſe the Diameter A B paſſes through the Point C, 
wherein that Axis meets the Plane of the Ellipſis; and conſequent! 
does form a Line ab in the Plane of the Baſe, which paſſes through. 
(c) the (entre, that is, a Diameter. This being laid down, 
Becauſe the Line MPN, (by Suppoſition) is an Ordinate both 
ways to the Diameter AB, the fame will be parallel to the Tangents 
AF, BG, pailing through the Extremities of that Diameter; and 
conſequently the tonching Planes FA a, G Bb, will be parallel to the 
Plane M mn N. Therefore the Lines that thoſe three 7 form in 
the Plane of the Baſe, viz. the two Tangents af, b g, and the Line 
m u, will be parallel to one another; and ſo the Line uu will be 
perpendicular to the Diameter ab, which conſequently divides it into 
two equal Parts in the Point J. Therefore, becauſe M m, Pp, Nu, are 
parallel, the Line MN will be biſeQed likewiſe in the Point P. | 


Neu ee the Converſe, draw two Tangents 4 F, BG, in 
the Ellipſis, parallel * to MV; then if the Diameter 


the Plaue 
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A B be drawn through the Points of Contact; it is manifeſt -{ by the 
13th and 14th Definitions) that the Line M will be an Ordinate 
both ways to that Diameter ; and conſequently, by what has been al- 
ready demonſtrated, is biſe&ed in P by the ſame. And becauſe there 


can be drawn * but one Diameter through P, therefore if any Line 47. 281. 


MN, terminating in an Ellipſis, and not paſſing through the Centre 
O be biſected by a Diameter A B in the Point P, then that Line MN 
will be an Ordinate both ways to AB. 
PROPOSITION XV. 
Theorem. 


283. JN any Ellipſis, if there be two Diameters AB, D E; and if one of Fic. 149. 


them, as DE be parallel to the Tangents A F, B G, paſſing thro” 
the Extremities of the other AB; then reciprocally, I ſay, the Diameter 
AB will be parallel to the Tangents paſting through the Extremities of the 
Diameter DE. 
The two Diameters A B, D E, are called Conjugates to one another. 
Draw the Sides (Aa, Bb, Dd, Ee) of the Cylinder through the 
Points A, B, D, E, which meet the Plane of the Baſe in the Points a, 
b, d, e; then the Planes Aab B, Dd e E, ſhall paſs through Cc the 
Aris of the Cylinder, becauſe the Lines A B, DE, are Diameters of 
the Ellipſis; and conſequently will form two Diameters a b, de, in the 
Plane of the Baſe. But the touching Plane F 4 a, being parallel to 
the Plane D de E, will form a Tangent af in the Plane of the Baſe 
parallel to the Diameter de, which Diameter will be conſequently 
perpendicular to the Diameter ab. Whence, if the Tangent dh be drawn 
to the Circle, it will be parallel to ab, and the Plane h d D parallel 
to the Plane Aa bB; therefore the common Sections of thoſe two 
Planes, and the Plane of the Ellipſis, viz. the Tangent D H, and the 
Diameter A B, are parallel to one another. We prove the ſame with 
regard to the Tangent paſſing thro' the other Extremity (E) of the 
Diameter DE. Therefore, &c. | 
„ Geil Lat I. 
284. HE NCE, in an Ellipſis, if 4 B, D E, be two Conjugate Di- 
ameters; then the two Planes paſſing through thoſe Diame- 
ters, and the Axis Cc of the Cylinder, ſhall form two Diameters a b, 
de, in the Plane of the Baſe; which will be perpendicular to one 
another : And contrariwile, 


Co ROLL ALY IL 


285. II is manifeſt moreover by this Propoſition, if the double Or- 
dinate MP N be drawn to the Diameter A B, through any 


Point Pin the ſame; that MPN will be parallel to the Diameter DE, 
* | X which 
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* rt. 275. Which is a Conjugate to AB; and ſo we ſhall have * this Proportion, 


FiG+ 150, 
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MPx* PN, or PM:DCX*CE, or DC:: APxPB: AC*CB or 
AC. From whence we get PM: AP PB: BC: AC::4DC 
or PE: 4 AC or AB; that is, the Square of any Ordinate (M P) to 
a Diameter (AB) to the Rectangle (AP x PB) under the Parts of 


that Diameter, is as the Square of the Diameter DE, being a Conjugate 
thereto, to the Square of the Diameter AB. | 


PROPOSITION XVI. 
Theorem. 


286. IJ throngh any Point M in the Ellipſis AM B, there be drawn-a au- 
zent FMG meeting two other parallel Jungents A F, B G, in the 
Points F, G; I. ſay, FM: MG: : AF: BG. 

Draw the Sides of the Cylinder Aa, B, Mm, through the Points 
of Contact A, B, M; and let three Planes FA a, G Bb, FMm, or 
G Mn paſs through thoſe Sides, and the Tangents A F BG, FG; 
then it is plain, that the common Sections Ff, Gz, of the two firſt 
Planes, and the third, will be parallel between themſelves, and to the 
Sides of the Cylinder; for fince the two Planes FM m, FA a, pa 
through the Sides Mm, Aa, which are parallel to one another; their 
common Section Ff, will be parallel to thoſe Sides; and by the fame 
Reaſon Gg, the common Section of the two Planes G Bh, & Mm, wall 
be parallel to the Sides B, Mm. Moreover, the Lines af, bg, which 
the parallel touching Planes FA a, G Bb, forman the Plane of theBaſe, 
will be parallel Tangents to the Baſe ; and ſm, mg, the Parts of the 
third Tangent form'd in the Plane of the Baſe by the third touching 
Plane F Mn, or G Mn, ſhall be equal (by the Nature of the Circle) 
to the 3 af, by; viz. fm=fa, and m g b. This being 

remis'd: 
n Becauſe the Lines Aa, Ff, Mn, Gg, Bb; as alſo A4 F, BG; and 
af, bg, are parallel, therefore FM: MG: : f n, or fa: mg, or gb: 
FA: GB. V. V. D. | 


CoRoOLlLLlLanky I. | 
287. IF a Diameter A B be drawn through A, B, the Points of Con- 
tact of two Ay; Tangents A F, BG, meeting the Tangent 
FMG in T; and if the Ordinate M P be drawn to that Diameter; 
then it is manifeſt, that AP : PB :: FM: MG: : 4 F: BG: : 47 
BI. And ſo PBH AP: PB: :53 1 — AJ, or AB: BT. 


Co RO L. 
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288, FJENCE ariſes the following Way of drawing a Tangent 
MT to touch an Ellipſis in the given Point M, by having a 
Diameter A B, and the Poſition of the Orditiates to the ſame given. 

From B, one End of the Diameter A B, draw the right Line B M 
to the given Point M; then having drawn the Ordinate MP to the 
Diameter A B, and taken PH=PA in the Diameter 4 B towards 
B, draw H K parallel to PM, meeting the Line BM in K, through 
which, and the other Extremity A draw A K. Finally, draw MT 
parallel to 4 K, and the ſame will be the Tangent requir'd. 

For hecauſe M P. H K, and A K, MT, are parallel; therefore BP : 

PH, or PA::PM:MK::BT:TA. 


Goerner A RY: HL 


289. JN an Ellipſis, if there be two Tangents MT, NT, meeting 

Lone another in the Point T; I ſay, the Diameter AB paſſing 
through P the Middle of the Line MM joining the two Points of Con- 
tact, will paſs likewiſe through the Point J. For PN, PM are each 


Ordinates to the Diameter 4B; and conſequently * the Tangents * Art. 287. 


MT, NT will each meet that Diameter in one Point T, being ſuch, 
that PB - AP: PB :: AB: BI; that is, in the ſame Point. 


CoroLL ASX IV. 


290. FN an Ellipfis, if M, NM, the Points of Contact of two Tangents 


MF, NL, be join'd by a right Line M; and if ſome third 
Tangent FA L be parallel to MN; I fay, FA, AL, the Parts of 
this Tangent 22 between the Point of Contact 4, and the two 
Arſt Tangents, ſhall be equal to one another. For draw the Diameter 
A B through the Point of Contact A. then it is manifeſt that the 
Line MN 18 an Ordinate both ways to that Diameter, becauſe the 
{ame is parallel to the Tangent FL, paſſing through A the Extremity 
thereof; and ſo AB biſects M N in þ 


J, the Point of Concurrence of the Tangents MF, NL ; or elſe will 
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and 27 paſſes * thro” A,. FO 


be parallel to them, if the Line M NM be * a Diameter. And in both Art. 283. 


Caſes it is evident, that FL will be biſected by the Diameter 4 B 


in the Point 4; becauſe M N is biſected by the Diameter in the 


Point P. 


X 2 | CHAP. 
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C HAP. III. 
Of the Parabola and Hyperbola only. 


PROP OSETEION:.AV 
Theorem. 


Fic. 151. 291, I the Parabola, every Ordinate (MPN) both ways to the Diameter 
AB, is biſeded by that Diameter in the Point P. And contrari- 
wiſe. ; 
Vs an Elliptick Plane through the Line MN, and this will form 
a Tangent DE in the touching Plane S DE (parallel to the Plane of 
the Parabola Y parallel to MN. Farther, the Plane 8 A4 F drawn 
through S the Vertex of the Cone, and the Tangent AF, paſſing thro 
A the Origin of the Diameter A B, will form the Tangent af, in the 
Elliptick Plane; and the Line D a joining the Points of Contact of 
the two Tangents DE, a f, ſhall paſs through the Point P; becauſe the 
Diameter AB is parallel to the touching Side S D. This being laid 
down: | 

* Def, 14, Becauſe the two Lines A F, M N, by Suppoſition, * are parollel to 
* each other, therefore the Tangent af, being the common Section of 
the two Planes which paſs through AF, MN, will be parallel to AN; 
* Def. 13. and conſequently parallel to DE. From whence * it appears, that 
the Line Da, which joins the Points of Contact of the two parallel 
Tangents DE, af, is a Diameter of the Ellipſis; and ſo the Line 
MN, which is parallel to thoſe Tangents, and bounded by the Ellip- 

* 4rt.282. ſis, will be biſected * in the Point P. * | 
Now for proving the Converſe : In the Plane of the Parabola, draw 
Art. 267. * the Tangent 4 parallel to the Line M XN, and the Diameter 4 B 
* Def. 14. thro the Point of Contact 4; then the Line M will be * an Ordi- 
| nate both ways to the ſaid Diameter, and will be biſected thereby in 
the Point P, as we have demonſtrated. And becaule there 3s but one 
Art. 258. Diameter only, that can * paſs thro P the Middle of the Line MN; 

therefore, &c. | 


5 CotoLlL4a ty, 
292, H ENCE, if through any two Points P. ©, in the Diameter 
5 A B, there be drawn two Ordinates AFN, O © R, on both 
Art. 277. Sides thereof; it is manifeſt, that we ſhall have were,” this: 
2 | T᷑ropor- 
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Proportion, viz, MPxP Nor PM: O Ax R or CO: AP: A 
That is, the Squares of any two Ordinates PM, QO, to the Diameter 
A B, will be always to one another as the Parts 4 E 4 ©, of that 
Diameter taken from the Origin A to the Points of Concurrence of 


the ſame Ordinate. 


PROPOSITION XVIII. 
Theorem. 


293. 7 throngh any Point M in a Farabola, the Ordirate MP be drawn Fic. 157. 
to any Diameter AB, as alſo the Tangent M T meetirg that Dia- 
meter (produced beyond A) in the Point T; then, I ſay, the Parts (AP, 
AT) of the ſaid Diameter, will be equal to one another. - 
The ſame Conſtruction remaining as in the Jaſt Propoſition, thro? 
the Vertex of the Cone S, and the Tangent MT, draw the touching 
Plane STM, which will form the Tangent MH in the Elliptick 
Plane, and meet the Diameter Da of the Ellipſis in the Point H thro? 
which the Line ST will paſs; alſo draw the right Line TG parallel 
to S A. This being well underſtood, we fhall have * this Proportion, * 44, 287. 
DH: Ha::DP: Pa, and (alternando) DH:DP:: Ha: Pa. But 
becauſe A B, S D; and S A, TG, are parallel; therefore DH: DP: ; 
SH: ST:: Ha: Ga. And fo Ha: Pa: : Ha: Ga, Conſequently 
Pa = Ga, and A P AI. V. V. D. 


PRO POSITION III. 
Theorem. 


294. TN the oppoſite Sections, every Diameter AB paſſes through C, the Fic. 152. 
| Point wherein the two Aſymptotes cut each other, and is biſefed by 
that Point : And contrariwiſe. 

This Point 1s called the Centre. 

Let H$Sb be one of the two common Sections of a Plane parallel to 
the Plane of the Hyperbola, and the oppoſite Superficies ; and let 
FG bean Aſymptote formed by the Concurrence of the Plane of the 
Hyperbola, and that Plane which touches the oppoſite Superficies in the 
Line HS h. Alfo through the parallel Tangents A F, BG, (paſſing 
through the Ends of the Diameter A B, and meeting the Aſymptote 
FG in the Points FG) let there be drawn two parallel Elliptick 
Planes; then thefe Planes will form the parallel Tangents FH, G bf, 
in the touching Plane paſſing thro' the Side H $h, and the parallel 
Tangents A F, af, in the touching Plane S A F. | 
This being premis'd, the Parallels FH, Gb, being included be- 
tween the two Parallels FG, Hb, will be equal to one another; 2 


158 


* Art. 268. 


Hp. 


Fi d. I 53» 
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the ſimilar Triangles SHE, S hf, and & FA, S fa, will give this Pro- 
portion, viz. HF : hf: :S F: f:: FA: fa. And therefore HF: 
PA e bg GB. And fo ſince HF=hbG, it follows, 
that A F=BG, and AC C, becauſe the Triangles 4 CF, BCG, 
are ſimilar ; that is, the Aſymptote FG paſſes through C the Middle 
of the Diameter AB. After the ſame way we prove, that the other 
Aſymptote will paſs through C. Whence it appears, that the Diameter 
AB paſſes thro' C the Interſection of the Afymptotes, and is biſe&ed 
by the ſame. 


Now let the Line AB, paſſing through the Interſection (C) of the 


Aſymptotes, meet the oppoſite Sections in the Points 4, B. And if 


the Tangent 4 F be drawn through the Point A, and the Tangent 
DG, be drawn * to the oppoſite Hyperbola parallel to 4 F; then it 
is evident (as has been demonſtrated before) that the Line 4 D, 
which joins the Points of Contact of the Tangents A F, D G, being a 
Diameter, will paſs through C the Interſection of the Aſymptotes. 
And therefore the ſame will coincide with the Line AB, which paſ- 
ſes * likewiſe through the ſame two Points A, C; that is, the Point D 
will coincide with the Point B. Whence the Line A B will be a 
Diameter, and conſequently will be biſected in the Point C. 


COLOLLIATY. 


295. H ENCE it appears, that there can be drawn but one Diame- 
ter through a given Point within an Hyperbola becauſe 
there can but one Line only be drawn through that Point and the 


Centre, FLO 
PROPOSITION XX. 
Theorem. 


296, TY the oppoſite Sectium, every Ordinate (MP N) both ways to the 
Diameter A B, is biſefed by that Diameter in the Point P. And 
contrariwiſe. | 
Draw an Elliptick Plane throngh the Line M N, which will form 
two Tangents a f, þ g, in the touching Planes S A F, SBG; and the 
Line ab, joining the-Points of Contact of thoſe two Tangents, be1 
the common Section of the Elliptick Plane, and the Plane SA E, 
will paſs through the Point P. But becauſe the two Lines 4 F, M N 


are parallel to one another ( by Suppoſition) therefore the Line af, 


which is the common Section of the two Planes paſſing through A F, 
MN, will be parallel to A N. By the ſame Rea ſon the Tangent bs 


'being the common Section of the Elliptick Plane, and the 5g | 


Plane SBG, which paſs through the two Parallels MN, BG, wi 


be parallel to M N. Therefore the two Tangents af, bg will be pa- 
* Def. 13-rallel to one another: Whence it follows, that the Line ah & is a Dia- 


meter 
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meter of the Ellipſis ; and ſo the Line MV is biſected in the Point P. Art. 282. 
Now for A the Converſe, draw * two Tangents 4 F, BG, in 

the Plane of the Hyperbola's, parallel to the Line M. bounded by A7. 267. 

the Hyperbola ; and draw the Diameter A B through their Points of 

Contact; then it is manifeſt (by Def. 14.) that 21 N will be an Or- 

dinate both ways to that Diameter, and will be biſected by the ſame 

in N as we have proved already; and becauſe there is x only one Dia- At. 295 

meter that can paſs through that Point, therefore if the Line AN, 

bounded by an Hyperbola, be biſeRed an P by the Diameter A B, the 

faid Line M will be an Ordinate both ways to that Diameter. 


CORORKLLARY. 
297. PENCE, if two Ordinates (MPN, O R) be drawn (on 
both Sides) to the Diameter A B, we ſhall have always *r. 275. 


MP,PNor PII: O A- R or SY. APN PB: 42 OB. 
That is, Cc. 2 2 | ths 


PROPOSITION XXI. 
Theorem. 


298, 7 through any Point M in an Hyperbola, there be drawn a Tangent Pio. 1 54. 
MF G, meeting two other parallel Tangents A F, B G, in the Points 

F, G; Iſay, MF:MG::AF: BG. | 

Draw two parallel Elliptick Planes thro' the Tangents A F, BG; 
theſe will form two parallel Tangents H F, h G, in the touching Plane 
SMG ; and the Elliptick Plane paſſing through BG, will form the 
Tangent a, in the touching Plane 8 4 F, which ſhall meet the Tan- 
gent þG in the Point f, wherein the Line FS meets that Elliptick 
Plane. This being laid down, the Tangents af, B G, ſhall be parallel 
to one another, becauſe they are each parallel to the Tangent A F; 
and therefore * we ſhall have BG: Gh::af:fh:: AF: Fa. (be- »* 414. 268. 
cauſe the Triangles S hf, SHF, and Saf, SA F, are ſimilar) whence 
BG: AF:: : GH: FH:; M: MF (becauſe the Triangles M Gb, 
MF H, are ſimilar.) V. V. D. 

It is manifeft, that the ſame Corollaries may be drawn from this 
Propoſition as in the Ellipſis in the 287th, 288th, 289th, and 290th 
Articles, and ſo I ſhall here omit them. 


PROPOSETITION XXI. 
Theorem. 
299. 12 2 right Line F G, terminating in the Aſymptotes of an Hyper- Pic. 15% 


bola, touches the ſame in the Point A; I ſay, that Line will be bi- 
ſefed by the Point A. | | Draw 
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| Draw two Planes through $ the Vertex of the Cone, and the two 
* Def. 16. Aſymptotes CF, CG, which ſhall touch * the Conick 8 cies in the 
Sides & M, & N, wherein the Plane MSN parallel to the Hyperbolic 
Plane meets the ſame. Alſo draw an Elliptic Plane through the 
Right Line FG; which Plane will form two Tangents MF, NG, in 
the touching Planes, and in the Plane MS V the Right Line MN 
parallel to FG, which joins the Points of Contact of the two Tan- 
gents ME, NG, This being done, it is manifeſt that the Line FG 
Ari. ago. is * bĩiſected in the Point A; becauſe the ſame touches the Ellipſis as 

well as the Hyperbola in that Point. | 


Convollt FT LL 


300. Ecauſe there is but one Line FG only, which paſſing through 

a Point A given within the Angle FCG, and being bounded 
by the Sides thereof, can be biſected by that Point 4; therefore if a 
Right Line FG terminating in the Aſymptotes of an Hyperbola, 
meets the gd care in the Point A, dividing that Line FG into two 
equal Parts, the ſame ſhall touch the Hyperbola in that Point. 


COOL LAR V II. 


301. FENCE if it be requir'd to draw a Tangent FAG from a 

Point A given in an Hyperbola, whoſe Aſymptotes C F, 

CS, are given; then you need only draw the Line A D parallel to 

one of the Aſymptotes CG, and terminating in the other: For if 

DF be taken equal to CD, and the Line FA be drawn, the ſame 

will be the Tangent ſought. For becauſe the Triangles FCG, FD A, 

* Hyp. 5 the Line FG, ſhall be biſected in 4 ; ſince CFis * in 


Go Apr 
302. JF any two Points M, N, of an Hyperbola M 4 N be joyned 
* I by 4 Right Line meeting the 8 in the Points . K, 
then the two Parts of that Line MH, NA, contained between the 
Hyperbola and the Aſymptotes, are equal between themſelves. For 
if the Diameter C be drawn through P the middle of M N, and the 
Line FG ere the Point A, wherein that Diameter meets the 
Hyperbola, parallel to M N, and terminating in the Aſymptotes: 
*.4rt.296. Then it is * manifeſt, that FG will be a Tangent in the Point A; and 
*.4rt.299. ſo will be * biſected in the ſame. Whence becauſe the Triangles CAE, 
CPH, and CA, CPK are ſimilar, PH is =PK; and fo MH = NA. 


5 


ATOM 0O:L- 


? 
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n . 


303. IF through the Point A, given in an Hyperbola, there be drawn 
two right Lines A F, A G, terminating in the Aſymptotes; 

and if from any other Point M of the ſame Hyperbola, or the op- 
poſite one, there be drawn two other right Lines MH, MK, likewiſe 
terminating 1n the Aſymptotes, and parallel to the two former Lines 
AF, AG; Iſay FAx AG =HMxM XK. | 

For 1. When the two Points A, M, be in the ſame Hyperbola ; 
then join them by a right Line meeting the Aſymptotes in P aud ©, 
and the ſimilar Triangles PA F, PMH, and QM RK, QA, give 
the following Proportion, AF:MH:: AP: MP*:: M9: A © A1. 302. 
::MK: AG. And ſo by multiplying the Means and Extremes, 
there ariſes F4*x AG —=HM *x MK. 

2. When the Points A, M, are one in one Section, and the other in 
the oppoſite Section; draw the Diameter A through the given Point 
A, and the Centre C, and draw the right Lines BD, B E, parallel to 
AF, AG, and terminating in the Aſymptotes; then it is manifeſt, 
that the Triangles CA F, CBD, and CA, CBE, will be ſimilar 
and alſo ca ſince X CA is = CB. Therefore BD = AF, and « 4,,, 294. 
BE A; andfoDB«x BE=FA *» AG. But (by the laſt Caſe) 
KMxXMH=DB=*BE. Whenceallo FA AG= KM x M H. 


ADVERTISEME N T. 


I ſhall omit the other Properties of the Aſymptotes and Conjugate 
Diameters, becauſe theſe ariſe from thoſe on a Plane, as is ſhewn in 
the third Book: My Deſign here having been only to ſhew the Uſe- 
fulneſs of conſidering the Conick Sections in the Solid, and demon- 14 
ſtrating immediately without any Calculus, thoſe Properties of the 1 
Diameters, Tangents, and Aſymptotes, from which all the other kl 
Properties may be taken: Which I have done (in my Opinion) after a 1 
very eaſy and new manner; in not having us d Lines harmonically divi- j 1 
ded, as the modern Geometricians after M. Paſchal and Deſargues ha ve: | 
For this obliges them to have recourſe to a great Number of Lemma 
ta, whoſe Demonſtrations alone (ſeem to me) to take up more room 
than this whole 6th Book. 


The Fud of the Sixth Book. 
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BOO K VII. 
Of Geometrick Lo OI. 


DEF IV1TTION 


1. 
£16. 158, 1 F there be two unknown and indeterminate right Lines, A P, PM, : 
159. making any Angle (4 PM) with each other at pleaſure; and if 4 
the Beginning of one of them, viz. A P, (which I call always x) be 1 


fixed in the Point 4; and the ſaid A indefinitely extends it ſelf 
along a right Line given in Poſition; and the other PM (which I 
call 3) continually alters its Poſition, and is always parallel to it ſelf. 
(That is, all the P M being parallel to one another.) Then if there 
be an Equation, wherein are both thoſe unknown Quantities x and y 
mix d with known ones, which expreſſes the Relation of every AP 
(x) to its Correſpondent PM (y), the Curve paſling thro' the Extremi- 
ties of all the Values of y, that is, through all the Points M, is called 
in general a Geometrick Locus; and in particular, the Locus of that 
Equation. 


Eric. 158. For Example: Let us ſuppoſe that the Equation y = _ expreſſes al- 


ways the Relation of the Line AP (x) to PM (Y, which make any An- 
gle A PM at pleaſure with one another: In the Line 4P aſſume 
AB Sa, and from B draw BE s parallel to PM, and on the 
fame Side; then the indefinite Line 4E is called in general a Geome- 


trick Locus ; and in particular, the Locus of the Equation y = ph For 


if the right Line MP be drawn from any one of its Points M paral- 


lel to BE, the ſimilar Triangles A BE, APM, will give always 
bx 


this Proportion, viz. A B (a) :BE (b) .. 4 P (x) 'P M 00 = — 
And therefore the right Line AE is the Locus of all the Points A. 
Bic, 159. Moreover, if yy =aa— x x expreſſes the Relation of 4 P to PM, 
and the Angle 4PM bea right Angle; then the Circumference of a 
Circle, whoſe Radius is the right Line AB =a taken in AP, 1s 
called in general a Geometric Locus, and, in particular, the Locus 0 
| 1 8 the 


e 9 
4 fa. ALS 4 r 
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the Equation yy =aa—xx. For if the Perpendicular M (y) be 
drawn from any Point M of the Circumference; then, by the Nature 


of the Circle, we ſhall have always PM( Jy) =D P=« PB (aa—xx) 


ſuppoſing B D the Diameter of the Circle, Therefore the Locus of 
all the Points M is the Circumference of a Circle. 


SCHOL 1 0 . 


304. IF all the PMs. be ſuppos d to tend from one Side of the Line Pic. 158, 


16 


AB, as towards ©, and then they be ſuppos'd to tend from 159. 


the other Side of the ſaid Line, as towards G; then it muſt be obſerv'd, 
that their Values from Poſitives ( which they are ſuppos'd to be when 
tending towards Q) will become Negative, and fo we ſhall have P 
= j; Moreover, if the Points P be ſuppos'd to fall from A towards 
B, as afterwards the contrary way, as from A towards D; then all 
the 4 P* on this Side 4, will become Negative, and conſcquently we 
have AP=— x. And a Geometrick Locus muſt paſs through the 
Extremities of all the Values (as well poſitive as negative) of one 
of the unknown Quantities y, which anſwer to the Values both poſi- 
tive and negative of the other unknown Quantity x. Therefore, if 
the right Line © AG be drawn parallel to PM, a Geometrick Locus 
may be found in the four Angles BAS, B AG, G AD, D AY, as 
in the ſecond Example ( Fig. 159.) or only in ſome of the Angles, as 
in the firſt Caſe (Fig. 158.) For in the ſecond Example, ſuppoſe that 
AP be =x, and P M=y, the Point M being firſt taken on the 
Quadrant O B; then if the Point M be taken afterwards in the Qua- 
drant G B, we ſhall have 4 P = x, and PM =— 1, if M be taken 
on DG, we ſhall have AP= — x, and PM = -); and finally, if 
M be taken on DO, we ſhall have AP=— x, and PM =); and 
in all theſe Caſes ( by the Nature of the Circle ) there will come out 
the ſame Equation yy =aa — x x becauſe the Squares of + y, and 
+ x, are the ſame in all Caſes, viz. yy and xx, Moreover, in 
the firſt Example, if you make 4 P= x, and PM =y, in firſt ta- 
king the Point M (on the ſame Side as E) upon AE, in the Angle 
© AP; and then if the Point M be afterwards taken on EA (produced 
towards 4) in the Angle G A D, we ſhall have AP=— x, and PM 
= ); and fince the Triangles A B E, A PM, are ſimilar, the fol- 
lowing Proportion will be formed, viz. A B, (a) BE (b): : AP 
(—x) : PM (—y) =— A ; and therefore y = . Which is the 


a A — 
fame Equation as was form'd. by ſuppoſing the Point M to fall in the 
Angle B A'Q. map” "uh + ET 
| Note When we are hereafter to conſtruct the Locus of a 
given Equation, we always ſuppoſe 4 P (x) and PM (/y) ep 
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that is, all the Points M to fall in the ſame Angle BA . Aud that 
Part of the Locus contain'd in the Angle B A ©, we take for the Lo- 
cus of the given Equation. « 


2 


The ancient Geometricians did call plain Loci ſuch that are right 
Lines or Circles; and ſolid Loci, thoſe that are Parabola's, Ellipſes, or 
Hyperbola's. But the Moderns do diſtinguiſh Geometrick Loci into 
different Kinds or Degrees : For under the firſt Degree are compre. 
hended all the Loci, wherein the unknown Quantities x, y, are found 
in Equations only of one Dimenſion ; under the ſecond, all thoſe where- 
in thoſe unknown Quantities have two Dimenſions; under the third, 
all thoſe wherein the unknown Quantities have three Dimenſions, and 
ſo on. Where you muſt obſerve, that there mult be no Rectangle, or 
Product of the unknown Quantities x and y in the Equations for the 
Loci of the firſt Kind or Degree; and in Equations for the ſecond, 
thoſe Quantities muſt form a Product as xy of no more than two Di- 
menſions; and in Equations for the third, a Product x xy, or xyy of 
three Dimenſions, &c. 


3 


The Terms of the Equation of a Locus are ſaid to be different, 
when either of the unknown Quantities x and y, or both of them to- 
gether, are found therein of difterent Dimenſions: So in the firſt De- 


gree, if this Equation be propos'd y — = + c =o, the Terms y, — 
2 c, will be different. Moreover, in the ſecond Degree, if you ſup- 
poſeyy N —2cy—E +gx4bx—bb +11=0, then the 


Terms yy, = 263, —= gx + bx, —bb + 11, ſhall be eve- 
ry one of them different. 


ADVERTISEMENT, 


I ſhall here only explain particularly the Loci of the firſt and ſe- 
cond Degrees; but what I ſhall ſay thereof will give a great Inſight 
into the Conſtruction of more compound Loci in particular Caſes that 
way occur; ſome Examples of which will be found hereafter : 
Therefore my Defign in this Book, is to give a general Method for 
conſtructing the Loci of given Equations of the firſt and ſecond De- 
grees; and to ſhew that the Loci of the firſt Degree are ſtrait Lines 


only; and thoſe of the ſecond, either Parabolas, Ellipſes, Circles, 
Hy perbolas, or the oppoſite Sections. | 


Pos u- 


Of Geometric L oct. 


PosSsTULATE, 


305. Gant that any given litteral 
VF pounded, may be reduced to a ſimple Fraction in its leaſt 


b A © * | * . 
— s 75 wherein the Letters a, c. f, g, denote given right Lines 


p . hc? 
2. That one can find a right Line s = = 


bb af 
Lines a, b, c, e, f, g, are given. 3. That one can find a Square tt , 
ccee —rehb 


wherein the right 


wherein the Lines a, b, c, e, F, b, s, are given; fo that its 


Cceem—erebh 


Side t be = / 85 — + IT We ſhall ſhew the manner of doing 
this, in the Beginning of the Eighth Book. 


PROPOSITION LI. 
Problem. 


306, AN Equation of any Locus of the firſt Degree being given, to con- 
ſtrut the Locus. 
When the unknown Quantities x and y, have but one Dimenſion in 
a given Equation, and their Product x y is not in the ſame; then 
the Locus of that Equation will be always a ſtrait Line, and it may 
be reduced to ſome one of the four following Formula's. | 


bx bx b x b x 
1. 72 2, S +0, N nnn. 


in all which we ſuppoſe the unknown Quantity y to be freed from 
Fractions, and alſo that the Fraction multiplying the other unknown 


Ty 
Quantity x be * reduced to this Expreſſion , and all the known + 4,4, 305. 


Terms to this, viz. c. 

The ſame Things being premis'd as in the firſt Definition, the Lo- 
ci of the three laſt Forms may be conſtructed in the following manner; 
for the Locus of the firſt Form has been conſtructed in that Definition 
already. | 


Now to conſtruct the Locus of the ſecond. Formula) = = + c. In Eid. 160. 


the Line A4 Paſſume 4 B= a; and draw the right Lines BE = b, A 
=c, parallel to PM, and on the ſame Side; then if the indefinite 
right Line A E be drawn, as alſo the right Line DM parallel to 
AF. I fay, this Line DM, contain d in the Angle PA, ( now 

Eo BD Es. 233 - F 


Quantity, be it never ſo com- 
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by the Line A ©, drawn parallel to PM, and on the ſame Side ) 
will be the Locus of the ſaid Equation or Formula. For if through any 
one of its Points M, the Line MP be drawn parallel to 4 ©, meet- 
ing A E in F; then the ſimilar Triangles 4 BE, APF, will give 


this Proportion, A B(a):BE(b)::AP(s):PF= = And there- 
fore PM (y) = PF (=) + PM (6). 
The Locus of the third Formula y S = c, may be conſtructed after 


the following manner: Aſſume 4 B =a, and draw the right Lines 


BE=b, AD =c, parallel to PM; viz. BE on the ſame Side as 
A SD and AD on the contrary Side; alſo thro' the Points A, E, draw 
the Line A E of an indefinite length towards E, and thro' the Point D 
the Line DM parallel to AE, meeting the Line 4 in G. I fay, the 
indefinite right Line G M, contain d in the Angle PA Q, will be the 


Locus ſought. For we have always PM ( y) =PF (= — FN 


(c.) 
Laſtly, To conſtruct the Locus of the fourth Formula y = c — — 


| a 
In AP aſſume AB = a, and draw the right Lines BE=b, A D=c, 
parallel to PM; viz. B E on the contrary Side that 4 is, and AD 
on the ſame Side; then through the Points A, E, draw the Line A E 
of an indefinite Length towards E, and through the Point D the Line 
D M parallel to A E, meeting the Line 4 P in G. I fay, the right 
Line DG, contain'd in the Angle P.4 Q, will be the Locus ſought, 
For if the Line MP be drawn from any Point M thereof parallel to 
AQ, and meeting AE in F, we ſhall have always PM (y) = F M 


()- PF (= ) 
If the unknown Quantity x be not multiplied by a Fraction, then 


the four foregoing Formula's will be changed into theſe here : 


1. = x, 2.) Xx IT c, 3. 2X - c, 4. y=c—x, all of which 
may be conſtructed after the ſame manner as before, only obſerving 


to take the right Line B E equal to 4 B, which before was taken of 
any Length at pleaſure. 


SCHOLIUM. 


307. II. may happen that the Locus of an Equation may be a ſtraight. 

Line, although there be but one of the unknown Quantities. x, 
y, contain'd therein; and from hence ariſes theſe two new Formula's, 
J=c, and xc. a | 


Now 
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Nou to conſtruct the firſt Formula y=c, the ſame things being always Fic. 163. in 
premiſed, as in Def. 1; through the fixed Point 4 draw the Right i 
Line AD © c parallel to PM and towards the ſame Parts and then 
draw the indefinite Right Line DM parallel to A: I ſav that Line 
DM, will be the Locus of the propos d Equation. For it the Right 
Line M be drawn from any Point M of the fawe, parallel to A D; 
then it is manifeſt that we ſhall have always PM (y) AD (c). 
Again, to conſtruct the ſecond Formula x c. Aſſume 4 Pc, and Fic. 164. 
draw the indefinite Right Line PM making the Angle 4PM with 
AP, which is either given or taken at pleaſure: Then I ſay, PA 
will be the Locus of all the Points M. For if the Right Line 14 9 
be drawn from any Point M, thereof parallel to 4 P, and meeting the 
indefinite Line P (parallel to PM) in the Point &; then it is ma- 
nifeſt that we ſhall have always M. or 4 P(x) c, let PM () be 
aſſum'd of any Length whatſoever. 


ApVERTIS EME N Tx. 


Here it will not be amiſs to give the Learner an Idea of the Me- 
thod I am going to uſe, in conſtructing: the Loci of the ſecond De- 
gree, And this Method conſiſts firſt in conſtructing a Parabola, and 
afterwards an Ellipſis and Hyperbola being ſuch, that the Equation ex- 

reſling the Nature thereof,with regard to the Diametersand Aſymptotes, 
by the moſt compounded poſſible; and this turniſhes general Equations 
or Formula's. 'Then I examine the particular Parts of theſe general Equa- 
tions, that ſo an Equation being propos d, I may know which of theſe 
general Formula's to compare the ſame with; this being known, and 
all the Terms of the Equation compar'd with thoſe of the general Formu- 
la, I gather from thence the Conftrudtion of the Locus of that Equat ion, 
in obſerving certain Remarks ſerving for all the Formula's. But all this 


wy be much better underſtood in the following Lemmata and Propo- 
tions. 


Je th " — 9 — — —— — 
— * n 


The FUNDAMENTAL LEMMA for the Conſtruction of Loci, 
which are Parabola's. 


308, L ET there be two unknown and indeterminate Right Lines F:c. 165, 
AP, (x), PM (y) (as in Def. 1.); alſo let there be given 166. 
Right Lines, as m, u, p, 7, s. This being premiſed. 
1. In the Line AP, aſſume AB n; and draw the Right Pic. 165. 
Lines BE=n, A Dr, parallel to PM, and towards the ſame 
Parts, alſo through the Point A draw the Right Line AZ which I call 
e, and through the Point D the indefinite Right Line DG parallel to 
AE; and in DG aſſume DCs on the ſame Side as PA, ons 
ee ers T 
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with the Diameter CG, having its Ordinates parallel to PM, and Pa- 


* 4», 161. rameter CH p, deſcribe * a Parabola C M tending towards the ſame 


* Art. 19. 


| Fic. 166. 


Parts as AP. Now I ſay the Portion of this Parabola contain'd in the 
Angle PA D, (form'd by the Line AP, anda Line 4 D drawn thro' 
the fixed Point A, parallel to PM, and towards the ſame Parts) is 
the Locus of the following Equation or Formula. 


3, — * 7 * X Xx —2 rx ro. 


—2 * ps. 
For through any Point (M) of that Portion of the Parabola, draw 
the Line MP, making the Angle 4 PM (either given or taken at 


leaſure) with 4 P, and meeting the Parallels A E, DG, in the 
Points F, G; then the ſimilar Triangles 4 BE, APF, will give theſe 


two Proportions; AB (n): A E (e): AP (x) : 4 For DH =. 


And 4 B(m):BE(n):: AP(x):PF==. And conſequently & NH 
or PM—PF— FG =y—Z—, and CG, or DG DH 


m 

. But the Parabola gives * G M= CG « CH, which Equation will 
be the ſame as the propos'd one, by putting for thoſe Lines their ana- 
lytick Values. Therefore, &c. | 

2. From the fix d Point A, draw the indefinite Line 4 Q, parallel 
to PM, and towards the ſame Parts, in which aſſume 4 B= m, and 
draw B En, parallel to AP, and towards the ſame Parts as PM, 
and through the determinate Points 4, E, draw the Line 4 E, which 
I call e; then if in A P you take 4 D r on the ſame Side as PM, 
and draw the indefinite Right Line D G parallel to A E, and if in 
the ſame you take DC=s, likewiſe on the ſame Side as PM, and 
afterwards with the Diameter C G, whoſe Ordinatesare parallel to 4 P, 


'* 474. 161, and the Parameter CH=p, there be deſcrib'd * a Parabola CM, 


tending the ſame way as 4 ©. I fay the Portion of this Parabola 


contain'd in the Angle B AP, will be the Locus of this ſecond Equa- 
tion. 


2 mn / 
xa——yx+ —yy —2rx+—y + 77 = 0. 


— 25 TP 5 
For if the Line M 2 be drawn from any Point M thereof, parallel 
to AP, and: meeting the Parallels 4 E, DG, in the Points F, G; 
then the ſimilar Triangles 4 BE, 4 © F, will give theſe two Pro- 
portions 


% 
* 
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portions, A B (m): AE (e) :: AQ, or PM y) : AF or DG = 
— And AB (n) B E G :: AQ 9): QF = — And 


conſequently GM or & M — F — FG 2 — — 7, and 


CGorDG—DC=Z—s, But the Parabola gives FM = CG 


.x CH, which Equation will be the ſame as the propoſed one, by put- 
ting for thoſe Lines their Analytick Values; therefore, &c. 


COo:1K-0 LL Ar. 


309. II is manifeſt, (I.) That in the former of the two Equations, or For- 
mula's, the Square yy is found without a Fraction, and in the 2d 
the Square x x. 2. In both the Formulas the two Squares x x and yy are 


found with the ſame Signs; ſo that the Square( "= ) of half the Fraction 


„ which multiplies the Plane xy, multiplies x x and yy. And ſo if 


the Plane xy be in neither of thoſe two Equations, then the Square 
, or —— Will alſo be not in them, becauſe the given Fraction — 
mm mm | | | "7 
w1ll then be equal to nothing. 28 


PROPOSITION I. 
Problem. 


310. TO conſtrud the Locus of a given Equation, wherein if the Plane xy 
be not, there will likewiſe be but one of the Squares x x and yy; or 
elſe if the Flane xy be found in the ſame, the two Squares x x and yy are 
alſo therein both with the ſame Signs ; ſo that the Square of half the Fraction 
multiply'd by x y, be equal to that which multiplies the Square of one of the 
- unknown Quantities: dnppoſing always one of the Sqrares x x or yy in tle 
given Equation to be free from Fadlions. | 
Compare each 'Term of the given Equation with that Term anſwer- 
ing to it in the firſt Formula of the foregoing Lemma, if the Square 
Jy happens to be without a Fraction , or with that Term anſwering to 
It in the ſecond Formula, when the Square x x 1s without a traction, 
Then by comparing theſe Terms, get the Values of the Quantities m, 
u, p, 7, 4; by means of which, if a Parabola be deſcrib'd according as 
is directed in the Lemma (uſing the two following Obſervations ) 
the ſame will be the Locus requir'd. hes 


Z aide R E- 
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REM AME TI. 


311. T HE Line AB (n) may be taken of any poſitive Magni- 

tude at pleaſure, 2. The Lines 4B (m), BE (n) being 
given, the Line AE (e) is given alſo, becauſe the Angle A BE is 
given. 3. When u = o, the Line A E falls in AB, that is, in AP 
mn the Conſtruction of the firſt Formula, and in 4 in that of the 
ſecond; then we ſhall have AB (m) AE fe); becauſe the Points 
| B, E, will coincide. 4. When the Value of one of the Quantities. 
| 1.7,s, is negative, then the Line that the ſame expreſſes muſt be taken or 
| drawn on the contrary Side A with regard to PM, whereas when it 
is poſitive, it muſt be drawn on the ſame Side, as it 1s in the 
Lemma. 


KEMARK IL 


| 312, IF the Value of the Parameter CH (p) happens to be negative, 
| then the Parabola muſt be drawn the contrary way to that in 
| the Lemma ; that 1s, on the oppoſite Parts to which the indeterminate 
Line 4 in the Conſtruction of the firſt Formula, and the indeter- 
minate Line 4 © in the ſecond, tends. All this will be manifeſt by 
the tollowing Examples. | 


ESAMP Le. 


313. LI there be a given Equation yy — 2ay—bx+cc=0o; it 
is requir'd to conſtruct the Locus of the ſame. 
Becauſe the Square yy is here without a Fraction, therefore I chuſe 
* 4-1.308, the firſt Formula of the Lemma; and comparing each Term there- 


* of anſwering it in the propos d Equation, (1.) I have — = 0, becauſe 


the Plane xy being not in the propoſed Equation, that Plane may be 
eſteem'd as multiply'd by ez from whence I get » = o, and conſequent- 
Art. 3 11. Iy mn e: Therefore, it all the Terms in the Equation affected with 


- be ſtruck out, and m be put for e the Value thereof, there will ariſe 


. Jjy—27zy—px+rr+ps=0. 2. By comparing the correſpondent 
Terms — 21) and — 2 ay, as allo —p x and —bx, I get 7 Sa, and 
p Sb. 3. By comparing the Terms not affected with the unknown 


Quantities x and y, I have rr +ps=cc; and fo if a and b be put 
cc - 4a 


for their Values 7 and p, there ariſes s = —— , which is a negative 

Value when à exceeds c, as here ſuppos'd. There is no need of compa- 

ring the firſt Terms y, becauſe they are exactly the ſame. Now the 

* Art. 308 Values of u, , p, s, being thus determin'd, I conſtruct the Locus by 

| „ 2. uſing the Conſtruction of the Equation *, and obſerving the firſt “ Re- 
| Art. 311, mark, after the following manner. 8 Becauſe 
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Becauſe BE (N) = o, therefore the Points B, E, do coincide, and 
the Line A E falls in AP; whence thro' the fix d Point A, I draw firſt * 47. 3 11. 


the Line A D (7) = a parallel to PM, and on the ſame Side AB, as PM, Fic. 167. 
becauſe the Value thereof is poſitive: Then I draw D G parallel to 


AP, and in the ſame aſſume, D C= _ =—5 on the contrary 


Side to PM, becauſe s is === wa which is a negative Value. And laſtly, 


if a Parabola * be deſcribed with the Diameter CG, (whoſe Ordinates * 47+. 161, 
are parallel to PM) and Parameter C H (p) =b: I fay the two Por- 
tions OMM, RMS, contain'd in the Angle PAO, (made by A P, 
and the Line A O drawn parallel to PM, and towards the ſame Parts) 
will be the Locus of the given Equation. 
For if the Line M P be drawn from any Point M of theſe two Por- 
tions, making with AP the Angle APM either given or taken at plea- 
ſure, and meeting DG in the Point G; then we have G M = -a, 
or G M =@a —y, according as the Point M be taken above or below 
the Diameter CG; and CG or DG + CD =x + ; and there- 
fore, by * the Property of the Parabola G M (yy— 2ay + aa) = #* 4 19. 
CGxCH (bx+ aa—cc) that is, 5) — 24) — XT cc So, 
which is the Equation given. Therefore, &c. 


S CnOL.1IUM: 


314. F< O be produced on the other Side of A towards X, then ob- 
erve, 
1. That the indefinite Portion $ M of the Parabola, contain'd in the 
Angle SA X, will be the Locus of all the negative Values of the un- 
known Quantity y, anſwering to the poſitive Values of the other un- 
known Quantity x in the given Equation, For if AP be aſſum'd 
greater than 4S, and PM be drawn parallel to A X, and towards * 
the ſame Parts, meeting the Portion & M in M; then we ſhall have * AA. 50%. 
PM=—y, and fo the right Line GM or G PA PM—a—y, and 
by the Property of the Parabola we ſhall get the given Equation ,_ . * 
again, as above. | | 
2. The Portion R CO of that Parabola, which falls in the Angle 
TAO vertically oppoſite to the Angle S A X, will be the Locus of 
all the poſitive Values of the unknown Quantity y in the given Equa- 
tion, anſwering to the negative Values of the other unknown Quanti- 
ty x; for if you make * AP -x, we ſhall get the given Equation *.7-:.; -4. 
again. | | 
e 2. If a Portion of the ſaid Parabola falls in the Angle FAX ver- 
tically oppoſite to the e the ſame will be the Locus of A 
2 2 ein 


en 
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the negative Values of the unknown Quantity 5, anſwering to the 
negative Values of the other unknown Quantity x, So that that Pa- 
rabola is the compleat Locus of all the poſitive and negative Values of 
y, anſwering to all the politive and negative Values of x, in the given 
Equation ) — 235 — b x + CC o. 

Hence it appears, that in this Example there are two poſitive Va- 
laes (PM, PA,) of the unknown Quantity y, which anſwer to the ſame 
poſitive Value (A P) of the other unknown Quantity x, when the Line 
AP is leſs than AS; that there is one paſitive Value PM, and a ne- 
gative one — PM, when AP exceeds AS; that there is but one poſi- 
tive Value (SV) of y, the other being So, when 4P= AS; that 
there are two poſitive Values (PM, PM) of y, anſwering to the ſame 
negative Value (— AP) of x, when AP is leſſer than A T; that 
thoſe two Values will become each equal to the Tangent TC, when 
ASA; and finally, it 4P(—x) be taken greater than AT, 
then P M apply'd to A E will nct meet the Parabola at all, and ſo in 
this Caſe there can be had neither a poſitive or negative Value of y, 


that can anſwer to the negative Value (— A P) of x; that is, the 


Values of y will then become imaginary. 

All this muſt be underſtood after the ſame manner in all the follow- 
ing Examples, as well in the other Conick Sections, as the Parabola : 
So that the Conick Section deſcrib'd, will not be only the Locus of all 
the poſitive Values of y, with regard to the poſitive Values of x; but 
the {ame will be likewiſe the Locus of all the poſitive and negative 
Values of y, with regard to all the poſitive and negative Values of x, 


EYAMPP LEM 


b 
PELLET jy + * ＋ STZ == be an 
Equat icn, whoſe Locus is requir'd to be conſtructed. 
Becauſe the Square yy is here found without a Fraction, therefore 


J chuſe, (as before) the firſt Formula * of the Lemma; then by 


comparing the Terms thereof with thoſe anſwering to them in the 
26 


: . 22 ; 
propos d Equation, I have 1. „ = — ; from whence making * 


nn b b 


==; from whence there comes 


=, there ariſes 1 =—b, 2. — =—; 


out, as above, 1 = -b. 3.7 =—c, 4. —— 2 - jzand there- 


: be 5 a 
fore p = „by putting a, —b, —c, for m,n,r. 5. 77 + ps= 
ec, and ſos=0, by ſubſtituting cc for yr. Now the Values of m, 
2, 7, p. s, being thus determin'd, I conſtru& the Locus of the Equation 
(by uſing the Conſtruction of the firſt * Forniula) aſter the * 
manner. : N 8 3 n 
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In the Line AP aſſume 4B (n) Sa, and draw the right Lines Fic. 168. 

BE b , AD =c =— x7 parallel to PM, and on the con- 

trary Side, becauſe » — b, andy =—<c, which are negative Va- 

lues. Then through the determinate Points A, E, draw the Line 4E 

(e) which is given, and through the Point D, the Line DG parallel 

to AE. This being done, ſince D C (5) is So, the Point C falls on 

D; therefore if a Parabola be deſcrib'd * with the Diameter DG, Art. 161. 


whoſe Ordinates are parallel to PM, and the Parameter DH (p) = 
ab 1-2bc | 


I} ſay, the Portion O M thereof contain'd in the Angle PAH, 
wherein all the Points M are ſuppos'd to fall, will be the Locus of the 
Equation given. WES IS; | | 
For if the Line MP be drawn through any Point M thereof, ma- 
king the Angle AP M either given or taken at pleaſure, and meeting 
the Parallels AE, DG, in the Points F, G; then the ſimilar Triangles 
ABE, APF, will give theſe two Proportions, A B (a): AE (e): 


AP(x): AF or DG==. And AB (@):BE(b):: AP (x): PF 

=== Aud conſequently GM or PM -+-P F + FG=y += + c. 

But by the Property of the * Parabola GH = G D, DH; that is, *4rt. 19. 
) . . 2 6 bb | 

by putting the Analytick Values, yy + -x TX + 2cy— 

bx cc . Therefore, &c, 


SCHOoOL1UM I. 


316. IF the Line AP ſhould not cut the Parabola, but touch or fall F:c+ 168. 
- quite without it; then nct one of the ſought Points M 
would fall in the Angle PAH, as we have ſuppos'd in the Conſtructi- 
on; and ſo there could be no poſitive Value of x, that would anſwer 
to the poſitive Value of 5. agg 
This Obſervation 1s general for all Examples of the like Nature, 
not only in the Paarabola, but alſo in the other Sections. 


SCHOLI1UM II. 


317. H E R E it is neceſſary to take notice, that if 4B (an) had been 
| aſſum'd of any other Length beſides a ; then the Values of 
BE (u), and AE (e) would indeed vary: But the Ratio's of 


| — _ will remain the fame always; becauſe in the Tri- 


angle AB E, the Angle 4 22 is given, as alſo the Ratio of the 
Sides A B, BE, viz, „ in this Example, Now, becauſe there 
7 are 
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e OI 4 157.6 oitsa v --# 8:1 Jin 0-4 61 k 133 
are only thoſe two Ratio's of —, —, that can be found in the Va- 


* Art. 308. 
. 2. 


lues of p, 7, 5 therefore theſe Values do remain the ſame always, let 
the Line 4 B (n) be taken of any 2 Magnitude at pleaſure: So 
that n was taken equal to a only, for rendring the Conſtruction more 


ſimple; which muſt be always obſerv'd hereafter, 


EX AM IL E III. 
318. Ir is requir d to find the Locus of this given Equation, æ & -+ 


- bh Abe 
ee | 
Becauſe the Square x x is here free from Fractions, I chuſe the ſecond 


Formula * of the Lemma; then in comparing the correſpondent 

Terms, I have 1 2 = — from whence making m=a, I get 

1 2b. 2 = and ſo (ſince a) we have n=— b, as before. 
mm aa 

3. Sc. 4. e; from whence p =— ©; by  fub- 


ſtituting a, — b, c, for their Values m, u, r. 5. 77 po, becauſe 


there is no Term in the given Equation entirely known, which can be 
compar'd with the Term yr + ps of the Formula; and ſo we have 
5= A, by ſubſtituting c and-— ©, for 7 and p. Now theſe 


7 . | 
Values being thus determin'd, I conſtruct the Locus requir'd after the 


following manner, by uſing the Conſtruction of the ſecond Formula 


* Art. 308. 
N. 2. 


FIG. 169. 


* Art. 161. 


Art. 3 12. 


1 the Lemma, and exactly obſerving the 311th and 312th Ar- 
ticles. _ . A Rb | ; 
Through the fixed Point A, draw the indefinite right Line 

parallel to PM, and on the ſame aſſume A B (n Sa; and from the 
int B draw BE = b = — n parallel to A P, on the contrary. Side 
to P M, becauſe the Value of » is negative; moreover, through the 
determinate Points A, E, draw the Line AE, (e) which 1s given, This 
being done, in 4A P take AD (r) =c in from A towards PM, and 
draw the indefinite right Line D G parallel to AE, in which, aſſume 
DC (5) == on the ſame Side 4 Pas PM. Then deſcribe * a Parabola 
with the Diameter CG, whoſe- Ordinates are parallel to 4'P, and 
parameter the Line C H = — p, tending * the contrary way 
to what which 49. tends, becauſe p = which is a negative Va- 


ws. J * 


* 


lue. I ſay the Portion 9 MRof that Parabola contained 
PA 2 th Pr be the Locus ſought. - 1 er 


For if the Line M 9, be drawn through any Point M thereof, pa- 
oy to 4 B and meeting the Parallels A4 E, DG, in the Points F, 
then the ſimilar Triangles 4 B E, AF, will give theſe two 
ae Pg AB (a) AE (e): A® or. M (y): 4For DG 


2 And 4B): BEW:*1Q (3): 2 And conſequent. 
Y n (EI F- F0)=x +22 —«, or GM (FON 
— 9M) = FRE, +, according as, on which Side of the Diameter 


CD the Point Ml falls; and c r c = D = =. But by 
the property * of the Parabola, G G MSC H, ont is, * ſubſtitu- 
ting the Analytick Values of thoſe Lines, xx + 27 x + 2 — 77 y—2 
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cx + HT =0, which i 1s the given Equation, Therefore Sc, w* 


s a, 


yy it t ſhould happen, in ring the Terms of the giyenEqua- 
tion with thoſe of the Formula, that p is = o; then it is ma- 
* that the Conſtruction of the Parabola, which ought to be the 

Locus of the Equation, wonld be impoſlible ; and that Equation m * 
always be brought lower, ſo that the Rae thereof will be a ſtra 

Line; as will appear by the Formula's * of the Lemma. For Exam- 4 308. 
ple; if all the Terms affected with 7 in the firſt Formula be ſtruck 


out, there will ariſe yy — == * 9 ＋ 275 Nes r rr, = 


o, the ow Root of which being extracted, will be y==—r o, 


or y = — —_ 7, whoſe Locus i is a ſtrait Line, and may be PETR 


#4 Art, 306. The ſame thing wal Eren allo. in ws ſecond Formula 
. 48. kli n | 


ERS 1 TW. a gant bagaady 


320. ET hos be an Equation x x— ay =o, it is requir'd to find 
L the Locus of the . i Me 
Becauſe the Square xx is free from Fractions, I chuſe the ſecond 
Formula of the Lemma; then by comparing the correſpondent *4rt- 308. 
4 Terms, 


16 21 er. 
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Terms, 1have 1. e, becauſe 45 5 not in that, Equation ; whence 


41.311. I get u o, and conſequently n 2.— 855 began the Square 


y is not in the Equation; from whence I get again #=0. 3. o, 
128 the unknown Quantity x is not found, in the propoſed Equa- 
tion, of one Dimenſion : Therefore ſtriking, out all the Terms in the 


Formula whereinare— and 7, and ſubſtituting m for e; then there ari· 


ſesx x—py +p5=0, whoſe Terms remain to be compared with 
thoſe meeting to them in the propoſed Equation. _ 4. By comparing 
the Terms —p y and — ay, I getp=a. 5. Becauſe there is no Term 
in the rakes, Equation entirely known to compare with the Term 
; therefore ps =o, and ſo is o. Now the Values of », z, p, x, 
bein ing thus determin d, the Locus may be conſtrued in the 
following Manner, regard being had to the Conſtruction of the ſecond 

Formula of Art. 308, and Art. 311. 
Fic. 110. Becauſe BE (n) =o, the Line AE falls * in 4 © drawn parallel 
An. 311. to PM towards the ſame Parts; as alfo-D G, becauſe 4 D (7) = 0: 
And becauſe CD (g) =o the Point C falls on D, and D on 4. Then 
* 40.161 Ku * Parabola be deſcribed * with the Diameter AD, whoſe Cogn 
2 „ Ls AE parallel to 4 P, and Parameter 4 H ( 22: J 
for the indefinite Portion (AM) thereof, contain'd in the Angle 

PA Y, is the Locus ſought. 

through any 7 Point M thereof, you draw the Right Lines 
+ 4. 19. MP, M ©, parallel to AQ, and A P; then by * the Property of the 


Parabola, we ſhall have PM (xx) =4A& «x AH(ay); and therefore 
x x —ay = 0, Which is the Equation propo V. D. 


3 Demonſtration of the Px o BL EM. 


* 21. 1 F inſtead of n, „, 7, p, in the general Formula, * ou fub- 
r ob. 1 ſtitute the Values an by computing the ro. 
with the Terms of a propoſed Equation, be it what it will, provided 

the ſame to have the Conditions denoted in the Problem; then it is 
manifeſt that that general Formula will be changed into the propoſed 
Equation: And therefore if thoſe Values be taken alſo in the Con- 

. 308. ſtruction of the * Lemma, then the Locus of the general Formula will 
be changed into that of the propoſed Equation,, And this is what hath 


been taught inthe Problem, as warty y in the foregoing Examples. 
Therefore, Se, T ＋ FA 


* 
f * Al - 1 4 7 1 
122 5 1 


- ww a 0 
1 5 4 
— ” , 
* 2 * 9 4 1 * 6 1 7 
* 5 bo ah * : x * - » 
# M4 ; . „ * 8 = LY 
p , # # * 6 - 
| 1 ; 9 
- * 
99 m 7 - . ? - T4 | 1 | 
. 0 * ® = 3 * : l iS ; 4 * > > 44-1 o 6 * . 
. . 4 * 4 
- 4 8 @ *# 4 * — a . — 
LY 
* 5 0 
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The FUNDAMENTAL LENMMA, for the Conſiruction of Loci, 
[1-278 which are Ellipſes or Circles. dere 


.” 


Right Lines (as in the firſt Definition) and let m, , p, 7, s, t, 
be given Lines. This being premiſed. 

In the Line AP, aſſume 4B = n, and draw the Right Lines 
B E= n, AD r, parallel to PM, and on the ſame Side 4 Fas PM, alſo 
thro the Point A draw the Right Line AE (e) which is given, and thro? 
the Point D, the indefinite Right Line D G parallel to 4 E, in which 
aſſume DC =s towards P M; and the Parts CK, CL, on both Sides 
C, each equal to t. Then if an Ellipſis be deſcrib'd * with the Diame- 4.161. 
ter LX (at) whoſe Ordinates are parallel to PM, and having H K=p 
for the Parameter; I ſay the Portion O M R thereof contain'd in the 
Angle PA D, made by the Line 4 P and the Line AD (drawn thro? 
the fixed Point A parallel to PM, and the ſame way) will be the 
Locus of the following general Formula. 


7 yJ—=x 7 WP, * — 2 + = ro. 


32 2. L ET AP (Y, PM (Y), be two unknown and indeterminite pic. 151. 


. 3 
. 
5 P.. 
42 


2⁊t by 


For if from any Point M of that Portion of the Ellipſis, you 
draw the Line MP, making (with 4 P). the Angle 4 PM either 
given or taken at pleaſure, and meeting the Parallels 4 E, DG, in the 
Points F, G; then by means of the ſimilar Triangles 4 BE, A P F, 


we ſhall have A For DG , and PF==, And therefore O .= 
He = And by the Property * of the El-. 4 3 
mm | 12 | 3288 


lipfis, K L (2 ): K H (p)::LG« GK or CHs (f 4 


. 


nt 2Witead 231.5 mn. pen”) of ro DN a, 
J—— x —2 ＋—— . N 


9 


nm, A 
2 5 bx ik — 15 Therefore, Se . 
2 azꝝMmt 2mmt . hes — | mw 

If it happens that the Diameter K L (at) and its Parameter R H 
(p) be equal to one another, we ſhall have always G M= LG CAR; 
m whence if the Angle CG M be a right one, it is manifeſt (by the 
Elements) that the Ellipſis will be then changed into a Circle, whoſe 
Diameter is the Line ELExmꝝ . 4411 
A2 HA COR O- 


* 


3 
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Cog 2a40LL44F 


323. I I is evident that the two Squares y y and x x have always the 
{ame Signs in that Formula; and when the Plane xy happens to 


be therein, then the Square { 125 ) of half the Fractien — multiplying 


that Plane, mult be leſſer then the Fraction *-+ multiplying the 
Square x x. 


C * 7 4 — " 4 46:44 as 
0 " a 3 W . » 
Fs, LS AM "I n . * TT "ak ET 


PROPOSITION III. 
Problem. 


324.70 conſtrut the Lacus of a given Equation, wherein are the two 
Squares Y Y, and x x, having the fame Signs, without the Plane 
xy, or with it, if the Square of balf the Fradtion multiplying the ſame be 
leſs than the Fradtion multiplying the Square x x. Suppoſing the Square y y 

to be always free from Fradtions. | 113 * 
Compare the Terms of the given Equation with thoſe Terms 
* 41.322, anſwering to them in the general Formula * of the afereſaid Lemma; 
from whence get the Values of the Quantities m, u, p, 7, 5, t, by means 
of which defcribe an Ellipſis according to the Directions of the Lem- 


ma, ( obſerving exactly the 311th Article) and the ſame will be the 
Locus ſought. 


. . ... 


r * 
—— call hath 


EA AM LE: I. 


325.] Tis requir'd to find the Locus of this Equation, y y + x y +} 
xx — 2ay +bx + cc =0, in which the Square of 4 the 
Fraction ; or 1, which multiply's x y, is leſs then the Fraction } which 
multiplies x x. ne tp "TRL TRAIT 
Now by comparing each Term of the genera] Formula of the Lem- 
Am. 322+ ma * with that anſwering to it in the Equation, we ſhall have 1. 
= =-— 1, for ſince the Plane « y is not multiply'd: by any litteral 
m | | | \ 
Fraction, the fame may be conſider'd as being myltiply'd by unity or 
1: And conſequently it you make » = a, we ſhall have » ==—4 a. 
8 2} nin 44 f 
2 —tS=4 from whence weget —= =, by ſubſtitu- 


ce 


ting a, —zb, for u, 13 and confequently p==. 3.7 . 4. 7 "I 


s 1 | ; | _— _ | | 


— 


uo TH | | 


there ariſi — tt = 


44 + 


* * * T "EE 1 a n 
2 — ** £73 % - 3 3 N „„ 
. . ee n ² nab 2 
1 N * 


e 


— 
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SEES — 14 46 — , by putting = or 2. 7. Now = 


7. 
Values of m, u, 7, 5, 1 being thus found, the Fnipf 8 bought wa 
deſcrib'd after the fo lowing Manner, uſi ing the Conſtruction ih 


Lemma * and the 211th Licks. | * Art. 32 2. 
In the Line AP aſſume AB (m) — a, and draw the right Line bi. 172. 


AD =a parallel to PM, and on the ſame Side, as alſo the right 
Line BESA =- u on the contrary Side, becauſe n= a 18 a 


negative Valne; moreover, through the Point A draw the right Line 
AE (e) which i is given, and through the Point D the right Line DG 


parallel to AE; in which aſſume DC = — en the 


contrary Side to PM, as alſo. C A, CL, on both "Sides C, each equal to 
Tce 


t=2/ +5 4 ee _ Then if an Ellipſis be * deſcrib'd with the 4% 161. 


Diameter LX, whoſe Ordinates are parallel to PM, and Parameter 
the Line KH (5) = . I fay, the Portion (O A R) thereof, con- 


tain'd in the Angle PA D, will be the Locus of the given Equation. - 
For if thro* any Point M thereof, you draw the Line MP, making an 
Angle (APM) with A P, either given or taken at pleaſure, and meet ing 
the Parallels AE, DG, in the Points F, G; then the ſimilar Triangles 
ABE, A P F, will give theſe Proportions, 4 (a): AE (e) :: APG): 
AF or DG== And AB (a): BE () 4 (K) 


PPF=+ x. Nn we have G M= -a * CG or DG 
+ DC ===s, becauſe DC=—4. But by the Property * of the * Art. 55, 


and 41. 
Blipſis K L 290 XH (z): IG. R orCK —TG (tt—535+ 
285x- 


Pl: Ga Oy TRY 2 +Fixx—ax + a a.) From 


2ee 


* whence ſabſtituting 4 ee — —— and — — — inſtead of tt -, and s, 


and afterwards multi tiplying che Extremes and Means, and dividing 


both Sides by 2t, we ſhall get again the propos d Equation. There- 
fore, Ec. 


Sen OT 1 Wax" 
326, ow run. equal) er leß than * de, then it is eri. 


all che Values of 4 ad be 1 Imaginary. 


_ — 


180 | 
*.1t.322, This will appear plain in the general Formula * of the Lemma, 


*. Art. 32 


2 


The S EVENT HBO Ox. 


which, by tranſpoſing ſome of the Terms, will become yy— — 15 — 27 


== Ir = +4 =, in which E. 
mm m 


t. 2mt zum 


quation the firſt Member (or Side) is the Square of y — = x -; and 


the ſecond, the Square of t minus the Square of s — 555 multiply'd 
by the Fraction z . Now it is evident, if the Value of the Square 


tt be nothing or negative; then the Value of the ſecond Member of 
the Equation will be negative; and ſo in both Caſes we ſhall have a 
Square, viz. the firſt Member, having a negativeV alue, which cannot 
be. | | 


FXxAMKPLAEg HE 


327- IT is requir'd to find the Locus of this Equation y y + 5 xy + 


xx+cy+fx—ag=0, in which I ſuppoſe (according to Article 


323.) that 155 is lefs than the Fraction 4, or 1 multiplying the Square 


x x; viz. that bis leſs than 2a. 
By comparing the Terms of the general Formula * with thoſe an- 


. . . | » b. . 
fwering to them in the Equation propos'd, we have 1. 5 =——1 


whence making m = a, and then u will be =—+b. 2. — + . & 


= ; from whence putting a, — 2 b for n, u, and we ſhall have = 
4 | bee—2afe | 


42: —0b And D 424 


= 3, 1 36 4.65 


1 2% 4aa—bb" 5 & 
t Vn NR, From whence ariſes the following Conſtru- 
Eton. | | | 


In the indefinite right Line A P, aſſume 4 B (n) Sa, and draw 
the right Lines BE b = - , AD =z c = rx, parallel to PM, 
and both on the. contrary Side; alſo through the Point A draw the 
right Line AE (e) which is given, and through the Point P the right 
Line DG parallel to AE; in which aſſume DC (s) = — from D 
towards PM, if h c exceeds 24 f, (as it is here ſuppos'd to do) and the 
contrary way, it the fame be leſs; then on both Sides the Yr C, 


CP +» NO PRETTY Cr RATS” > enn A 


my FT 
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ame CK and CL, each equal to t= War Lg) — This 
being done, deſcribe * an Ellipſis with the Diameter L (2t) whoſe 
Ordinates are parallel to PM, and Parameter the Line K H ( — 
8 '. I fay, the Portion OR of this Ellipſis will be the Locus of 


20 
the pro ſed Equation. 

For drawing the Line M from any Point M thereof, making the 
Angle 4 PM with M P either given or aſſum'd at pleaſure, and 58 


ing the Parallels A E, 1. K, in the Points F, &; then we have PF = 
> and 1 DG = — from whence we get MG or MP + PF 


+ F@=y+Z +46, 3 or 5 — f. But by the * 


Property * of the Ellipſis LX (24) : xn (Wet =) ::LG «GK(tt*4r. 55, 
and 41. 


* Art. 161. 


— 33 + =—_=) GM (yy + —xy + 4 BS. 2 zec). 
from whence, (if — and —— 8 I be ned for tt — 35 
and s, and then you multiply the Means and Extremes, and divide by 
2 5 and there will ariſe the propoſed Equation. 

ere it is neceſſary to obſerve, that if the Angle A E B be a right 
one, then will the Angle CG M be fo W and the Diameter 


LX (zt) equal to the Parameter K H ( 2 , becauſe e ea 


2 bb, ſince AEB is a right · angled Triangle. Therefore, in this Caſe, 
the Ellipfis will be a Circle, and the right Line CK or CL (t) = 


Acc a g, will be a Diameter thereof, and D C () will be 
2 _ from whence ariſes a Aeg ſimpler nene 


| FE x AM Þ L E. III. 
328. L T it be requir'd to conſtruct the Locus of this. Equation yy 
＋ Xxx - 4X Vo. 
By comparing the Terms of the general * ade with thoſe an- 471.32. 


fivering to them in the given Equation, we have 1.— = 0, becauſe 
the Term æy being wanting, the ſame muſt be. conceiv'd AS multiply'd 
by o; from whence we get n=0: and therefore m — e. 2. — 


* — 211 that! 1s, 2. 7, by ſubſtituting o and e for 1 and zz 
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and therefore pt. . 7 =0 becauſe the unknown Quanti 


not being . Equation, may be 115. 
pos d, alſo as being. multiply d by 93. the G il all the Terms here. 


An. zes. in are and f in the general Formula be ſtruck out; and n and rhe 

ſubſtituted for e and 15 , then that Formula will become this, viz. Jy 

+ xx —25x—tt se, whoſe Terms remain to be compared 

with thoſe cf the propos d Equation, . 4, 1 a; and therefore = 

14. 5, 3 —tt=0@; becauſe there is no known Term in the given 

Equation : and therefore tt =s5 = ada; and fot a, by extracł- 

ing the ſquare Root of both Sides: Now: the ſaid Values being thus 

found, the Locus may be conſtructed after the following manner. 

Fic. 174. Becauſe BE (n)= o, therefore A E fallb in 4 P and A in DG 

likewiſe, ſince AD (r) e; ſo that the Point D falls in 4. There- 

fore in 4 Paſſume AC (6) = + a towards PM; as alſo CK, CL, on 

both Sides:the Point C, each _ to t = 5 (the Point L here coin- 

eides with A;) and with the Diameter AK, whofe Ordinates are pa- 

44.161. Tallel to PM, and Parameter the Line XH 2 =2t Sa, deſcribe * 

an Ellipfis, and the ſume ſhall be the Locus fou gilt. 

For if the right Line M P be drawn through any Point M thereof, 

making the Angle 4 PM with AP either given or. taken at plea- 

* Art. 55, ſure ; then we ſhall have * AK (a): KH (a):: AP PR (ax—xx) : 
wil PN yy). From whence ariſes yy + xx—ax= 

If the Angle A PM be a right Angle, then the Ellipſis will-become 

a Circle, and the Line AK D a will be a Diameter thereof, 


329. THERE may: happen two Caſes, wherein the Locus of a 
ng Equat1on 1s a Circle. | | 

Caſe 1. When the Squares y.y and xx are both found with the ſame 
Signs and without a Fraction, 2s alf> the Plane xy in a given Equa- 
tion; and when the Angle AE is a right one (ib happens when 
AF being drawn perpendicular on PM, the Ratio of PF to AP, 
being the ſame as the Ratio of BE to 4B, is expreſſed by one half 
of the Fraction nultiplying the Plane xy,) : Then the, Locus of that 
Equation will be always a Circle, as appears already in Art. 324, and 
the. Reafon thereof is evident+ by* the general Formula. For com- 
paring the corre ſpondent Terms affected with x.x,, and we ſhall have 


— . nn ee) | 4 mm — In 
this Equation = + Ta I ; and ſo 2 = — == 1, ſince the 


Triangle A EB being right-angled, the Scare n mn + ee. But 
a 2 | | 1 becauſe 
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becauſe the Angle A E B is a right one, the Angle CG M being that 
made by the Diameter LX and the Ordinates thereof, will be a right 
one alſo ; and fo ſince the Diameter L XK is equal to its Parameter 
K E, the Ellipſis will then become a Circle. . 

Caſe 2. When the Squares yy and x x, are both found with the ſame 
Signs, and without a Fraction, in an Equation, wanting the Plane xy, 
and when the Angle AP M is a right one: Then the Locus of that 
Equation will be always a Circle, as hath been obſerv'd in Art. 328; 
and this * be proved by means of the genera) Formula. For be- 
cauſe the Plane x y is not inthe propos d Equation, the Fraction 


= in'that Formula will be So; and therefare BZ (n) = 0, and n Se. 


rt 35:00 Th 15 ; xy - 

From whence it follows, 1. that the Diameter L X is parallel to the 
Line A P, and fo the Angle CG M made by the fame and its Ordi- 
nates, being equal to the Angle A PM, will be a right Angle. 2. That 
the Fraction = +. which multiplies the Square x x in the For- 


mm 2mmt 


mula; becomes 2, from whence we have L=: That is, the Dia- 
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meter L X will be equal to its Parameter K H. Therefore the El- 


lipſis which is the Locus of the given Equation, will be a Circle. And 
becauſe the general Formula in this Cale, 1s 


Jy Tx*&8—=27) -25x +7750 
| — tt 


| | _ . + $$ 
Tou may abridge the Calcylus by comparing the Terms of this 
Formula, with thoſe of the Equation, and finding by that 
means the Values of 2, 3, t, which ſerve to deſcribe the Circle that is 
the Locus of the propoſed Equation... N Fo 


The F UNDAMENTA LL EM Ma for the Conſtruction of Loci, 
__ which are Hyperbola's reſpeFing their Diameters. 


330. T H E famethings being laid down as in the foregoing Lemma Fic. 115, 
for the Ellipſis. With the Diameter LX ( 2 t ), whoſe Ordi- 176. 


nates are parallel to PM, and Parameter K H (p) deſcribe * an Hy- 
perbola or two oppoſite Sections. I fay the Portion or Portions (OM) 
thereof, contain'd in the Angle PA D made by the Line 4 Pand the 
Line 4 D drawn through the fixed Point A parallel to P M towards 
the ſame Parts, will be the Locus of the following Equation or For- 


4 ag 


. 161. 
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* Axt. 81, 
and 1 18. 


tween themſelves; then the Hyperbola will be an equ 


The 8 EVEN TH B o © K. 
| 35. as 11 % Wes 4% 5. N 
| —Xx — — 21715571 — „ T7 0 
2 +05 + 
' | 2eÞs t 
* 2mmt * 2mt 2 
45 | | 5 


» | 2t 
in which you muſt obſerve that - is affirmative, when L KX is a firſt 
Diameter, and negative when the ſame is a ſecond. 


For if the Line MP be drawn through any Point M of that Portion, 
making the Angle 4 PM, with A B either given or taken at pleaſure, 
and meeting the Parallels A E, DG, in the Points E, G; then by the 
Property * of the Hyperbola, we ſhall have KL(2t):KH(p):: 
1 75775 <p: coun Oh nal} af 
COCA mo ST CN "ae 6s: . 


259 — 75 xy—27 + xx += x +77. —=0, Therefore, &c. 
If the Diameter KL (Cat) and its Parameter K H (7) Og equal be- 
teral one. 
COROLLARY, 


331. JI is manifeſt, 1. That the two Squares y y and x x have always 
different Signs in that Formula, when the Plane xy happens 


not to be therein; or even when it is in the ſame, if —D exceeds . 
2, That the ſaid Squares may have the ſame Signs, upon Condition 
that the Plane x y be not in the Formula, and the Square ( == Jofone 
half the Fraction multiplying xy, be greater than the Fraction 
—— — multiplying the Square x x. EN 


mm 


PROPOSITION IV. 
Problem. 


332. 70 conſtru the Locus of a given Equation, wherein the Squares yy 

and x x bave different Signs, or even the ſame Signs, upon Con- 
dition that the Flane xy does not happen therein, and the Square of one half 
the Fradion multiplying the ſaid Plane xy, be greater than the Frafion mul- 
aiplying the Square x x. Snppoſig the Square y y to be free from Fradions. 


The 
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8 
£ 
| 

by. 
I 
I 
4 

* 
4 


/ 


Of Geometrick Loci. 


The Locus of the Equation being an Hyperbola, muſt be con- 
ſtructed in the ſame manner as the Ellipſis was in the laſt Problem, as 
ſhall appear in the following Examples. 


» 


EXAMPLE I. 


333. LEr there be an Equation y y + 7 x 5 + f x x + 2 Cy—2gx 


— hh So, whoſe Locus it is requir'd to conſtruct, ſuppoſing the Square 
thereig to exceed =» 


Compare the Terms of this Equation with thoſe anſwering them in 
the Formula of. the Lemma, and then we have 1. — =— = 


= — 7 
and therefore if you make m=a, then » will be =—6b, 2, 2 — 


*» —7. al £ Gant p = jo 


B+ . . * = C. N 
mm a 2 * ee ee 


4. . + 5 = — 2 g, from whence ſubſtituting for m, u, 7, 25 their 
2M 
e—age 


Values already found, and we ſhall get s = .it 


bb—af 
— h o — 2 
—— OI +, being affirmative when the Square 


7 5— ? 
=, and negative when the ſame is leſs, becauſe the 


Square tt muſt be poſitive ; from whence there are two Caſes. Now 
the Values of m, u, 7, s, t, p, being thus determined, the Locus of the 
Equation may be conſtructed after the following manner, uſing the 


ss exceeds 


Conſtruction of the Lemma. N / 
In AP, aſſume AB Sa, and draw the right Lines BE =b —=— Fs. 178. 
», AD =c = — r, parallel to PM, and on the coutrary Side of AP 


in reſpe& to PM ; alſo through the Points A, E, draw the right Line 

AE (e) which is given, and through the Point D the eye right 

Line DG parallel to 4 E, in which aſſume DC — 

from D towards PM, and on both Sides the Point Caſſume CL, CR, 
eecc eebb eecc Leeb 


each equal to t = e = = or / ,, according as 


bb—af . V  -bb—af 
eeccd- eebb 


s 5 is greater. or leſs than — This being done, with the Diame- 


bb—af 
ter L XM, whoſe Ordinates are parallel to P M4, and W 
B b | Lite 
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Line KH ( = = deſcribe an Hyperbola, obſerving that LR 


ee 
muſt be a firſt Diameter ( Pe. 177.) in the former Caſe, and a ſecond 
(Fig. 178.) in the latter Caſe, Then the Portion O M of that Hyper- 
la will be the Locus ſought. ro | 
For if from any one of the Points thereof, as M, the Line M P be 
drawn parallel to 4 D, meeting the Lines A B, AE, DG, in the 


Points P, F, G; then we ſhall have PF ==, and A F or DG = 


* And conſequently MG = y + _ c, and CG or DG CD 
a : | 6 | * 
= 7 — 5, becauſe CD -. But by the Property of the Hyper- 


2bbt—2 aft 


ee 


bola, LX (2t): KH( ::T@ + TH (= —E 455% 


aa 


tt) 6 (yy += x3 + 2c) +=xx+ x +cc) which gives 


ccee—eebh I —bce—age \ : 
LE and Re) for their Va- 
lues 35 + t t and s, and multiplying the Means and Extremes, and 
dwiding by 2t, Therefore, Sc. | g 


the given Equation by ſubſtituting 


SCHOLIUM. 


224. [F 55 be = = then it is manifeſt, that the Value of tt will 


: „„ eex x Zetx | 2 b 
this Proportion, viz. ee: bb -f :: r — — +55+ttiyy + — 

b b be * . 
.  xj+F=xx+2cCy ce; from whence ſtriking out t t =o, 


multiplying the Extremes and Means, and extracting the ſquare Root 


ef both Sides, and there Will ariſe ey + == Tec — bb—af, 


that is, (putting = for — 5, and dividing both Sides by e ) this 
2 ds THe þ Arbe, 
Equation y = A a ens x: + 


a Daf 4 
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IX =c, which will be chang d into this „P- (by ma- 
a/ bb—a) 2 
king — = — . — andy = 2 0 whoſe 3 ſtrait 


Abb —af 
Line, and may be conſtructed by Art. 306. 
The Reaſon of this is 080 by the general Formula of the Lem- 


ma : For if the Term + T be ſtruck out in that Lemma, becauſe t t 
=0; then by WR" ſome T_ and — the ſquare 
Root, we ſhall have this Equation ) — — x — ” = us 2 EX or $ 


— ATE 155 wherein the unknown . x and y, are but of 


one "Dimend" on, and n the Locus thereof will be ſtrait 
Lines. 


Ek 1 ri II. 


335. T H E Locus of the following given Equation is requir'd, viz. 


Jy —xx +2459 + 4x =0. 
By comparing the correſpondent given Terms, we have 1. 2 = 0, 
becauſe the Plane x y is not in the propoſed Equation ; from whence 


we get 1 So, and ſom=e. 2. 2. 1, and therefore p = 2 t. 


1 WD 
3. 7 2a. 4. L Sa; whences a. 5. T- =. 903 
rrt | . p 
and ee — Z aa, by putting —a, I, 2 a, for their 


G» . 


Values 7, —, 5; from whence we know, that — t t muſt be taken in 


the laſt Term in the Formula, and not + t t, that ſo the Value of t t 
may be poſitive. Now the Locus may be thus conſtructed, 
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cauſe 4 D (7) = —a; therefore through the Point A draw the Fi. 1794 


right Line A Da, parallel to PM, and on the contrary Side of 4 P 
with regard to PM ; and becauſe B E (1) Do, therefore through the 
Point D draw the right Line DG parallel to AP, in which aſſume 
DC (s)= + a from D towards PM; alſo aſſume CK, CL, on both Sides 
the Point c each equal tot = / 1 aa, This bein done with the ſe- 


cond Diameter L K ( becauſe — tt was taken in the laſt Term of the 


Formula) whoſe Ordinates are parallel to P M4, and Parameter the 


right Line KH(p)=2t=L.K, deſcribe an Hyperbola. Then the 
Portion O M thereof will be the Locus ſought. 


For if MPbe drawn thro'any Ws Ba its Points Mpa al lel to A; ace 
2 1 the 
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the right Lines AP, DG, in the Points PG; then we ſhall have MG=y 
Ta, 60 or D@—DC=x— 435 and by the Property of the Hyperbola, 
LK (zt): KH (2t)::CG + CK (xx—ax+ raa tt) G 
(yy + 24y Ta); which gives the propoſed Equation yy + 2 ay — 


xx + ax Do, by putting + 4 a for tt. Hence it appears, that the 
Hyperbola is an Equilateral one. | 


SCHOL1UM. 


336. WI EN the Squares yy and x x happen to have different 
Signs, and without Fractions in an Equation, wherein the 
Plane xy is not; then the Locus of that Equation will be always an 


Equilateral Hyperbola : for the Fraction (=) of the Formula will 
be So; and therefore BE (n) = o, and m=e. Conſequently the 


3 eeß . 3 : 
Fraction — — ——, which multiplies the Square x x in the For- 


mula, will become — =; and ſo we ſhall have — 2. = 1, that is, 


the Diameter LK will be equal to its Parameter KH; or, which is the 


ſame thing, the Hyperbola will be an Equilateral one, And becauſe 
the general Formula will then be changed into this; 


JJ - XXX —27y+25Xx+Fr7=0 


et 

_—_ | 
therefore the Values of v, s,t, may be firſt gotten from the ſame 
and afterwards the Equilateral Hyperbola being the Locus of the pro- 


poſed Equation may be conſtructed by means of thoſe Values; which 
will very much ſhorten the Operation, 


The FUNDAMENTAL LEMMA) for the Conflrution of the 


Loci of Equations, which are Hyperbola's between their 
Ahmptotes. 


337. IL E T there be (as in Def. 1.) two unknown and indeterminate 

right Lines AP (x), PM, y, making the Angle 4 PM with 
one another either given or taken at pleaſure, alſo let n, u, p, r, s, be 
given right Lines. This being ſuppos d; 

1. In the Line AP, aſſume 4 B = m, and draw the right Lines 
BE=n, AD r, parallel to PM, and both on the ſame Side 4P 
with regard to PM; then through the Point A draw the right Line 
A E e) which is given, and through the Point D the indefinite right 
Line DG parallel te AE; in which aſſume DC = CK =e, both 


tending. 
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tending from D the ſame way as AP tends, and draw the indefinite 
right Line CL parallel to PM, and on the ſame Side A P; and laſtly 
draw the Line KH == p. Then deſcribe * an Hyperbola between the . 47 130, 
Afymptotes CL, C X, paſſing through the Point H. I fay, the ſame 131, 
will be the Locus of the following Equation or Formula, viz. 


For G M=) —=—7, c= and by the Property of 
the Hyperbola * CG x*G 4 2 —s— 8 — 4 5 =C K A-. 101. 


mm 
x K H(ep) ; from whence freeing the Term xy from Fractions, and 


putting all the Terms in order, there will ariſe the ſame Equation as 
ms 


above, VIZ. 5 ns = 8 5 y &c. 

2. Through the fixed Point A draw the indefinite Line A Q paral- Pic. 181. 
lel to PM and on the ſame Side A P, with regard to PM; then in 
A © aſſume 4 B = m, diaw BE x parallel to A P, and towards the 
ſame Parts, and join thedeterminatePoints A, E, by the Line A E(e); 
moreover in A P aſſume A D 7 from A towards PM, and draw 
the-indefinite Line D G parallel to A E, in which aſſume D C=s, 
CK Se tending the ſame way as PM tends, and draw the indefinite 
Right Lines CL and KH p both parallel to 4 P, (on the fame Side 
thereof as PM). This being done between the Aſymptotes CL, CX, 
deſcribe * an Hyperbola which paſſes through the Point H. Then 14.130, 
ſay that the ſame will be the Locus of the following Equation or For- 131. 
mula, vix. | 


xy - TZ 
—— mM 
For if the Line M © be drawn from any Point M thereof, parallel to 
APand meeting the Parallels. AE, DG, in the Points F, G; thentheſimilar 
Triangles A BE, A F, will give theſe Proportions AB (m): AE(e): : 


AQ or PM )): AForDG==, and AB(m):BE(n)::A9, 


(3): 9F = = And conſequently GM =x — r, 82 2 
— s. But by the Property of the Hyperbola, CGG GM=CK « KH, 
from whence, by ſubſtituting for theſe Lines their analytical Values, 


and freeing the Term x y from Fractions, the ſecond Formula atore- 
going will be had, Therefore, &c. . 


Co xo L-- 


— — x <_———_—_ — 
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338. I T is manifeſt, 1. That the Term xy is found always in both 

the Formula's ; ſince the ſame being multiply'd by no Fra- 
tion, cannot be ſuppoſed equal to nothing, in order for that Term to 
vaniſh or be ſtruck out. 2. In either of the Formulas there is only one 


of the Squares x x and yy, which will vaniſh if the Fraction multi- 
plying the ſame be equal to nothing. 


PROPOSITION V. 
Problem. PMs 


339. 70 find the. Locus of a given Equation, wherein is the Plane x y, 
without either of the Squares x x, Y y, or only with one of the 


Squares x x Or Y y. 


Free the Plane x y from Fra ctions, and compare the Terms of the 
given Equation with thoſe that anſwer to it in the firſt Formula, when 
the Square x x is in the given Equation, and with thoſe of the ſecond 
Formula, when yy is in the ſame, and finally either of them at 
pleaſure, when neither of the Squares x x and yy are in the given Equa- 
tion. By this Means, get the Values of the Quantities m, u, p, 7, s, 
and then by means of thoſe Values deſcribe an Hyperbola between its 
Aſymptotes, according to the Directions in the foregoing Lemma, 
always obſerving to draw the Lines whoſe Values are negative, on the 
contrary Side of A P, with reſpect to PM, and aſſume thoſe whoſe 
Values are ſo likewiſe, tending the contrary way to which A P tends, 
The following Example will make this maniteſt, 


EXAMPLE I. 
340. 1 T is requir'd to find the Locus of x y — =. xx - cy o. 
Becauſe the Square x x happens to be in the given Equation, there- 
fore chuſe the firſt Formula, and · then comparing the Terms thereof 


with thoſe of the propoſed Equation, and we have 1. 5 = , Whence 


making m= a, and we get 1 = b. 2. = = c, and therefore s= =, 3, 
ns 


 —7=0, becauſe x is not in the given Equation, and therefore 


- 
bc mrs 


1 . 4 — 2p So, becauſe there is no Term in the propoſed 


Fquation quite known ; And therefore p ===, Now becauſe the 


Values 
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Values of 4 Pon), BE(n), CD (5), AD(7), K H (p) are all poſi- 
tive, the Locus muſt be conſtructed in the very ſame manner as in the 


Lemma ( Fig. 180.) obſerving to uſe the Values of the Lines as here 
determin'd. e 


For @M=y—— — 2 CG or DG D, and by Fre. 180. 


4 * 
the Property of the Hyperbola CGxGM=CK« K E, that is, by 


ſubſtituting the analytick Values, the propoſed Equation, Therefore, 
Sc. 


EX AMP IL E II. 


b 5 Wh > 
241, L ET xy + —Jy—cy—Ff =o, be an Equation, whoſe Lo- 
cus it is required to conſtruct, 


Becauſe the Square yy is in this Equation, therefore chuſe the ſecond 
Formula, and by comparing the Terms thereot with thoſe of the 


propoſed Equation, we have, I. — = — - and making n = a, we 
ms | | 
get 1=—b.'2,—=0, and therefore b. 3. rc. 4,mp =F, 


and therefore p = From whence ariſes the following Conſtruction: 


Through the fixed Point 4 draw the indefinite Right Line A SFr. 18227 
parallel to PM, and on the ſame Side 4 P, and in A © aſſume 4 
(m) a, and draw BE=b = — 1 parallel to A P, and tending the 
contrary way to AP; alſo through the determinate Points A, E, draw 
the Line AE (e). This being done, in A P, take AD (r) S 
from A towards PM, and draw the indefinite Right Line DG paral- 
Jel to AE, and becauſe the Points D, C, do coincide, ſince D CCH o, 
therefore in DG aſſume DK Se, tending the ſame way as PA, 
and draw the Line KH (y) — „parallel to 4 P, (and tending the 
ſame way) as alſo the indefinite Right Line DL, which here falls 
in AP; then deſeribe an Hyperbola between the Aſymptotes DL, 
D K, which paſſes through the. Point H. And the ſame will be the 
Locus requir'd. 

For if the Right Line M be drawn from any Point M thereof, 
parallel to 4 P, and meeting the Parallels 4 E, DG, in the Points E, 


0 then we ſhall have @ Mor M £4 Q&F—FG=x+L — 


ILG or AP=T, and therefore DG » G N —=2., — = DT. 


aa | a 
XH ( T). From whence by freeing the Term x) from Fractions, there 


will! 
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” 5 | | 
will ariſe the propoſed Equation x y + —yy— cy —f =0. 


enen 


342. TF for the arbitrary Quantity AB (n) be taken ſome Value greater 

or leſs than a, then the Values of CK (e) and KH (p) 
will alter, but the Values of the Rectangle CK K H 8 p) and of 
the Right Lines A D (7), CD (s) will remain always the ſame : For in 


the Expreſſions of theſe Values are contain'd only the Ratio s 3 
| | 1 

which do not vary, becauſe in the Triangle A B E, 5 Angle A B E 

is given, as alſo the Ratio 2 ( which in this Example s of the Side 


N AB (n) to the Side B E(n). And becauſe the Hyperbola which 

| . 101, muſt paſs through the Point H, ſhall be the ſame * always, let the 

| Magnitude of CK (e) and KH (p), be what it will, provided the 

i Rectangle CK « K H remains the fame, therefore the ſame Hyperbola 

| will be conſtructed, let the Magnitude of the arbitrary Quantity 4 B 
(m) be what it will. | 


KF x4 ML EM 


343. 1 T is requir d to conſtruct the Locus of the given Equation x 
| | —ay+bx+cc=0. | | 
' Becauſe neither of the Squares xx, y), are found in the propoſed E- 
quation, therefore chuſe indifferently any one of the two Formulas, 
tor Example, the firſt, and comparing the Terms of the ſame with 


| e 


ms | 
fore x = o, and m Se, and make M=— A. . eee 3. r» 
ns 
| — b, becauſe ——=0. 4. 75s —mp=Ccc, and thereforep = —b — 
c 


4 Now the Values of n, u, 7, 5, P, being thus determin'd, the Lo- 
cus of the propoſed Equation may be conſtructed after the following 


manner 
Fic, 183. Becauſe AD G) = —b, therefore draw the Line AD = b paral- 
el to PM, and on the contrary Side of AP with regard to PM, and 
becauſe BE ( = 06, therefore draw the indefinite right Line DG pa- 
rallel to A, and in the ſame allume DC (s) == a, CK (e) — m = 
a tending the ſame way as 4 P: Alfo draw the indefinite right Lage 
4 , 


= 
: 
„ 
* 
4 
1 
; 
1 
* 
4 
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CL, and the Line KH =b + _ == — p, both parallel to PM, and 


tending the contrary way. Then deſcribe an Hyperbola op- 
polite to that, whoſe Aſymptotes are CL, CK, and which paſles thro 
the Point H. I ſay, the indefinite Portion O M thereof contain'd in 
the Angle PAS, form'd by the indefinite right Line 4 P, and the 
Line AS, drawn parallel to PM on the ſame Side A4 P, ſhall be the 
Locus ſought. | 

For G M or PG + PM=y+bandCG or CD—-DG=a— 
x, and conſequently CG x GM = ay —xy + ab —bx=CK*s KH 
(ab + cc); from whence, ſtriking out the Rectangle a b from both 
Sides, and tranſpoſing, there ariſes x y—ay +bx cc = o, which 
is the propoſed Equation, The Deſcription of the Hyperbola patling 
through the Point H in this Example is uſeleſs, becauſe no Point 
thereof can fall in the Angle PAS, wherein the Points M muſt be 
ſappos'd to fall. | 
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344. JN comparing the Terms of the Formula with thoſe of a given 
I Fquation, if it ſhould happen that p o; then it would he 
impoſſible to deſcribe the Hyperbola that ought to be the Locus there- 
of, becauſe its Power, which is equal to the Rectangle p e, will be o. 
But then the Equation may be brought lower, ſo that the Locus will 
become a ſtrait Line. For Example; if the Term mp be ſtruck out 
of the firſt Formula of the Lemma, then that Formula will become 


xy — 72 ** — 2534 —= x —rx + = == 0, which being divided 


by - 1 gives yo — — 7==0, whoſe Locus is * a ſtrait Line. Art. 306. 


PROPOSITION VI. 
Problem. 


345. 7 conſtruct the Locts of any given Equation of the ſecond Degree. 


Bring over all the Terms of the Equation to one Side, ſo that one 
Member thereof be o, then there may happen two Caſes. 

Caſe 1. When the Plane x y is not in the given Equation. 1. If there 
be but one of the Squares yy or x x therein, then the Locus will be a *. t. 3 10. 
Parabola. 2. If both the Squares y y and x x are found therein with 
the ſame Signs, then the Locus will be * an Ellipſis or Circle. 3. If, 415. 324. 
the ſaid two Squares are found therein with different Signs, then the 
Locus thereof will be * an Hyperbola, or the oppoſite Sections, re- r.. 
garding their Diameters. 


332. 


C C s 7 Caſe 
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Caſe 2, When the Plane x y happens to be in a given. Equation. 

1. II neither of the Squares yy and x x, or but one of them, are found 

Art. 339. in the Equation, then the Locus will be * an Hyperbela between its 

Aſymptotes, 2. If the Squares y) and xx are found therein with dif- 

* 414. 332. ferent. Signs, then the Locus ſhall be * an Hyperbola regarding 

its Diameters. 3. If the ſaid two Squares have the ſame 

f Signs, the Square yy muſt be freed from Eractious, and then the Locus 

7 Art. 31%*-ſhall be * a Parabola, when the Square of halt the Fraction multiply- 

þ Art. 324. ing xy, is equal to the Fraction multiplymg's xz an Ellipſis * or Cir- 

lf Ari. 35 2. cle, when the ſame is leſs; and. finally, an Hyperbola, or two op- 

poſite ones, regarding their Diameters, when: the ſame is greater. 

Now deſcribe the Locus, by Art. 310. if the ſame be ai Parabola; 

0 by Art. 324. if the ſame be an Ellipſis or Circle; by Art. 33 2. if it 

| be an Hyperbola, or the oppoſite; Sections regarding their Diameters;; 

1 and laſtly, by Art. 339. if the ſame be an Hyperbola between the 
1 Aſymptotes. All this. is but a. Continuation of thoſe four Articles, 


23 ; 


C ORO“ l 4 8R'Y,. arri MT ns 
346. B. the Conick Section found hy the aforefaid Rules, is the 
. Art. 314. Locus * of all the poſitive: and negative Values of the un- 
known Quantity y, anſwering to the poſitive and negative Values of 
x, in a given Equation of the ſecond Degree; therefore there is but 
that Section only that can be the Locus of the given Equation. 


j The End of the Seventh Book 
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BOOK VIII. 


A General PROPOSITION. 


347. O find the Locus of an infinite Number of Points, having all Fro. 184. 


certain known Conditions; provided the ſaid Locus exceeds not 
the ſecond Degree. 


1. Suppoſe two unknown and indeterminate Right Lines A P(x ) 
P M (y ) making an Angle (A PM) with one another, either given 


or taken at pleaſure, as being known and determinate ; and let one of 
them as A P, have a fixed and ſtable Origin in the Point 4, and be 
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extended along a Right Line given in Poſition z and let the other PM, 


whoſe Extremity M determines one of the Points fought, continually 
alter its Poſition, and be always parallel to the ſame Line. 2. Draw 
the other Lines that you think convenient for the Solution of the Pro- 
blem, and expreſs them by Letters, viz. the known Lines by the former 
Letters of the Alphabet, and the unknown ones, by the latter Letters. 


3. Suppoſe the Queſtion reſolved, and after you have gone over all the 


Conditions thereof, form an Equation containing only the two un- 


known Lines x and y, mixed with known ones. 4. Having form'd an 


Equation, wherein the unknown Lines x and y have not more than two 
Dimenſions, conſtruct the Locus of that Equation according to the Di- 


rections in the laſt Book; and then the Locus thus conſtructed, will 


= the Queftion. All this will be manifeſt by the following Ex- 
amples. 


EXAMPLE I. 


348. 'T HE Angle B 4C being given, to find the Point M in it; Pic. 184. 


_ * ſuch that two right Lines M F, MG, drawn: from the ſame, 
making the given Angles M F B, MGC, with the Sides A B, AC, 
always towards the ſame Parts; the Right Line MF may be to the 


Right Line MG in a given Ratio, ſuppoſe as a to b. And becauſe 


there are an infinite Number of ſuch Points, it is requir'd to find the 
Line containing them all, that is, their Locus. | 


S . Thro? ' 
'S 


> DN — —___ . 
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Through the Point M, which is ſuppoſed to be one of the Points 
ſought, draw the Line MP parallel to A C, and conceive the two un- 
known and indeterminate Lines. A P(x), PM (y), as known and de- 
terminate. Then in the Side A4 B aſſume A B Sa, and draw the 
Right Lines B C, B D, parallel to MF, MG, meeting the other Side 
A C ( produced if neceſlary) in the Points C, D. This being done, 
call the known Lines 40, c; BC, w ; B D, g; then drawing AN 9 
parallel to A B, the Triangles AC B, PM F, and ABD, © MG; 


will be ſimilar, therefore A C (c): CB (f) :: MP(y): M F= g nd 
; C 


AB (a):BD(g)::Mg or AP(x):MG ; and this ſatisfies 


the firſt State of the Problem, ſince the Lines MF, MG, are 
ſuppoſed to be always parallel to the ſame two ſtraight Lines BC, BD, 
which make the given Angles with the Sides A B, A C. Now by the 


ſecond Condition remaining to be fulfilled, it muſt be as M F ( 2) 


MG (2 ) :: a: b; from whence there ariſes y == which includes 
all the Conditions of the Problem, and the Locus of the ſame will 

* Art. 306 conſequently be the Locus ſought, and may be conſtructed thus *; 
In the Line AP, aſſume 4 Hb, and draw HE == parallel to 


PM, and on the ſame Side A P with regard to PM; then if the in- 


definite Right Line AE be drawn, I ſay the ſame will be the Locus of 
all the ſcught Points A. 5 


For through any Point M thereof draw the Right Lines MP, M, 
parallel to the two Sides 4 C, A B, and the right Lines M F, MG, 
parallel to B C, B D, which conſequently ſhall make the given An- 
gles with the Sides AB, AC; then becauſe the Triangles A HE, APM, 


are fimilar, therefore AH (b): HE ( AP (): PM)) E, 
and becauſe the Triangles A CB, PM F, and AB D, QM, are 
ſimilar, therefore 4 C (c: CB J) :: MP 2 F = ;and 4B 


(a):BD(g)::MQorAP(x) MG=E. And conſequently AI F 


( :M G ( =) 14 :b. Which is the Proportion propoſed. 
We have ſolv'd this Problem by Caleulation, only to explain the 


general Propoſition, and ſhew the Application thereof in beginning 
firſt with ſimple and eaſy Examples; for the ſame may be ſolv'd in 
a much eaſier manner, without any Calculus, thus. 


75 Draw 
4Yy | 
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Draw the right Lines A K, AL, making the given Angles X A B, Fic. 185, 
LAC with AB, AC, being to one another in the given Ratio of a to 
3. Alſo draw the right Lines KM, LM, parallel to the Sides A B, 
AC, meeting each other in the Point M; through which, and the 
Vertex A of the given Angle BAC, draw the Line 4 M; and the 
ſame will be the Locus ſought, PER 
For drawing the right Lines ER, ES, from any Point E thereof pa- 
rallel to AK, AL; then becauſe the Triangles AER, MA A, and 
AES, MAL, are ſimilar, therefore ER: AK:: AE: AH: : ES: 
AL. And therefore ER: ES:: AK: AL: : 4:6. 


E KA MW L II. 


349. T E Parallels A B, CD, being given in Poſition to find the F. 186. 
Locus of all the Points M fo ſituate between thoſe Parallels, 
that the rig1t Lines MP, MG, being drawn, making always given 
Angles MPB, M GD, with them towards the ſame Part; the ſaid 
Lines MP, MG may be to one another always in the given Ratio of 
a to b. J 
Aſſume any Point ( of the Line A B, for the fix'd Origin of the- 
indeterminate Line A (x), and the two unknown and indeterminate 
Lines A P (x), F M (y) being ſuppos d known and determinate, draw 
the Lines AC, AE, parallel to MP, MG then call-the known Lines. 
AC,c; AE, f; this being done, produce PM till it meets C D in 7; 
and the ſimilar Triangles CAE, FMG, ſhall give 4 C (c): AE (7) 
: MF (c-): MG D oy But according to the Condition of 
the Problem remaining to be fulfilled, it muſt be as MP (y) : MG 
(=) ::a:b; from whence ariſes this Equation ) — = of which: 
takes in all the Conditions of the Problem, and the Locus thereof, 
which is * an indefinite right Line HM drawn parallel to 4B; ſo Art. 303. 


af 


that AH be = Ei will be the Locus ſought. 


. — 


EXAMPLE III. 
350. N Points 4 and B being given: To find a third Point AMI Fic. 187. 
- ſuch, that if two right Lines MA, MB be drawn to the 
ſame, they may be always to one another in the given Ratio of à to 
5. And becauſe there are an infinite Number of ſuch Points, it is re- 
quir'd to deſcribe the Locus of them all. 
Here there may happen three different Caſes, according as a is: 
leſs, greater, or equal to þ, | 


Ge: 
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Caſe 1. From the Point M, which is ſuppos'd to be one of the Points 
ſought, draw the Line M P perpendicular to 4 B (for ſince no Angle 
is given in the Problem, we chuſe a right Angle, as being more ſimple 
than any other) and the two unknown and indeterminate right Lines 
AP(s), PM (y), being ſuppos'd known and determinate, call the 
given Line AB, c; then ecauſe the Triangles 4 P M, BPM, ae 
right-angled, therefore A M = xx + yy, and BM=ec—2cx+ 
x x + y y- But according to the Condition of the Problem, it muſt be 


as AM (xx+y)): BM (cc—2cx+xx+9)) 28.68 1 6.& 
From whence (multiplying the Extremes and Means ; and afterwards 
dividing by bb —aa) we ſhall get this Equation, viz. yy + 

x x + e So, the Locus of which will be that ſought, 
and it may be conſtructed by means of Art. 322. after the following 
manner. | | 


way to P; and about the Centre C, with the Radius CD or CE = 
== deſcribe the Cigcumference of a, Circle. I ſay, the Portion 


( D MO) thereof contain'd in the Angle PAO, made by the Line 
AP, and the right Line 4O, drawn parallel to PM, and on the fame 
1 P with regard to PM, will be the Locus of the Equation found 
as above. - | ; W LI 


For if MP be drawn from any Point A thereof perpendicular on 
AB; then, by the Nature of the Encle, we ſhall have CD — CP or 
EPxPD=PM ; that is, the precedent Equation, by putting for 
theſe Squares their. analytick Values. ig E 


4 0 


Now, it the Points MA be ſuppoſed to fall in the Angle EA R, op- 


poſite to the Angle B AO, in which they were ſuppoſed to be ſituate 


in the foreſaid Proceſs; then if you make * 4 P =— x, and PM = 
— y, there will ariſe the ſame Equation as above, from the Conditi- 
ons of the Problem and the Property of the Portion (RME) of the 
Circumference already deſcrib'd ; and therefore that Portion is the 
Locus of all the ſought Points , ſituate in the Angle EA R. And. 
laſtly, if the Points Ak be ſuppoſed to fall in the Angle B A R, and 
afterwards in the Angle E AO, vou will find, in like. manner, that 
the. Portions DR, E O, of the lame Circumference, will, be the Loci 
of thoſe Points ( obſerving to make PM =— when the ſame falls 
on the other Side the Line 4 B; and A P=— x, when the Point P 
falls on the other Side of the fixed Point 4); therefore the whole 
Circumference, whoſe Diameter is the Line DE, is the compleat Lo- 
cus of all the ſought Points M. Cal 
| 2 
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Caſe 2. In reaſoning after the ſame manner as in Caſe 7. there will 

ariſe this Equation, 5. Jy +xx— K. a: + — o, whoſe Lo- 
eus may be thus conſtructed. 


In AP aſſume 4 C SP. from 4 towards PM; and with Fi. 188. 


aa—bb 
the Centre C, and Radius CD, or CE — deſcribe a Circle. I 
fay, the Circumference thereof will be the Locus of all the fought 
Points M. We prove this after the ſame manner as in Caſe 1. 

The Conſtructions in the two laſt Caſes may be much ſhorten'd, if 
you conſider that the Circumferenee (whole Diameter is D E) which 
is the Locus of alt the ſoughit Points M, muſt cut the Line A B in 
tio Points. D, E, ſuch that AD: DB::a:b, and AE: EB 4 0; 
becauſe the Point M coincifling with D, the right Line 4 M does be- 
come 4 D; and B M, BD ; and moreover, when the Point M coin- 
cides with E, the right Line 4M does become A E, and B M., BE. 
For if tlie Line A B, produced on that Side (as is neceſſary) be divi- 
ded in the Points D, E, fo that 4 D: DH: 4 b, and AE: E B;: 
4: b; then it is evident, that the Line DE iii both Caſes will be the 
Diameter of the Circumference, being the Locus ſought. were. 


Caſe 3. Becauſe a is h in this Caſe, the aforeſaid Equation will 


be changed into this, x e; from. whence if A P be taken equal to Fic: 189. 


AB, and the right Line P be drawn perpendicular on AB; the 


Line PM both ways indefinitely produced, will be * the Locus of all 45. 301. 


the ſought Points M; as is otherwiſe? manifeſt by the Elements of 
Geometry. 


E NJ AMP L E IV. 


357. IH there be two Right Lines D E, DN, ( indefinitely produced pic. 19. 


both ways from the Point = 2 in poſition on a Plane, to- 
gether with the Point C without thoſe Lines; and if a given Angle as. 
E M be ſuppoſed to move along fo that its Vertex E be always in the 
Line D E, and the Side E C thereof (meeting D Nin. N) paſſes al- 
ways through the Point C, and its other Side E M be abu a third 
proportional to VC, CE; It is required to find the Locus made by 
all the Points M in that Motion. | | 


Draw CA parallel to DN; and CB making an Angle at the Point 

B with DE, equal to the given Angle (EM, on that Side as is neceſſary, 

o that when C E coincides with CB, EM. likewiſe coincides With 

DE. Now this Problem may be diſtinguiſh'd into three Cafes : For 

either the Vertex (E) of the given Angle CE M moves along the 

right Line D E on, the other Side of the Point B with reſpect a — | 
2. | | om 
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Point A; or between the Points B, A; or finally on the other Side of 
the Point A, with reſpect to the Point B. | 77 00 

Caſe 1. When the Vertex E moves along the Line D Z on the other 
Side of the Point B with reſpe& to 4; draw the Line 4 © towards 
the Point C, making the Angle B A A with DE, equal to the Angle 
A BC; and through one of the Points fought, as A (which muſt be 
ſuppoſed as given) draw the Line MP parallel to 4 Q meeting DE 
in P; then we ſhall have two ſimilar Triangles CBE, EPA, for 
the Angles CBE, EPM, are each equal to the given Angle CEM; 
and moreover the Angles B CE, P EM, are alſo equal to one another; 
becauſe in the Triangle C B E, the external Angle CEPorCE M + 
PE M, is equal to the two internal and oppoſite Angles BCE, CBE 
or CEM. Now if you call the given Lines A D, az A B, l; BC, c; 
and the unknown aud indeterminate ones AP, x; PM,y; A E, z; 
then according to the Conditions of the Problem, and becauſe D N, 
A C, are oarkllel, we ſhall have theſe Proportions, A D (a): A E (z) 
:: CN: CE:: CE: EM:: C B (Cc): EP (-): : B E(z—b):PM(y; 
from whence (by multiplying the Extremes and Means) we get theſe 
two Equations, viz. ax —az=czavlay=zz— x, which, taking 
Fa ( for brevities ſake ), and getting out z, will be brought to 


this here x x — — x— ©) , containing only the two unknown 
Quantities x and y, with their Coefficients, and the Locus of this 


Ari. 310. Equation, which is the Locus ſought, may be * conſtructed after the 


following manner, | „ne e 
In A P aſſume the right Line A P= I on the ſame Side 4 P 


24 


as PM, and draw FL parallel to PM, and in the ſame aſſume 
FG= 1 on the contrary Side 4 P with regard to PM. Then with 


the Diameter G L, whoſe Origin is the Point G, Parameter the Line 


GH . and Ordinates, are parallel to 4 P, deſcribe a Parabola ten- 


a l | 
ding the ſame way as PM. I ſay the indefinite Portion (O M) there- 
a * contained in the Angle PA D, will be the Locus of all the ſought 
oints MM. TE 8 : 
For if the Line M be drawn from any Point M of the ſame paral- 
Jel to 4 P, and meeting the Diameter CL in L; then we ſhall have 


ML or P., and G L =y + = and by the Nature of 
Me . yer en #5 i; 
Ee e AT —) Le, (5 


a 
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from whence by Tranſpoſition there ariſes the given Equation x x — 
x. 7 — 2 y =o, which was requir'd to be conſtructed. 

Caſe 2. When the Vertex E moves along BA, in this Caſe it is mani- 
feſt, that the Points M ſhall fall on the other Side of DE, becauſe the 
given Angle CEM will be always greater than the Angle CEP, 
which continually diminiſhes; therefore PM = —y; and ſince the 
ſame Equation as above, is found by the like way of Argument as 
before; therefore the Portion (400) of the Parabola already deſcrib'd 
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ſhall be the Locus of all the Points M, becauſe the aboveſaid Equa- 


tion ſhall be had likewiſe by the Property of that Portion. 

Caſe 3. When the Vertex moves on the other Side of the Point A, 
with reſpect to the Points B; in this Caſe it is manifeſt moreover, 
that all the ſought Points M muſt fall below the Line DE; and as in 
the firſt Caſe, we ſhall have AD: AE ::CN:CE::CE:EM::CB 
EP. And therefore AD:CB::AE:EP. From whence it ap- 
pears, that EP is greater, leſs, or equal to A E, according as CB is 
greater, leſs, or equal to AD ; and ſo producing 4 & below D E to- 
wards K, all the fought Points M, in the firſt Caſe, do fall in the 
Angle BAA; in the ſecond Caſe, in the Angle D AK the Comple- 
ment of BAK; and laſtly, in the third, on the right Line AK. 
Now ſuppoſe CB to be greater than 4 D; and becauſe if you make 
PM =) (ſince the ſame falls on the other Side of 4 P) there 
will not ariſe the ſame Equation as in the firſt Caſe ; and ſo the Con- 
ſtruction of that Caſe will be uſeleſs here; therefore calling, as before, 


AP, x; PM., y; and we ſhall get this Equation, viz. x x + i 


a 
So, (wherein g = c — a) whoſe Locus being that requir'd, will be 
the indefinite Portion ( 4 M) of a Parabola different from the former 
one, and tending the oppoſite way to that; and the ſame may be 
conſtructed * after the following manner, 

bb 


In AP aſſume As form- the contrary way to PM, and draw ST — 


| 4.4 
parallel to A Q; and on the contrary Side, A P with regard to PM; 
then with the Diameter TS, whoſe Origin is the Point J, Parameter 


a Line = =, and whoſe Ordinates are parallel to AP, deſeribe a Pa- 


rabola tending from P towards M. And the indefinite Portion (4M) 
thereof contain'd in the Angle PA K, ſhall be the Locus of all the 
Points M in this laſt Caſe, wherein CB is ſuppos'd to be greater than 
D. Therefore it is evident, that the ſought Locus of all the Points 
M, conſiſts of two indefinite Portions of different Parabola's; one of 
which, as AGOM, tends towards C, and the other 4 Mthe contra- 
ty way, and both of them * the Point A; for when C E 
( 11 


Art. 310» 


, v—— OO CO Oo ů — ĩ¶T — ͤ Eͤ — ro "oe. TS 


202 


The EIGHT H BOOK. 


the Side of the given Angle CE 71 falls in CA, which is parallel to 
DN; then it is manifeſt, that CN will become infinite, and ſo EM 
is = 0, ſince we have always VC: CE: : CE: EM; that is, the 
Point A does coincide with the Points E and D: Therefore it appears, 
that A is an Ordinate to the Diameter FG, and AS to the Diame. 
ter ST; and from hence ariſes the following general Conſtruction, 

In the indefinite right Line 4Pailwme BO, B R, on both Sides 
the Point B, each equal to a fourth proportional to the three Lines 
DA, AB, BC; and through F, $, the middle Points of AO, AR, 


draw the Right Lines FG, & T, parallel to A &, and each equal to a 


had, only differing from the former ones in ſome Signs; and ſo their 
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third Proportion to 4 4 D, and AE, viz, FG on the contrary Side 
of AP, with regard to the Point C, and S Ton the ſame Side. This 
being done, deſcribe two Parabola's ; one with G F, as a Diameter, 
and FA an Ordinate thereto ; and the other with T'S as a Diameter, 
and S A an Ordinate to the ſame: I ſay the indefinite Portions M 4 


GO Mf thoſe Parabola's, will be the compleat Locus of all the 
ſought Points A. | 


For B O or B R ==, and therefore 4 For 34 O =1b + == 


Ll ; and alſo A Sor! A R * —1þ—*, Therefore, &c. 


2a 24 24 

Here it may be obſerved (by the by) that if the given Angle whoſe 
Vertex moves along the Line DE, ſhould be equal to the Com- 
plement of the Angle C EM to two Right Angles, every thing elſe 
remaining the ſame; that is, if the Points M ſhould fall on the Line 


E M produced on the other Side of the Point E: Then the Locus of all 


the Points M would be the remaining Portions of the two Parabola's 
above deſcrib'd. | 

If the Points A, B, C, ſhould have a different Situation from what 
they are ſuppoſed to have in the Figure; two Equations would ſtill be 


Loci will conſequently be Portions of Parabola's, that may be de- 
ſcrib'd with the ſame eaſe, as before. 

This Problem was propoſed in the Journal of Parma, for April, in 
the Year, 1693. by Count Vintimille, which gave Occaſion for Father 
Saquerius to publith a ſmall Tract at Milan, wherein he acknowledges 
that he cou'd not ſolve the Problem, though by the Solutions of others 
it ſufficiently appears that he is a good Geometrician, 


EYAMPL EV, 


352. AN indefinite Right Line 4 P being given in Poſition, toge- 
A ther with two fixed Points A, C, one being in that Line, and 
the other without the fame; let there be deſcrib'd a Parabola & M, 


with 


ACA WS" 3 of 
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with 4 Pas au Axis, whoſe Origin is in A, and ary Lire what ſo- 
ſoever for the Parameter; and from the given Point C let CM be 
drawn perpendicular to the Parabola, Now it is requir'd to find the 
Locus of all the Points M, whereof it is ranifeſt that there are an 
infinite Number; becauſe, the Parameters being indeterminate, there 
may be deſcribed an infinite Number of different Parabola's, to the 
ſame Axis AP, whoſe Origin is always in A. 

Through the given Point C draw CB perpendicular to A P and 
through one of the ſought Points, as M, (ſuppoſed ta be given) draw 
the Right Lines HP, H K, parallel to BC, A P, and the Tangent 
MT, then call the given Lines A B, a; BC, b; and the unknown 
and indeterminate ones A P, x; PM, y; from whence we have CK 
b—y, and M K—a-+ x. But according to the Conditions of the 
Problem, the Angle CM T is a Right Angle; and conſequently the 
Right-avgled Triangles TPM, CX M, ſhall be ſimilar, for if the 
ſame Angle K M T be taken from. the Right Angles C MI, X MP. 


A 
3 


there will remain CM K. TMP, equal to one another : Therefore * 4,1. 22. 


TP(2x):P M(y)::CK(b—y):KM(a+=x) and ſo ( multiplying ard 23. 
the Means and Extrems ) we {hall have this Equation y y—by + 2 xx 
+ 24x S o, whoſe Locus being that ſought, will be * an Ellipſis, *4t- 322 


and may be * conſtructed afrer the following Manner, - Art. 324. 


Draw A D==} b perpendicular to 4 P, and on the ſame Side as 
P M, and draw the indefinite Right Line D L, parallel to 4 P, and 
in the ſame aſſume DE Did from D the contrary way to PM; on 
both Sides the Point E, take E F, EG, each equal to / jaa TB b. 
Then deſcribe an Ellipſis with the Axis FG, whoſe Parameter is a 
Line G H, being double to FG. I ſay the Portion of this Ellipſis 
A M © contained in the Angle P A D, is the Locus of the aforeſaid 
Equation ; and conſequently of all the ſought Points M, when they 
fall in that Angle. 

For producing PM (if neceſſary ) until it meets the Axis F G in 
L, we ſhall have the Ordinate ML = + b—y, and EL =; a+ x, and 


by the Property of the Ellipſis, F LL G or EF—EL (zbb—ax 


— xx): LM(+bb —by+y9y) ::FG:GH::1:2, from whence 
by multiplying the Means and Extrems, and there ariſes % b — 2 ax 
—2 xx =: bb—by+yy. Therefore, &c. 

Now if the Point M falls in the Angles BAD, B AR, you will 
find always the ſame Equation as above, from the Conditions of the 
Problem, and the Nature of the Ellipſis; obſerving to make 4P——x, 
and PM=—y, when the Point P falls on the other Side of the Ori- 

in A, and PM, on the other Side of the Line 4 P. From whence 
it follows, that the Portions of 77 Ellipſis (deſcribed as above) 5 
| 2 N tain' 


— - -  - —U— —— —— — — - o — 2 
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tain'd in the Angles B A D, B AR, are the Loci of the Points M. 

Here it muſt be obſerved, that not one of the ſought Points M does 
fall in the Angle PA R, oppoſite to the Angle B A D, wherein the 
given Point C is ſituate. For if Right Lines as MF, MT, be drawn 
from any Point, taken in the ſaid Angle P A R, perpendicular to A P, 
CA, then it is plain that the Points P, T, ſhall fall on the ſame Side 
the Point A; and conſequently that Line cannot be a Tangent in M, 
as the Queſtion requires, : 

If 4 P(x) be ſuppoſed = o, then the foregoing Equation, viz. y y— 
by+ 2xx + @ x = 0 Will be changed into this y y — b y=0o, whoſe 
two Roots are y =o, and 1 = b: From whence it may be gathered, in 
drawing A O parallel and equal to B C, that the Locus of the ſought 
Points M, ſhall paſs through the Points 4 and O. After the ſame 

manner, if the Point P be ſuppoſed to fall on the other Side of the 
Origin A, and you make A P(—x) —= A B (a); then the ſame Locus 
ſhall paſs through the Points B, C; ſo that the Ellipſis muſt be deſcrib'd 
about the Rectangle A BCO: From whence ariſes the following 
new Conſtruction. 

*4rt.176, Form the Rectangle 4 B CO, and about * the fame deſcribe an 
Ellipſis, whoſe Axis FG being. parallel to the Sides A B, OC, let be 
to its Parameter GH, as 1 to 2. Then it is maniteſt that the El. 
lipſis will be the Locus ſought. 


r 


353. 1 F the Nature of any Curve as 4 M be expreſſed by the general 
Art. 229 Equation y* for * Parabola's of all Degrees (where 
the Letters n, u, denote the Index's of the Powers of y and x); then 


*4»t.237, We ſhall have TP*(= x ):PM(y9) : CK b—y):KM(«a+x): 


1 7 | 
and therefore yy —b y + xx +—ax=0, and the Locus thereof 


beiug that ſought, will be an Ellipſis, which may be drawn acccordi1 
to the 322d, or elſe the 176th Articles, if you obſerve that the aig 
Ellipſis muſt circumſcribe the given Rectangle A B CO, and that its 
Axis FG being parallel to the Sides 4 B, O C, be to the Parameter 
G H in the given Ratio of m to x, 


Sen o rr Un . 


Fic, 191. 354. 1 F E the Centre of the Ellipſis ſhould fall on the Origin (A) 
of the common Axis (AP) of all the Parabola's 4M; and 

the Axis F G of the Ellipſis, in the Axis A P of the Parabola's: Then 

that Ellipſis would cut all the different Parabola's at right Angles. 

This Theorem may be expreſſed after the following Manner, 5 
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If there be an infinite Number of Parabola's as 4 M, of any De- Fic. 192: 


ree whatſoever, and the Line A P, whoſe Origin is always at the 
. Point A, be the common Axis of them all; and if there be an 
Ellipſis, whoſe Centre is the Point 4, and whoſe Axis FG ſituate in 
AP, 1s to the Parameter thereof, as m the Index of the Power of 
A P(x) tos, the Index of the Power of PM (y) in the general Equa- 
tion * = x" a" expreiling the Nature of the Parabola's 4 M: I ſay 
that Ellipſis ſhall cut all the Parabola's at right Angles. 

Through the Point M, in which the Ellipſis cuts any one of the 
Parabola's, draw the Line M to that Parabola, and MS perpendi- 
cular to that Tangent. Then we are to prove, that MS touches the El- 
lipſis in the Point M. For doing of which, draw M P perpendicular 
to the Axis, and calling the indeterminate Quantities 'AP, x;P M, y; 
and the given Quantity FG, 2t; then by the Property of the Ellipfis 


we ſhall have this Proportion FP x PG (tt—xx): PM (y)y)::m :n. 
And therefore myy=ntt—nxx. But becauſe TPM, TMS, are 


right Angles, therefore * TP (= &) : PM (y) :: PM (y):PS= 2. 1. Art. 237. 


and conſequently AS or AP+ PS _—y by putting att xx 


nx * 


for m yy. Whence it appears, that A P: F:: AE: AS, and ſo * the A. 57. 


Line M $ does touch the Ellipſis in the Point M. V. V. D. 


EA A NMI. 


357, LE. I there be fuppos'd an infinite Number of Hyperbola's Fe. 235 


| which have all the ſame right Lines 4P, A O, given in Po- 
ſition, and being at right Angles to one another, for their Aſymptotes ; 
and conceive. an infinite Number of Perpendiculars, as C M, to be 
drawn from a given Point C to the ſaid Hyperbola's. It is requir'd 
to find the Locus of all the Points M, wherein every of the right 
Lines C M meets the Hyperbola to which it is perpendicular. 
Draw the fame Lines as in the laſt Example, and calling them by 


the ſame Names, we ſhall get * this Proportion, viz. TP (x) : PM ( 5 *4rt.107. 


:: CK (b—y) : KM (a—x); from whence ariſes y y—b x—xx + ax 


=0, Whoſe Locus may be * thus conſtructed. Art. 330, 
Ir. the Aſymptote 4 0 parallel to PM, aſſume 4 D = + b, and er 333. 


draw LL parallel to AP; in which aſſume DE a from D to- 
wards PM, and on both Sides the Point E, the Parts E F, EG, each 


equal to a- bb, or / 5 bb —7aa, according as à is greater 
or leſs than b. This being done, deſcribe two oppoſite equilateral 
Hyper bola's to the Line FG, as a firſt Axis in the former Caſe, and as 
a ſecond in the latter, I ſay, the Polt ions of theſe Hyperbola's con- 
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tain'd in the Angle PAO, will be the Locus of the aboveſaid 
Equation, and conſequently the Locus cf all the ſought Points AJ. 

For producing PM (it neceſſary) to meet the Axis FG in L; then 

* 414,127, the Ordinate ML will be =: b —y, and EL =x - a; and by * 


the Property of the Equilateral Hyperbola's E L + E (xx—ax+ 48) 
| —=L M(7bb—by+ yy). Therefore, &c. 4 

; If a be b, the aforeſaid Conſtruction will be impoſſible, becauſe 
the Value of the Semi-axis EF or EG will become =o. And be- 
cauſe the aboveſaid Equation will become this y z—ay— x x + a x 
= b, Or yy —ay+7Faa=xx—ax-+;aa,; therefore extracting the 
| ſquare Root of both Sides, and there ariſes ) -H K - a, or y=x, 
Fi. 194. and: a —y=x - 4, ory =a—x: And ſo if the Rectangle ACC 
be compleated, and the Diagonals AC, B O, be drawn, theſe Diago- 
nals will be the Loci of all the ſought Points M; for the Diagonal 
AC, is the Locus of the firſt Equation y = x, and the other Diagonal 

B O the Locus of the ſecond y = a— x. | 


SCHRKOLI1IUMNCTL 


Fic. 193. 356. JF the Nature of the Hyperbola's, whoſe Aſymptotes are the right 
jo = I Lines AB, AU, be expreſs'd by the general E quation x” — 


A 37. then we ſhall have TP ( x): A (9): : CK (b—y) : KM (a—s) 


and therefore yy—by— _ x x + —a x So, and the Locus of this 
Art. 330. Equation may be * thus conſtructed, 


E aſſume EF, EG, each equal to / 14a — 25 b b, or bias, 
| n 


according as n aa, is greater or leſs than nb. Then deſcribe two oppo- 
ſite Sections with the Line FG, as a firſt Axis in the former Caſe, and 
as a ſecond in the latter, that may be to its Parameter in the'given Ra- 
tio of M to N; and the Portions of theſe Sections contain'd in the 
Angle O AP, will be the Locus ſought. 


If a: h:: Jm: Vn, then the Equation yy —b y — —X x + —ax 
So, will be changed into this yy —ay y/ -* + * a X o, 
Fic, 194. vr yy —- 425 * + 4 ** — ax + _ and extracting the 


ſquare Root of both Sides, and there comes out y—+a ,/ - = X V 


— — 


m 


Find the Point E, as in the Example, and in DL both ways from 
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n n 3 r 
——tay 7 OT == X vV 3 and a e - & _ m_ < WS 
5 or y=ay/ - — * 7 —,Whence,if the Rectangle ACO becompleated, 


and the Diagonals BO, AC, are drawn; theſe Diagonals will be the Loci 
of all the ſought Points M. For the Diagonal A C is the Locus of the 


firſt Equation y =x // 15 and the other Diagonal BO the Locus of the 
ſecond y / a/ 55 — x L . 


After the ſame manner, as in the Ellipſis, we prove, that the oppo- Fic. 193. 
ſite Sections ſought muſt be deſcrib'd about the given Rectangle 4BCO ; 
and becauſe the Axis FG, parallel to the Sides A E, OC, 1s to its Pa- 
rameter in the given Ratio of ton; therefore you may deſcribe 
the oppoſite Sections (if you pleaſe) by means of the 176th Article. 


eo ien . 


357. TF the Centre E of the Hyperbola B FC ſhould fall on the Point Pie. 133. 
A, and its Axis FG in the Line AP; then that Hyperbola 
would cut all thoſe whoſe Aſymptotes are 4 P, A O, at right Angles ; 
which may be thus expreſs d. 
If there be an infinite Number of Hyperbola's of any Degree Fic. 195. 
whatſoever, having the ſame ſtrait Lines 4P, AO, at right Angles 
to one another, for their Aſymptotes; and if there be a common Hy- 
perbola FM, whoſe Centre is A, and whoſe firſt Axis FG ſituate in 
AP, be to its Parameter as.m the Index of the Power of AP (x) to 
u, the Index of the Power of PM (y) in the general Equationx”y» = at, . 
which expreſſes the Nature of the Hyperbola's MA M. I fay, the 
e a F M does cut all thoſe different Hyperbola's at right An- 
es. 
Through the Point M, wherein the Hyperbola F M cuts any one of 
the different ones, as MA M, draw the Tangent MT to the ſame z 
and the right Line MS perpendicular to that Tangent : Now we are to- 
prove, that the Angle TM is a right Angle. To do this, draw MP 
perpendicular to the Aſymptote 4 ; and calling the indeterminate 
Quantities A P (X); PM, y; and the given Quantity FG, 2t; then 
by the Property of the Hyperbola FM, we have this Proportion, viz. 


FPx PG (xx—tt) - PM (99) : m: u, and therefore myy —=n x x: 
—1tt. But ſince the Angles TPM, TS, are right Angles, there 


ariſes T P* (= x): PM ):: PM (5): PS = 2. And conſequent- Art. 23 „ 
ly 48 or: AP—PS = == == by ſubſtituting » x x— nt for 
RR. 9 
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* Art. 121. 


FI G. 196. 


* Art. 160. 


* Art. 22. 
. 


following Equations, viz. s—2x s — l 


The E fdr E Book = 
yy. From whence it appears, that 48 is a third Proportional to 
We. AF; and ſo * the Line M$ does touch the Hyperbola F M in 
the Point M. V. V. D. 


EY 4AMPL I. 


358. 6 i HE Parabola B A C being given, it is required to find the 
Locus of all the Points M, being ſuch, that two Tangents 
MB, MC, to the Parabola being drawn from them; the Angle BMC 
contained by theſe Tangents, may be equal always to a given An- 
le. 
1 Here there are three different Caſes according as the given Angle 
B MC is acute, obtuſe, or right. 

Caſe 1. When BMC is an acute Angle, draw * A D the Axis cf the 
given Parabola B 4 C, meeting the Tangents MB, MC, in the Points 
, G, alſo from the Points of Contact B, C, and the Point of Con- 
currence M draw the Lines B D, CE, MP, perpendicular to the Axis. 
This being done, draw M NN making the Angle F NM with the Axis 
A D equal to F MG the Complement of the given Angle B MC, to 
two right Angles, and call the unknown Quantities A P, x; PM, y; 
AF, ; AG, t; and the Parameter of the Axis A D, viz. AV, a; 


which is given, becauſe the Parabola is given. Now becauſe FPM is a 
Right-angl'd Triangle, therefore the Square FM =5$5—25x+ xx +), 
which being divivded by FG (-t) will give 
cauſe the Triangles FG M, F MN, are ſimilar; and therefore PM 


$5—=25x4=xx4-yy 


S—f 


FN, be- 


< # Pa Na: 992 = . Now by means of the given 
Parabola B A C, ſeek the Values of s + t, st, and 5s t with reſpe& 
to x and y, that ſo they being ſubſtituted in the Value of PM, this 
Line may be expreſſed only by x andy. Which mult be done thus. 

The ſimilar Triangles FP M, FDB; and GPM, G EC, do give 
FP (s— x): PM ():: FD Xx (29): B DX (Jag). And GP (Xx -t): 
PM (˖5) :: & E (at): CE (Vat). From whence may be form'd the 


— and tt—2xt— . 


+ xx=0; that is, (making p = 2 x + — t for brevities ſake) 
$5 —ps +x x =0, and tt—pt + x x So; then ſubſtract the ſecond 
Equation from the firſt, and you will get ss t t—p 5+ p t =o, which 
being divided by s—t, and then s 4 t is , and ſos =p —t, and 
$5 pP tp xx, by the firſt Equation, therefore at x x. 


Laſtly, if 4xx the Value of 4 s t be taken from pp, the Value of 


SS 
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134+ 2ts + tf, there will ariſe this Equation, viz. 5 5— 25t + it = pp 
4xx, and extracting the Square Root of both Sides, we have t = 
of PP—4Kx GEE; _ 2. ſubſtituting 2 « ＋ for p. 
Now if for s A t, st, and —t, you ſubſtitute their Values 2 x + | 
, xx, and u., in N and then PN will be = | 
A — 
— Now if N © be taken in the Axis equal to its Parameter | 
Hax | | 
4 7 (a) a and & I be drawn parallel to PA, meeting the right Line 
M N (produced according to Neceſſity) in the Point T; then it is 
lain that the Line 21 will be given, becauſe in the Right- angl'd 
riangle N © T, the Angle © NT, which isequal to the given Angle 
B Mis given; and moreover the Side N & being equal to the Para- 
meter AV tothe Axis. Now let the given Line © T be =, 
then becauſe the Triangles NV PM, N, are ſimilar, therefore NP 


ee i e FEET bo 
(ru. a b, and fo 4 a Jy Fax=4bx ab, 


and clearivg the Equation from Surds, and we have y y — = x x + 


a x + 5 * — 176 5 =o, whoſe Locus (being that ſought) nay be * « ,,, 4300 


thus conſtructed. * 
In AD, the Axis ol the Parabola, aſſume 4H =+ a + 55 from 

A towards PM, and on both Sides the Point H take HI, HK, each 

equal to g; and deſeribe an Hyperbola K A with IX as a firft 


Axis, having the ſame Proportion to the Parameter KL as aa to bb; 
then I ſay, that Hyperbola will be the Locus of the Equation found 
as above. | | 


For HP - — % and by the Property of the Hyperbola 


/ 


Bs „ | 
HP — HK (xx—tax—7x+,,aa):PM (yy)::IK: KL f 


t 

::aa:bb, From whence may be gotten the aboveſaid Equation, | 
by multiplying the Means and Extremes. TE 5 
Here it is neceſſary to obſerve, that FN ſhall be always lefs than 
FP, becauſe. the Angle © N M, which was taken equal to the Com- 


plement of the given Angle, is obtuſe, Therefore 3 the Value 


| AT 
of FP— F N muſt be poſitive * conſequently x muſt always W- 
5 a E Cœe 
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ceed + a. From whence it appears, that although there be a Portion of 
the Hyperbola oppoſite to K M, which is contain'd in the Angle A/ 
made by the Line AP, and the right Line A drawn parallel to PM 
towards the ſame Parts, yet that Portion cannot be the Locus of the 
Points M; becauſe A being leſs than + a, the variable Quantity A P, 
which then ſhall be leſs than 41, will be much more leſs than + a. 

- Caſe 2, When the given Angle is obtuſe. Suppoſing that the Points M 
do fall in the Angle PAY, and reaſoning after the ſame manner as in 
the firſt Caſe, you will get the ſame Equation as there, and conſe- 
quently the Conſtruction of the Locus ſhall be the ſame alſo. But 
here it may be obſerv'd, that F ſhall be greater than FP, and ſo 
the Value e of FP—FYN will become negative; from whence 
it follows, that x ſhall be always leſs than 3a, and therefore the 
Locus ſought will be the Portion of the Hyperbola tending the ſame 


way as the Parabola, being contain'd in the Angle PAV. And be- 


cauſe the ſame Equation (as in Caſe 1.) ariſes, ſuppoſing the Points 
21 to fall in the Angle DAV, therefore that whole Hyperbola ſhall 
be the Locus of all the Points (M) ſought. | 
From hence it is manifeſt, that if an Hyperbola, as K M, be the 
Locus of all the Points M, when the given Angle BC M is acute; 
then the oppoſite Hy perbola ſhall be the Locus of all thoſe Points, 
when the given Angle ſhall be equal to the Complement of the Angle 
BMC to two right ones, becauſe then the given Lines a and h, which 
determine the Conſtruction of .the Hyperbola's, will remain the 
ſame, 


Fic, 196, Caſe 3. When the given Angle is a right Angle. Here it is mani- 


197» 


4x)=—4y 


feſt, that FN is equal to FP, and 1 the Value of FP 


FN ſhall be o. Whence if 4 P = a be taken in the Axis 4D 
produced towards its Origin 4, and the indefinite right Line PM be 


Art. 306. drawn perpendicular to the ſame; then it is * manifeſt, that P. 


197» 


which is the Directrix of the Parabola, (as appears from the Definitions 
in Book 1.) ſhall be the Locus ſought, 


Caot-P TK 


Fr. 196, 359. F the Semi- ſecond Axis HO be drawn, as alſo the Hypothenuſe 


KO; then the right-angled Triangles K HO, NI, ſhall be 
ſimilar: For becauſe the ſecond Axis is a mean Proportional between 


the firſt Axis IK, and its Parameter K L, therefore KH; HO: IX: 
KL: : 44: bb, and ſo KH: HO :: NAG): QT COH). Therefore the 
Angle HK O (which. by Def. 1 1. Book 3. is equal to the half 25 the 

| | gle 
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Angle form'd by the Aſymptotes of the Hyperbola K M) ſhall be 


equal to the Angle © NT, that is, to the given Angle BMC; and we 


— — 


ſhall have NS (O): TOO :: KH (i) : HO = , 


2b 
and N (@): NT (Vai): :KH ()) KO =, 


Now if the Hypothenuſe (KO) of the right-angled Triangle (KHO) 
made by the Semi-axes H K, HO, be laid from the Centre FI in the 
firſt Axis IK to R, and S; then it is manifeſt, * that R and S, ſhall «.4-:, ;4. 
be the two Foci of the Hyperbola K M, and that oppoſite to it; and. 
14 - 3 
RA = - a, becauſe HR = Ew and AHS a 2 Whence 
the Focus R of the Hyperbola K M, is * alſo the Focus of the Para- * 3+ 4 
3 a* + abb \ ay aadbb N. 4 n ** * 
bola BAC; aud SR () HO ( ) HO (255 
: AR (ga), becauſe if the Means and Extremes be multiply'd, the 
ſame Product will be found. From whence ariſes the following 
Theorem. | 
If RA be taken from R towards & in the focal Diſtance SR of an Ec. 196: 
Hyperbola KM, cqual to a third Proportional to that Diſtance S R and 
HO half of the ſecond Axis; and if a Parabola B A C be deſcrib'd *, * Ar: 4- 
having the Point R for the Focus, and the Line AR whoſe Origin is 
A, tor the Axis; and if from any Point M of the Hyperbola K 21, 
there be drawn two Tangents MB, MC, to that Parabola, I ſay, 
the Angle B MC contain'd by theſe Tangents, ſhall be always equal 
to + the Angle form'd by the Aſymptotes; and if the Point AM be aſ- 
ſum'd on the oppoſite Hyperbola, the Angle contain'd by the Tan- 


gents, will be equal always to the Complement of; the Angle form'd 
by theAſymptotes to two right Angles. 


E x AM P IL E VIII. 


260, A N indefinite right Line B A being given in Poſition on a Fic. 198. 
| Plane, together with two fixed Points A, D, the one in that 
Line, and the other withcut the ſame : It is required to find the Locus 
of all the Points M, whoſe Property may be ſuch, that two right Lines 
MA, MD, being drawn from any one of them, to the fixed Points 
A, D: The Line A M may be always equal to ME, that part of the 
other Line DM, taken between the Point M, and the Point E wherein 
it meets the Line B A P. 

Draw the right Lines RD, M, from the given Point D, and 
the Point AM ( ſuppoſed: to be one of the Points ſought ) perpendi- 
cular to A P, and call the given Lines A B, 2 a; B D, 20; and the 

ö Ee 2 unknown 


2125 Ibe E IGRTH BO Ox. 
unknown and indeterminate ones AP, x; PM, y; then we ſhall have 
AP=VE ; becauſe (by the Hy) A AM MF. And becaufe the 
Triangles EBD, EPM, are ſimilar, therefore E B or AE — AB 
(2 - 2a): BD (2 :: E P(x): PM (y). And multiplying the Ex- 
tremes and Means, and we ſhall have this Equation xy—a y = bx, con- 
taining the Condition ſpecified in the Problem, and the Locus thereof, 
5. Art. 337-which is * an Equilateral Hyperbola between its Aſymytotes may be 
thus conſtructed. | 
Draw the Line 4 D which biſe& in C, and through C draw the 
right Lines CF, CG, the one parallel, and the other perpendicular 
to AP: Then between the Aſymptotes CF, CG, both ways indefi- 
Art. 130. nitely produced from the Point C * deſcribe & two oppoſite Hyperbola's 
131! DM, A M, (which * are equilateral ) through the Points A, D. 
* 16. T ſay, theſe Hyperbola's ſhall be the compleat Loci of all the ſonght 
. Points M. : 
For the Aſymptotes CF, CG, do divide the right Lines A B, B D, 
into two equal Parts in the Points L, X, becauſe 4 D is biſected in 
C; and therefore when the Points P do fall on A B infinitely produced 
towards B, as is ſuppoſed in the Calculus, the Line P L or CH is = 
* Art. 100: X—&, and H N = — b 3 and by * the Pr operty of the Hy perbola 
| CH * H M (xy—ay—bx+ ab) =C K « K (ab): That is, xy —ay 
= DX. 
Now if the Points P be ſuppoſed to fall upon B A, produced in- 
finitely towards A, or on the determinate Part A B, the ſame Equa- 
tion xy—ay=b x will always be had, from the Condition denoted 
in the Problem and the Nature of the Hyperbola 4 M, or DM, ob- 
ſerving to make 4 P=— x, and PM== — y, when they fall on 
the other Side the Point A and the Line 4 P. Therefore, Cc. 


CORORLL 4 KY. 


361, H ENCE the Parts MR, MS, of the right Lines 4 M, DM, 

taken from the Point M to the Aſymptotes, are equal to one 
another, For 1. when the Aſymptote, as C F, is parallel to the Line 
AP, then the Angle R SM is equal to the Angle A E M, and the 
Angle $ R M equal to the Angle MAE. 2. When the Aſymptote, 
as CG, is perpendicular to A P then the Angle RS M ſhall] be the 
Complement of the Angle AE M to one right Angle, ( ſince SLE is a 
right Angle W and alſo the Angle SRM or ARL vertically op- 
polite to it is the Complement of the Angle EAM to a right Angle, 
becauſe RAL is a Right-angl'd Triangle. Therefore becauſe the 
Angles EA M, AEM, are equal, the Triangle R M $ ſhall be an 
Ifoſceles Triangle, and fo the Sides 21 R, MS, ſhall be equal to 5 

| | | n another. 
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another. Now this Corollary furniſhes us with the following Theo- 
rem. | | 

If from any Point M of an equilateral Hyperbola there be drawn 
two right Lines M D, M A, to the Extremities of (AD) one of the 
firſt Diameters thereof; meeting the Afymptotes in the Points R, and 
§: I ſa 1 9 Parts MR, MS, of thoſe Lines ſhall be equal between 


themſe 


E X AMS IL. E IX. 


262, PTY O Circles EG F, B NO, whoſe Centres are C and 4 
being given, and if through any Point CG of the Circle EG 
there be drawn the indefinite Tangent G MO cutting the Circle BMO in 
two Points N, O, and if the Tangents NA, O be drawn through N 
and O; it is requir'd to find the Locus of all the Points of Concur- 
rence M. | 
Draw MP perpendicular to C A, which paſſes through C and 4 
the Centres of the given Circles; alſo draw the right Lines CG, 4M, 
which ſhall be parallel, becauſe both of them is perpendicular to the 
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Fi. 199. 
F, 


right Line G O which meets them in the Points G and 2; and call 


the given Quantities 4 B or A O, a; CE, or CF, or CO, %; CA, c; 
and the unknown and variable Quantities A P, xz PM, y. Now be- 
cauſe the right-angl'd Triangles 4 OM, AQ O, are ſimilar, therefore 
AM(y/ xx +33): 40 (a) ::40fa): 42 And if 


xx 5 
C H be drawen parallel to G O, meeting MA . We br according to 
Neceſſity) in the Point H; then (by the Similarity of the Right- 
angl'd Triangles M4 P, CA H PA (x): 4 M(y/ xx V/): : AH 


aa 1 

—— — — 3 A E = | read — 
or CG 4 7 (c); and ſob /=x + yp =aa+ 
c x, that is ( freeing the Equation from Surds ) y y + 5; — _ x 


2 = So, and the Locus of this is * a Parabola, Ellipſis or Hy-. 4.343. 


perbola, according as C E (b) is equal, greater, or leſs, thanCA4(c). 
The Conſtruction of this laſt Caſe is as follows. Lp 


In the Line AP aſſume AR= —- from A the contrary way to 
P; and on both Sides the Point R take R I, R K, each equal to =; 


and with TK as a firſt Axis, having K L = _ for its Parameter de- 


ſcribe an Hyperbola, I ſay, the indefinite Portion DM of this Hy- 
| * pPerbola, 


— ˙ „„ CR — 


—ͤ— ꝓ——— — 


„„ — eG „ «c ͤ — —P : 4 T:: — 83 
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perbola, which is contain'd in the Angle PAD made by the Line AP, 
and the right Line 4 D drawn parallel to PM on the ſame Side AP, 
with regard to A P, ſhall be the Locus of the aforeſaid Equation, 


For by the Property of the Hyperbola, RP RT 4 (== 
| * aah 6 4 
x x) : PM (yy) :: IX (=3) : KL (= ; Which gives again 


the aforeſaid Equation, 
Now if the Points M be ſuppos'd to fall in the Angle KA D, ad- 


joining to the Angle PAD, the aforeſaid Equation will yet be found, 


in making AP=—x; therefore I D the determinate Portion of the 
Hyperbola IM, 1 with half of the whole Hyperbola oppo- 
ſite to the ſame, ſhall be the Locus of all the Points M, and fo the two 


oppoſite Hyperbola's do make up the compleat Locus of all the 


* Art. 74. 


* Art. 36. 


Fi. 2009. 


ſought Points M : Where it muſt be obſerv'd, that the Portion SJ, 
contain'd in the Circle B NO, 1s uſeleſs, becauſe nct one of the 
Points of Concurrence of the two Tangents NO, O M, to that Circle 
can fall within the ſame. 38 


aac * 


cc—bb 


XKR INXX L, as will appear by putting for thoſe Lines their 
Analytick Values; and fo ſince the Rectangle IK XK L is equal to 
the Square of + the ſecond Axis, the Point A ſhall be * one of the 
Foct of the Hyperbola TM. And becauſe AI or AR - RI is = 


aac—an5 an | | 2 aac Naa an 
— . and A KS ART R K = — There- 
fore the aforeſaid Conſtruction may be ſhortened after this manner. 

In the Line AC aſſume A D, A K (from A towards C) as third 
Proportionals to A F(c+b), A B (a), and to A E (cb), AB (Ca); 
and with the firſt Axis I K, and the Focus A deſcribe * two oppoſite 
Hyperbola's. Then it is evident that thoſe Hyperbola's ſhall be the 
Loci of all the ſought Points A. | 5 

When CE (b) is greater than CA (c), the Conſtruction of the El- 
lipſis, which is the Locus of all the ſought Points M, will be after the 
ſame manner as that for the Hyperbola, obſerving to aſſume A K on 
the other Side the Point A with regard to C. And finally when CEC) 
—C A(c), then you need only aſſume 4 I in AC from A towards 
C, equal to a third Proporticnal to 4 F, and A B, and afterwards 
deſcribe a Parabola, with the Point A as a Focus, and the Line A J. 
waoſe Origin is in I, as the Axis. 


is = 


Here it is proper to obſerve, that R 4 


Cross- 
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Gen err AA I. 
For the ELLIS Is and oppoſite S EC T ION S. 


363. H EN CE if any Circle B N O be deſcrib'd about (4) one of p15. 199. 
the Foci of an Ellipſis or the oppoſite Sections, having IX, 
as a firſt Axis; and if AE, A F, be taken in that Axis, as third Pro- 
portionals to A K, A B, and to AT, AB, and the Circle EG be 
deſcrib'd with E F, as a Diameter: Then it is evident, if two Tan- 
gents MN, MO, be drawn from any Point Mof the Section to the 
Circle B NO, that the Line O N joining the Points of Contact (being 


produced according as is neceſſary) ſhall always touch the Circle 
E GF. 


* 


Gin iner It 


For tte PAR AB OL A. 


364. H E N C alſo if any Circle B N © be deſcribed from A the F:c. 200. 
Focus of a Parabola I M, whoſe Axis is L A, and Origin I, 

and if A F be taken in that Axis from A towards its Origin, as a 

third Proportional to 4 I, A B, and a Circle 4 G F be defcribed with 

the Diameter A F: And laſtly, if from any Point M of the Parabola, 

there be drawn two Tangents MN, MO, to the Circle BN O: Then 

the Line VO joining the Points of Contact, (being produced accor- 

ding to Neceſſity) ſhall touch the Circle 4 G F in the Point G. 


rr TIT 


365. AN indefinite right Line A P being given on a Plane, toge- Fi. 2o1» 
4 ther with the fixed Point F without the ſame : It is requir'd 2, 293- 
to find the Locus of all the Points M being ſuch, that a right Line 


MP drawn from any one of them perpendicular to A P, and another 
right Line M F being drawn to the Point F; the Ratio of MP to 


M F may be always the ſame, ſuppoſe as the given Quantity a to 
þ 


Drau the right Line F A from the given Point F, perpendicular to 
AP, and the Line M © from the Point M (ſuppoſed to one of 
thoſe ſought ) parallel to: A; and call the given Quantit 
AF, c, and the unknown and variable ones 4P, x; PM, y; (theſe 
are at right Angles to one another.) Now becauſe Mis a Right- 
angl'd Triangle, therefore MF = F& (c—2cy-+yy) + M D (xx) 5 
an! according, to. the State of the Problem MP (wy) : MF 
RN | | 28 : ( C . 
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(coem2cy+yy+xx)::44a:bb; from whence (multiplying the 
Means and Extremes) there ariſes this Equation aay y — b by y —2aacy 
aa x x 7 4a S, the Conſtruction of whole Locus, (wherein 
are three different Caſes, according as a is greater, leſs, or equal to b 
is as follows. ; | 

Caſe 1. If the aforeſaid Equation be divided by as — b& there 


* Art. ; . ä , 
Art. 324. will ariſe yy — 0 12 + — whoſe Locus is * 
an Ellipfis, and may be conſtructed thus. 
Fro 201. In AF aſſume AC = =, from A towards F; and drawing 
K H through the Point C parallel to AP, aſſume in the ſame the 
Parts CH, CK, on both Sides the Point C, each equal to Vg his 
being done with the Axis KH, having the ſame Proportion to 
L” its Parameter K L as aa—bb to aa, delcribe an Ellipſis. I fay, 


the ſame will be the Locus of the aforeſaid Equation, and conſe- 
quently of all the ſought Points M. 


For by the Property of the Ellipſis K EE H, er TH — CE 
2 e „ $77 ) ::KH:KL:: 

). === IS 1.901 : 124 4 — 
bb : aa; from whence, multiplying the Means and Extremes, and 
there will ariſe the ſame Equation as above. 

Becauſe CH :CB:;KH:KL::aa—bb:aa, therefore the Se- 
mi-axis CB or CD 1s —.—5 and fo DF or DC CF is 


abe4-bbe be abc—bbe be 


— — and FB or CB CF i = = 2 Therefore 
47. 35. DFx FB is = = SCI; and conſequently the Point F is * one 


of the Foci of the Ellipſis, and B D is the great Axis. Now from 
hence ariſes a much eaſier Conſtruction than that toregoing, which is 
this. | 
| | be be 
In FA aſſume FB = I from F towards A, and FD = — 


A 
: the contrary way, alſo aſſume DG = B E from D towards F; then 
j + rt, 36. deſcribe * an Ellipſis with the Points F, G, as Foci, and the Axis BD, 
| and it is evident that the ſame ſhall be the Locus fought. 
adacec 


— — — — — — — b * 
Caſe 2, Hence we have yy + 7 T 1 4 2 oz be 


cauſe ais leſs than h. And the Locus of this Equation will be two oppoſite 
Sections, which may be deſcrib'd by the 33 2d Article, After having 
| | 2 made 
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made the ſame Obſervations as in the precedent Caſe, the following 


Conſtruction may be gathered. 
be 


In FA aſſume FB =, and FD — © from F towards 4: Fic. 264, 
+a 5— 


a 


Alſo take DG = B F from O the contrary way to F; then with the 


Points Fand G, as Foci, and E P, as a firſt Axis, deſcribe * two op- An. 76. 


poſite Sections B M, DM; and the ſame ſhall be the Locus of all the 
ſought Points A. 


Caſe 3. Here the general Equation aayy —bbyy — 2aacy + aa Fic 223. 


xx +aacc % will become this xx - 2cy + cc So, becauſe a is 
— b, and the Locus thereof is a Parabola, which may be conſtructed 
eaſily by Article the 310th. But it appears at once, without any 
manner of Calculus, if a Parabola be deſcrib'd with the Line 4 Pas 
a Directrix, and the Point Fas a Focus, ( according to the Directions 
- of Def. 1.) that the ſame will be the Locus requir'd. 


COo404144-Y 1. 


366, IN the firſt Caſe, it is evident that CF( ) CC) 


aa -b Aaa_bb 
aac 


20 6 CA (i:; the fame will be found alſo in 


the ſecond Caſe: From hence ariſes the following Theorem. 


In an Ellipſis or the oppoſite Sections, whoſe Centre is the Point C, Fic. 201, 
and two Foci the Points F and G, and firſt Axis the Line B D, if 202. 


CA be taken equal to a third Proportional to C F, CB, from C to- 
wards the Focus F; and if the indefinite Line 4 P be drawn perpen- 
dicular to B D: Then if from any Point M of the Section, be drawn 
the right Line M P perpendicular to A P, and the right Line M F to 
the Focus PF: I ſay the Ratio of MP to M F, ſhall be always the 
ſame as the Ratio of the firſt Axis BD to FG, the Diſtance between 
the Foci. 

In the following Corollaries the indefinite right Line A P is called 
a Directrix, as well in regard to the Ellipſis and oppoſite Sections, as 
to the Parabola, From whence 1t appears to be eaſy to deſcribe a 
Ccnick Section, whoſe Focus is the given Point F, Directrix the right 
Line AP given in Poſition, that ſhall paſs through a given Point 
M; for drawing the Line M F to the Focus F, and M P perpendicular 
to the Directrix A , and calling the given Quantities M P, a ; M.; 
then you need only deſcribe the Locus cf the Points M being ſuch, 
that MP be always to M Fasa to b. 


Ff N . Coro Ls 
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367. I F any two Points Mand NM. of a Conick Section be joined by 
| a right Line meeting the Directrix in C; and if the right 
Lines FM, FN, FC, be drawn from the Focus F: I ſay the Line 
FC does biſe& NF H the Complement of the Angle NF M to two 
right Angles, when the Points M and N be taken on the Parabola, 
Ellipſis, or Hyperbola, and the Angle NF M, when they be taken 
on the oppoſite Sections. 

For if the Perpendiculars MP, N 9, be drawn to the Directrix, 
and if the Line ND be drawn parallel to M; then becauſe the Tri- 
angles MPC, NC, and M FC, NDC, are ſimilar, therefore 
MP:N9::MC:NC::MF:ND. And conſequently M P. M F:: 
NG: MN D. But by the Property of the Conick Section, having 
PO for the Directrix, and F for a Focus, we have MP: MF:: N D : 
NT. Therefore the Lines ND, NT, fhall be equal between them- 
ſelves ; that is, (in the firſt Cafe) the Angle ND For CFA, ſhall 
be equal to the Angle C FN, and (in the ſecond) the Angle FD N 
or C F H ſhall be equal to the Angle C FN. V. V. D. 


Een nr ML 


369. H ENCE appears the manner of deſcribing a Parabola, El- 
lipſis, or Hyperbola, which ſhall paſs through three given 
Points M, NM, O, and have the given Point J for a Focus. 

Through the Focus F draw the right Lines FC, FE, which do bi- 
ſect NF H, NFA, the Complements of the given Angles MF N, 
O FN; and through the Points C, E, wherein FC, FE meet the 
Lines MN, O N, ( which join the given Points) draw the indefinite 
Line CE. Then if a Conick Section be deſcribed through the Point M, 
with the Line CE as the Directrix, and the Point J, as a Focus; it is 
manifeſt by the precedent Corollary, that that Conick Section will alſo. : 
paſs through the two other Points M and O. 


& 6: K046kL-454 8.30; 


369, F ROM the ſecond Corollary ariſes a way of deſcribing two 
oppolite er- v having the Point F as a Focus; ſo 
that one of them ſhall paſs through two given Points AH, O, aud the: 
other through one given Point NM. 
Through the Point F, draw the Line FE, biſecting HFO, the 
Complement of the Angle M FQ (formed by the right Lines. 
FM, FO, drawn from the Point F to the Points M, O, being both in. 


the ſame Hyperbola.) Alſo: thro' the ſame Point F, draw the Line 


EC, 
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FC, biſecting the Angle MF'N, (form'd by the right Lines FM, 

FN, drawn from the Point F to the Points M and M, falling on the 

oppoſite Hyperbola's.) Through the Points E, C, wherein the Lines 

FE, FC, meet the right Lines MO, M N, (that do join the given 
Points) draw the indefinite Line EC. Laſtly, deſcribe two oppoſite 
Hyperbola's with the Point F, as a Focus, and the right Line EC, 

for the Directrix, ſo that one of them may paſs through the Point 

M; and then it is evident, that theſe Hyperbola's will anſwer what 

is propos d. ; 


COELHO LLOCAYT TY. 


370. T H E ſame Things being premis'd as in the ſecond Corollary 3 Fic. 204 
it is manifeſt, that the Angle MFN, the Difference between 
CFH or CFN the Complement thereof to two right Angles, dimi- 
niſhes more and more, according as the Point N accedes to M, ſo that 
the ſame will vaniſh quite, when the Point N coincides with M; 
therefore the Angle C FM ſhall then be equal to its Complement to 
two right Angles, and conſequently will be a right Angle. And be- 
cauſe the Line M D does then become the Tangent MT, ſince * the * 4-7. 188. 
ſame paſles through two Points of the Curve infinitely near to each 
other; therefore, from hence we have a general and new way of 
drawing a Line (MT) to touch a Conick Section in the given Point 
M, the Focus, together with the Axis paſſing through that Focus, 
being given. ü | 
For finding the Directrix according to the Directions in Coroll. 2. 
from the given Point M-draw the right Line MF to the Focus F, 
and draw the right Line F perpendicular to MF, meeting the Di- 
rectrix in T; then it MT be drawn through the Point T and the 
given Point M, the ſame will touch the Section in M. 


. ExX'AaAmMPL Ee XI, 

371. TWO Angles K A M, K BM, moveable about the fixed Points F:c. 206. 
A, B, being given upon a Plane, together with an indefi- 

nite right Line FX, not paſſing through thoſe Points; let the Point of 
Concurrence (N) of the two Sides 4 K, B K, move along the right 

* Line FK: Now it is requir'd to find the Nature of the Curve deſcrib'd 

o by the Interſection (M) of the other two Sides 4 MH, BM, produced, 

= when neceſſary, on the other Side the Points A and B. 

Upon AB, as a Chord, deſcribe the Segment of a Circle, cn the 
ne other Side the Point M, containing an Angle B DA equal to tour 
es. right Angles, minus the two given Angles K A M, X B M; and com- 
in. pleating the whole Circle whereof B DA is the Segment, it may hap- 
ne pen that the indefinite right Line F&M does fall quite without that 


F f 2 Circle, 
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Circle, within the ſame, or finally touches it : And fo there are 
three Caſes, which I ſhall explain in particular, 

Caſe 1. From Cthe Centre of the Circle B D A E, draw C F per- 
pendicular to F K meeting the Circle in the Points Y, ; and through 
the Point D (being nigher to the Line FA than the Point E) let the 
two Sides DA, D B, of the two Angles DAP, DB Q, equal to the 
two Angles KAM, KBM, pals, which Sides being produced towards D, 
let meet the Line F K in the Points G and H. And by Conſtruction, 
the Angle B D A plus the two Angles DAP, D BY, are equal to 
four right Angles; and ſince the ſame Angle B D A plus the two An- 
gles D AB, D B A, are equal to two right Angles; therefore the An- 
gles BAP, A BY, are equal to two right ones; and fo the Lines 
AP, B ©, are parallel between themſelves. This being laid down. 

From the Point K draw KR, K S, perpendicular to the Sides A D, 
B D; and from the Points A, M, the Lines AI, MP, perpendicular 
to the two other Sides B ©, A P, which meet B ©, in the Points I 
and QO. Now let the given Quantities F E be =a, FD =b, BI=c, 
AI=d, FG =o FH=b DGS n, D H=n: and the un- 
known Quantities FK x, AP=x, PM =y then becauſe G DF, 
G KR, are Right-angl'd ſimilar Triangle: Thecelore GD(m):GF 
(s):: R (wg) RS . And GD (m) DF ::(b): :GK (z—3) 
R= = But becauſe G D F, ED A are alſo Right-angl'd 


ſimilar Triangles, there fore G D (m): DF): : E D (a-): A D= 


2, and conſequently 4 D + D @ or AG is = le, and 
405 0 for aht= mtg | , ſince D FCG be- 


ing a right-angl'd Triangle, 1 mis =bb + gg. Again the right. an- 
gl'd Triangles AR K, AP M, are ſimilar: Becauſe taking the ſame 
Angle K A from the equal Angles K A M, DA, the remaining 
Angles K AR, PAM, ſhall be equal; and conſequently 4 R 


==) RK (===) : AP(x):PM(y), from whence we pet 


N. 
2 
brug 
But the Right-angrd ſimilar Triangles. HD F, HK 5, give H S= 
bz 1-bþ bz 4-bh ; a 3 p 
„and K S=——; and the Right-angl'd ſimilar Triangles 


ab—bb 


HEFD; E BD, give D H (1) :D F(b) DE (ab): DB * . 
And 


2 
+ 
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And therefore BD + D Hor B H= =, and B H- HS 


or BS = eee, ſince DF A being a Right-angl'd 


N n 
Triangle u n is = bb + hh, And the right-angl'd Triangles B & K, 
BM, are ſimilar; becauſe the Angle DB M being taken away 
from the equal Angles DB A, KB M, the remaining Angles K B S, 
MB ©, ſhall be equal between themſelves ; and conſequently B & 


(= 8 K (== ::B9 (x—c): AMO d). From whence 


n n 
© aby—bbx4-bch4-abd 
we Bt z = p< * 

Now comer this laſt Value of z with the precedent one, mul- 
tiplying croſs-wife, making G H ( g+b) =f. and laſt of all dividing 
by a bf, and we ſhall have the following Equation, 


b be 
13 +4347 XX— = 


ber ba 
f f 
coh deb 
of 2 


f 
whoſe Locus, which may be conſtructed by Article the 3 24th, ſhall be an 
Ellipſis, becanſe the Term _ x x (in the firſt Caſe) ſhall always: 


have the Sign -+ prefixed to it, let the Situation of the Points A, B, K, 


be any how at pleaſure. 
Caſe 2. The Lines being call'd by the ſame Letters here, as in the Fic, 204g, 


firſt Caſe, by reaſoning after the ſame Manner as there, you will get 
this Equation. 


yy +dy——xx + E = 0 
bc bd 
> 1 
2b __ 4gh 
=” af 


differing from the former Equation only in Signs, and the Locus of 
the ſame, which may be conſtructed by Article 332, ſhall be always 


two oppoſite Hyperbola's ; becauſe in this Caſe, the Term = x x has: 


the Sign — always prefixed to it. Becauſe the Plane xy is not found 
in either of the two precedent Equations, and the Angle 4 P M is a 
right Angle; therefore one of the Axes of the Elliꝑſis in the firſt 
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Caſe, and of the oppoſite Sections in the ſecond, muſt be parallel ta the 
Lines AP, B; and the Ratio thereof to its Parameter, ſhall be 


the ſame as of E F (a) to FD (); becaufe the Fraction multiply- 


ing the Square x x expreſſes that Ratio. 

When the Point K by its Motion along the indefinite right Line 
KF, comes to the Point O, wherein that Line meets the Circumfe- 
rence ; then it is manifeſt, 1, That the Sides 4 M, B M, whoſe Point 
of Concurrence M does deſcribe the Hyperbola BAM, do become 
parallel, 2. That they cut one another towards the oppoſite Side, 
during the Motion of the Point K along O L, that Part * the Line 
K F, falling within the Circle; and then they will again become pa- 
rallel, when the Point K falls in L, after which they will begin again 
to cut one another towards the ſame Side. From whence it appears, 
that the Point M does deſcribe the Hyperbola B 4 M during the 
Motion of the Point K along the two indefinite Parts of the right 
Line K F, that fall without the Circle; and the oppoſite Hyperbola, 
during the Motion of the Point K through O L, that Part of K F fal- 
ling within the Circle, | 

Caſe 3. Becauſe here the indefinite right Line FK touches the Cir- 
cumference of the Circle BD AE in ſome Point F, it is manifeſt, 
that the Point D (in the two other Caſes) does here coincide with the 
Point F; and fo the Friangles D FG, D FH, do vaniſh ; therefore we 
may uſe the Triangles DAE, BBE, for them, after the following 
manner. | 

Let the given Quantities 4565 PDS EF 4£F= 
g, BF=h, BIS c, AI d; and the unknown Quantities FK x, 
AP=x, PM =y. Now the right-angled Triangles FK R, EFA. 
are ſimilar; becauſe the Angle K FR or TFA (vertically oppoſite 
thereto) made by the Tangent FT, and the Chord F A, is meaſur'd 
by half the Arc 4 F, as well as the Angle FE A; and therefore 


FE (m):EA(@::KF(s):FR=, And EF (n): FA (5): : 
FR GK R. But the right-angled fimilar Triangles ARK, | 
AP, do give AR or. A F+ FR ( ) RR (2 APG 


Nn 


: P M of from hence we get z _ — : after the ſame manner, be- 

cauſe E FB, FK &, are right-angled ſimilar Triangles ; therefore F $ 
| | | 4 

= = and KS 2; and becauſe the right-angled Triangles B & K. 


2 


* "Ru BN. 
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B AN, are fimilar , therefore BS or BF—FS (==) SR (=) 


2 my Amd 
BA (x—c):QM(y +4); from whence ariſes x = gr 
Now comparing the two Values of x, multiplying croſs-wiſe, and 
putting the Terms in Order, and we ſhall have this Equation, yy + 


cah i 4b — 1 | ic | 
dy — „ the Locus of which ſhall always be a 


Parabola, whoſe Axis is parallel to the right Lines A P, B; and the 
fame may be conſtructed by Article the 3 10th. 

Hence it is evident, I. That the Locus of all the ſought Points M 
ſhall be always a Conick Section, whoſe Axis, or one of the Axes, 
{hall be parallel to the Lines AP, B; and ec the ſame 
Mall be an Ellipſis in the firſt Caſe, two oppoſite Hyperbola's in the 
ſecond, and a Parabola in the third; and in the firſt and ſecond Ca- 
fes, the Axis which 1s parallel to AP ſhall have the ſame Ratio to its 
Parameter as EF to FD. 2. That in the firſt and third Caſes, the 
two fix'd Points A and B, about which the moveable Angles K A M, 
K B M, revolve, do always fall on the ſame Side the Line FK: But 
in the ſecond Caſe, thoſe Points may not only fall on the ſame Side 
of that Line, but on both Sides thereof; becauſe the Circumference 


of the Circle A D BE upon which they are ſituate, is then cut into 
two Portions by the Line F K. 


SCHOLIEUM TI 


377. ANY right Line, as AM, paſling through one of the Fic. 2065 


fixed Points A or B, being given, the Point M wherein 
the ſame meets the Locus ſought, may always be found after the fol- 
lowing manner. Draw the right Line A K forming the Angle MAR 
with 4 M, equal to the given Angle revolving about the fixed Point 
A, and from the Point K wherein AA meets FA, through the fixed 
Point B, draw the Angle K B M equal to the other given Angle re- 
volving about the other fixed Point B; then the Point M, wherein. 
the Side B Mof that Angle meets the Line 4 M, ſhall be the Locus 
ſought. 2. When the Point K, in moving along the Line FK, is ſo 
lituate, that the Side (.4 A) of the Angle K 4 M does coincide with 


the Line 4 B: Then it is plain that M the Point of Concurrence of 


the two Sides A MH, B N, does fall on the Point B; and fo the Locus 
of the Points M does paſs through the fixed Point B; after the ſame 
Manner we prove that the ſame paſſes through the Point A. 
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Hence if it be requir'd to deſcribe the Conick Section being the Lo- prc.. 2066 


eus of all the fought Points M, without the Help of the foregoing 


Equa- 
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Equa tions, you need but draw (as in the Example) the right Lines 
AP, AI. and finding the Points wherein they meet the Section, and 
compleating the Rectangle, having thoſe two Lines for the Sides thereof, 
Ar. 156, then deſcribe * an Ellipſis or two oppoſite Hyperbola's about the Re- 
and 178. tangle, (according as FK falls without or within the Circle) whoſe 
Axis being parallel to 4 P may be to its Conjugate, as the Square of 
E F to the Square of D F. And it the Section be a Parabola, (which 
| happens when the Line K F touches the Circle BD A;) then find a 
Fic. 208. Point on the Line A I wherein the ſame meets the Section, and de- 
ſcribe a Parabola (by Article 170) paſſing through that Point and the 
two given Points A, B; ſo that the Diameters thereof be parallel. to 

the Lines 4 P, B 9. 


S CH OL 1 YM II. 


Fic. 209. 373 W H E N the Point K in its motion along the Line F K, is ſo 

ſituate, that 4 M the Side of the Angle K A M, does co- 

incide with AB; then it is manifeſt that the Point M falls on B; 

Art. 188. and alſo that B M the Side of the Angle K B M does touch * the Lo- 

cus of the Point M in B, becauſe in this Caſe M may be taken as being 

infinitely near to B. Whence if it be requir'd to draw a Line to touch 

that Locus in B, you need only draw a right Line A C through the 

Point A making an Angle (BAC) with BA equal to the given An- 

gle KA; and then a Line B D, making with B C the Angle CBD, 

equal to the other given Angle K B M. For the Side (B M) of that 

Angle, which does become B D, ſhall touch the Section in B. 
Underſtood the ſame with regard to the other fixed Point A. 

Fic, 209. From hence ariſes a very eaſy way of deſcribing the Conick Section 

es being the Locus of all the Points M, without uſing the foreſaid Equa- 

tions, or even any manner of Calculus. 

Through the fixed Point B draw the Tangent B D, and through 

the other fixed Point A draw AE parallel to that Tangent, and on 

Art. 272, A E find * the Point E wherein the ſame meets the Section, and bi- 

„Art. 372, ſecting it in EH, draw B E, upon which find X alſo the Point G wherein 

*4rt.161, the ſame meets the Section: Now if a Conick Section be deſcrib d“ 

162. with the Diameter B G, and Ordinate HA or HE, the ſame ſhall be - 

the Locus ſought. For it is plain that the Line BG, which does biſect 

the Line A E terminated by the Section, and being parallel to the 

Tangent in B, ſhall be a Diameter thereof, and the Line A H, an 

Ordinate to that Diameter. Where it muſt be obſerved, that when 

the Point H falls between the Points B, G, the Section is an Ellip- 

ſis : when the ſame falls on either Side of thoſe two Points, the Se- 

ction is two oppolite Hyperbola's; and finally, when the Line B G18 

infinite, the Section is a Parabola. — 5 | 
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374. B means of the laſt Example we may deſcribe a Conick Pic. 210, 


Section of a given Species, through four given Points 4, B 
H, AM. , 

For, 1. Let the Section be an Ellipſis, whoſe great Axis to its Para- 
meter let be as the given Quantity a to b. Form the Triangle 4BH, 
in joining three of the given Points by ſtraight Lines; and at the 
Points A, and B, let the Angles MA K, MB KA, be made equal to 
the Angles G A H, R B A, the Complements of the Angles HA B, 
HB A, to two right Angles, ſo that their Sides B M, A M, do in- 
terſect one another in the fourth given Point M. This being done, 
upon A B as a Chord deſcribe the Segment B D A of a Circle (on the 
other Side the Point M ) containing an Angle equal to four right An- 
gles minus the two Angles K A MH, KB MN; and about C the Centre 
of that Circle, deſcribe another Circle whoſe Radius CF may be to 
the Radius CD of the former Circle, as a + b toa — 6; then from 
K, the Point of Concurrence of AK, B K, the Sides of the Angles 
MAK, MB K, draw the Tangent K F to this latter Circle. Now 
if the Point K be moved along the indefinite right Line FK, the Point 
of Concurrence (M) of the two other Sides 4 MH, B M, produced on 
the other Side of the Points A, B, ſhall deſcribe the Ellipſis required. 
For it is evident from what has been ſaid in the firſt Caſe of the Ex- 
ample, that the Locus of the Points (M) ſhall be an Ellipſis, whoſe 
great Axis ſhall be to the Parameter as E F(a) to PFO); and 
moreover that the ſame ſhall paſs through the Points A, M, B, H, becauſe 
when the Point K is in G, the Side 4 M will fall in 4 H, and the 
Side BM, in B R. Sh | 

2. When it is an Hyperbola or two oppoſite ones that is required to 
be deſcribed through four given Points 4, B, H, M, the great Axis 
being to the Parameter in the given Ratio of a to b; then the Con- 
ſtruction will be the fame as above, only CF the Radius of the Circle 
Concentrick to the Circle B D AE, muſt here be to the Radius C D, 
as a—b to a-+b. | | 

3. If a Parabola be to be defcribed through-four given Points A, B, 
H, M. Deſcribe the Circle B D A E as in the firſt Caſe, and from & 
the Point of Concurrence, draw a Tangent tothat Circle, and the ſame 
mall be the indefinite right Line, along which, it the Point K be 
moved, the other Point of Concurrence M will deſcribe the Parabola 
required. 

1 there can be drawn two Tangents to a Circle from one 
Point; therefore we may deſcribe two different Conick Sections, both 
anſwering the Problem when the ſame is poflible ; for when the 

G g Point 
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Point K falls within the Circle, having C F for its Radius, it is plain 
then that the Problem is impoſſible. 
The Conick Section ſought may be deſcribed by means of its Axes 


according to Article 372, or elſe by help of one of its Diameters, and 
an Ordinate to the ſame, by Article 373, 


Coro LEST: 


Fo. 211. 377. F ROM the foregoing Example we have alſo a new way of 
deſcribing a Conick Section paſſing through five given Points 
A, B, H, M, N. For joining any three of thoſe Points, as A, B, H, 
by right Lines, and through the other two Points, M, N, and the 
fixed Points A, B, let the Angles MA K, NAS, paſs, each equal 
to the Angle H AG, the Complement of the Angle H AB to two 
right Angles, and the Angles MB K, NB, each equal to the An- 
gle A B R, the Complement of the Angle 4B H to two right An- 
gles ; then if through the Points of Concurrence K, S, the indefinite 
Line SA be drawn, and the Point K be moved along the ſame, it is 
manifeſt that the Point of Concurrence M by that Motion, ſhall de- 
{cribe the Conick Section requir'd ; becauſe it paſſes through the five 
given Points A, B, H, AM, N. 


The End of the Eighth Book. 
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BOOK IX. 
Of the Con ſtruction of EQUATIONS. 


PRUTOUSITFTION: TL 


Problem. 


276. O conſtruct any given Equation, wherein the unknown Quantity 
is but of one Dimenſion. 


Firſt, Let the unknown Quantity x be equal to one or more ſimple 


Fractions, as = Or < or = Sc. It we make c: b:: a: l, then 
it 1s plain, that this four Proportional I ſhall be = - ; and if we 
make F: I:: : n, then m will be == = => and finally, making 
g:m::b:n, and we ſhall have » = 7 = = by ſubſtituting = 
for its Value m. Therefore the unknown Quantity x will be equal to 


: : ab abe abeh 
J, or n, or u, &c. according as it was equal to —, Or F. or ＋. Sc. 


Now by augmenting the Number of Proportions, (according to Neceſ- 
ſity) and we ſhall always find a right Line equal to a given ſimple 
Fraction, be the Number of Dimenſions of its Numerator what it 
will. From whence it appears, that a Line x may be always found 
equal to a Quantity compounded of ſeveral ſimple Fractions ; for right 
Lines being found equal to each of thoſe Fractions, we need only add 
them together, or ſubſtract them from each other, according to the 
Signs + and —. For Example: Suppoſe it be requir'd to find a Line 
x=a+ 2 + 7 — =, Add the two Lines h =, and i =: 
to the Line a, that ſo all three of them may make but one Line only, 


and from the Sum take the Line m = = and what remains ſhall 


G g 2 be 
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be the Value ſought of the unknown. Quantity x, that is, x ſhall be 
—=a+h +I —m, a 

2. Let the unknown Quantity x. be equal to one or more compound 
Fractions, that is, Fractions whole Denominators conſiſt of ſeveral. 
Terms. Firſt, according to the Directions. above, find a Line equal 
to the Denominator divided by a Line taken at pleaſure, when the 
Terms of the Denominator do not ariſe to above two Dimenſions , 
by a Plane, when they ariſe. not to above three; and by a 
Solid, when they do not ariſe to above four, &c, and by this means 
all the 'Terms x: the Denominator may be brought into one only, 
which being ſubſtituted inſtead of them, ſhall change the compound 
Fraction into one or more ſimple Fractions, according as the Numera-. 
tor conſiſts of one or more Terms; and then if a Line be found (as 
above) equal to them, the ſame- ſhall be that ſought.. This will be 
— by the following Examples. 

It is requir d to find a Line x = 


age —bce I | 8 TY 
Le Firſt, find a Line m — 
f that is, equal to the Denominator af + bb divided by a; 


from. whence i raf San, and then finding a Line 1 = —_— 


am 


—=£* and we ſhalt have the ſought Line x = . After the 
| | 435.5 * o 
ſame manner, if it be-requir'd to find a Line x 2 | 


 aafd-ccf4-bff $ 
muſt firſt find a Line m-= a-+ _ 42 that is, equal to the Deno- 


a 
minator aaf + c of + kf f divided by the Plane af; from whence 
we get afm aaf + ccf + bf f, and afterwards another Line = 
A* b4-gaco—abef aab acc b.c 


2 = 7 + 1 A * The fame muſt be under- 


afm 
Rood of any other Example, which any one may form. at pleaſure. 
Corottaky I. | 
377. BY means. of this Propoſition it is eaſy, 1. To find a ſimple 
Praction _ or 5 whoſe. Denominator or Numerator a: is 


given, equal to one or more ſimple or compound Fractiens; for we 
need only find a Line x equal to the Line a multiply'd or divided by 
thoſe Fractions. For Example; If it be requir'd to find a Fraction. 
e rg Fs 3 

Tx. +> on then. it is plain, that we need only find a Line & 


—— 
— 
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ef  & 
given, equal to one or more Planes be they never ſo much com- 


pounded for here we need only find a Line & equal to all thoſe Planes 


divided by a, 3. To find a Solid aax or ab x, whoſe Sides a, a, 


or a, b, are given, equal to ſeveral Solids ; becauſe here you need but 


find a Line x equal to all the Solids. divided by the Square a a, or 
Plane ab. 4. To find a ſurd Solid a“ x, or ab cx, whoſe three Sides 
a,a, a, or a, b, c, are given, equal to ſeveral ſurd Solids; becanſe you: 


need only find a Line x equal to all the furd Solids divided by the: 


Cube a*, or the Solid ahc.. And the ſame muſt be underſtood of ſe- 
veral Products of five Dimenſions, of fix, &c. which may be always: 
reduced to one only, whoſe Sides are all given except ons, 


CoRlobd bt A n r. MK 


378. FJENCE, if it be requir'd to find a Square equal to ſeveral 
given Planes, the Planes muſt be brought into one, and then: 
a mean Proportional found between the Sides of it; and then that 
mean: Proportional ſhall be the Side of the Square requir'd. For Ex- 


ample :. If it be requir'd to find a Square x x = s 5 — EY (the 


af 
” 2 4 1 cee 
Lines a, B C, E, 2 b, s, being given) firſt find a Line m = - ct = 


ccee—eebh 


that fo we may have a Plane em =s 5 — "af and then finding: 


a mean Proportional x between e and m, the Sides of the Plane e n; 
ccse eebh 


Daf | 
If it be requir'd to find a Line x, whereof the Square x* ſhall be 
equal to ſeveral given ſurd Solids; find (as above) a Square xz equal: 
to all the given ſurd Solids divided by the Square aa either given or 
taken at pleaſure. When this is done, find a mean Proportional 
as x, between the two Lines a. and z, and that mean Propor- 
tional ſhall be the Line ſought; for x x Sax, and (ſquaring both 
Sides) x4 a a,, that is, x* is equal to all the given ſurd Solids, 


and it is plain, that xx is =em = $$ — 


SCHOLI1T NX. 


379. A Ltho”the Method above laid down is general for all poſſible 

Caſes, yet it is not always the moſt ſimple; therefore I. 
mall here lay down ſome particular Examples, and reſolve them more. 
ealy after a manner ſomething: different from the general: Rule, 
which may ferve as. Rules for all the like Caſes, | 


1;. Lett 


+ —, 2, To find a Plane ax, one of whoſe Sides a is. 
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abcc—aabb 


1. Let x be =” Firſt find a Line m =, and ſubſtitu- 
abe Tc c 


ce m—ccmm Om—=mM 


— 2 — z rot 
cem =? meds n 


whence making c + g - :: 1: 1,1 find that this fourth Propor- 
tional u is = x. Therefore it is maniteſt, that we here find the Va- 
lue of x by only two Proportions, whereas by the general Method 
there muſt have been three at leaſt. 

2. Let x be = /aza+b3. Make a right-angl'd Triangle, one of 
whoſe Sides let be = a, and the other 2; then the Hypothenuſe 
thereof ſhall be the Value of x. If it be requir'd to find a Line x =: 
Va, then find a mean Proportional as x, between the two Lines 
a ＋ band a -; for the Square thereof muſt be equal to the Pro- 
duct aa—bb of the Extremes. Or elſe make a right-angled Trian- 
gle, whoſe Hypothenuſe let be = a, and one of the Sides = b , then 
the other Side ſhall be the Value of x. 


3. Let xx be s +4 ee— == Aſſume n equal to the Hypo- 


ting cm for its Value ab, we ſhall have x = 


thenuſe of a right-angled Triangle having one Side s, and the 
other = 2e, and finding another Line 1 = — , we have xx =mm— 


1, and x -en, which may be reſolved in the ſame manner 
as in the laſt Example where x was = e db. 


55 
Laſtly, Let xx be =s s — 1 3 Aſſume a mean Proportio- 


nal between a, f, the Sides of the Plane af, that ſo we may have 11 
Sa f, then find a Square me I and another Square 11 
cc + bb, by means of two right-angled Triangles, as in the ſecond 


Example, and (by Subſtitution) we have x x = 55 — — and final- 
ly, finding a Line g = _ and there ariſes x = = gg, which may 
be reſolved as above, 


9 D2OPMOS EF . 
Problem. 


380. JO find the Roots of all kinds of Equations of the ſecond De- 

ſh phe or of two ene 1 1 b 

All Equations of the Second Degree may be reduced to one of the 

following Forms x x I. ax -U o, orxxFax+bb =o, by 

* 4rt. 376, finding a * Line à equal to all the known Quantities that 72 
> multi- 
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multiply the unknown one x, and a * Square þ þ equal to all the known A4. 378. 
Rectangles. This being premiſed. 


1. Let x x +a x—bbbe o. Make a right. angl'd Triangle CAB, Fic, 212. g 
one of whoſe Sides CA let be a, and the other Side AB = b, and 
drawing the Hypothenuſe BC, and producing the ſame beyond C, | 
about Cas a Centre with the Radius CA, deſcribe a Circle cutting 
g C in the Points E, D. I ſay the right Lines B D, B E, are the 
two Roots of the propoſed Equation x x TA U; B E being the | 
affirmative Root, and B D the negative Root of the Equation x x + | | 

f 
. 
g 
f 


ax—bb =o, and contrariwiſe B D the affirmative, and B E the 
negative Root of the Equation x x —a x —b b =g, 

For making BE Dx, and we ſhall have BD or BEFED=a+x; 
and if BD be made = — x, then BE or BD —ED fhall be = — x — g; 


And ſo in both Caſes DN. Eis * + ax= AB (bb) by the | 
Nature of the Circle, that is, xx TRAX - b is So. And contrari. ' 
wiſe, if BD be made = x or BE =—-x, we ſhall find D B B E | 
xx—ax=bhborxx—ax—bb-—o. ö 

2. Let xx + ax +bbbe =o. Make a right-angl'd Triangle (as Fic. 213 10 
in Caſe 1.) C A B, having one Side CA a, and the other 4 B | 
bz; and the indefinite right Line B D being drawn parallel to A C, f 
about the Centre C with the Radius CA deſcribe a Circle cutting the 7 
Line B D in the Points E, D. I fay the right Lines BE, BD, are | 
the Roots of the propoſed Equation x x ax + bb— 0; wiz. the two 1 
affirmative Roots of x x — ax + b =o, and the two negative ones. 
of xx Þax + bb —o. 

For compleating the Semi-circumierence AED H, and drawing 
EF, DG, parallel to 4 B; then if BE or A F be made = x, we | 


mall have AF. FHS x -A X FE (b 5) by the Nature of the 2 
Circle. In like manner, if BD or AG be made == x, we ſhall have 


AG»*GH=ax—xx=@OD (55): That is, xx —ax + bb=o 
in both Caſes. If B E or 4 Fbe=—x, and B Dor AG =— x, 


then ſhall AF* FH and 48 Hbe=—xx—ax=#EKorG D 0 
(bb); that is, xx + ax + bb =0. | |; 

If the Circle, whoſe Centre is C, and Radius CA, does not cut or 
touch the parallel B D (which happens always when A B exceeds CA); 
then both the Roots of the Equation will be imaginary; but if the 


Circle touches the ſame in one Point, the two Rocts BE, B D, do 
each become equal to the Radius CA. 


SCH OLE10-0: 


381. 47 HEN the unknown Quantity in an Equation hath only 
*Y four and two Dimenſicns ; then that Equation. may be al. 
ways brought to another wherein the unknown Quantity ariſes n 


2 higher 


„444 ww 4 „ 


„ „ % . % 
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higher than the ſecond Degree; and ſo Equations of this kind may be 
taken for thoſe of the ſecond Degree. 


Eid. 214. For Example, let z* —aa z z—aa-bb be o. Suppoſe an unknown 


FIC. 215. 


Fa C. 216. 


Quantity x to be ſuch that the Rectangle under the ſame and the 
known Quantity a be equal to the Square z z; that is, let ax be x. 
Then ſubſtituting a x for x x, anda a x x for z*, and the given Equa- 
tion 2+ —a.azz —aabb o, will be brought to this xx—ax—bb—g, 
wherein the unknown Quantity x ariſes no higher than the ſecond De- 
gree. And if the Roots (x) thereof be found as above, and mean 
Proportionals be found between the known Quantity a, and the Values 
of thoſe Roots ; then it 1s evident that thoſe mean Proportionals ſhall 
expreſs the ſought Values of the unknown Quantity z: Becauſe 2 2 
U. 


PROPOSITION III. 
Problem. 


382.7 ˙0 fin! the Roots of Equations of the ſecond Degree another wa 
without neceſſarily charging the laſt Term into a Square. 

1. Let x x Tax - he be So, wherein h exceeds c. Deſcribe any 
Circle A B D having its Diameter not leſs than the given Quantities 
a and bþ—c, and within this Circle, inſcribe two Chords 4 B = a, 
AD = bc, both from any Point A thereof: And producing 4 D 
to F, ſo that D F=sc, about the Centre C with the Radius C, de- 
{cribe another Concentrick Circle, cutting the Chords 4 D, AB, 
(produced) in the Points F, E, G, H. I ſay AG is the affirma- 
tive, and A H the negative Root of xx + ax —bc So; and con- 
trariwiſe 4 G the negative, and A H the affirmative Root of the 
Equation x x — ax — bc So. 

For AFor A D DF b, and D F or AE c, and making 
AG or B H=x, we ſhall have A H=a+x. And by the Pro- 
perty of the Circle EG F H, the Rectangle EA ATF (beo) = GA « 
AH (xx+ax), New if A Hbe made = — x, we ſhall have AG 
or BHor A H- ABS - a, and conſequently G A «x A H= 
x x +a as before. Therefore whether 4G be = x, or 4 H = —x, 
we ſtall always have xx +ax —bc =o. After the ſame manner 
we prcve that 4G is the negative, and A H the affirmative Root of 
& —4 Xx — b c = 0. a 

2. Let xx Tax + e be =o. Deſcribe any Circle 4 B D, whoſe 
Diameter is not leſs than the given Quantities a and b + c, and 
within the ſame inſcribe two Chords 4 B =a, AD =b + c, both 
from any Point 4 thereof: Then in 4 D aſſume D F=c, and 
about the Centre C with the Radius C F deſcribe another Concentrick 
Circle, cutting the Chords 4 D, A B, in the Points F, E, G, H. 1 


ſay 


n 8 
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ſay AG and AH, are the two affirmative Roots of xx—ax + bc 
o, and the two negative Roots of xx + ax + bc =o. This is 


demonſtrated after the ſame manner as in the firſt Caſe, 


If the Circle, whoſe Radius is CE, does neither cut nor touch the 
Line AB, then the two Roots of the Equation ſhall be imaginary, 


ADVERTISEMEN T. 


All the Contrivance that I make uſe of, in the Conſtruction or In- 


veſtigation of the Roots of an Equation, conſiſting of but one un- 
known Quantity, lies in bringing a new unknown Quantity into that 
Equation ; that thereby ſeveral Equations may be had, each containing 
the two unknown Quantities; and moreover may be ſuch, that any two 
of them do contain together all the known Quantities of the propos'd 
Equation ; becauſe otherwiſe, when the new unknown Quantity is 
truck out, the propos'd Equation will not again ariſe, Then among 
thoſe Equations I pick out two of the moſt ſimple, and conſtrue their 
Loci ſeparately, and the Interſection of thoſe Loci will give the 
Roots ſought, Now that unknown Quantity muſt be ſo taken, that 
the Loci of the - OM ariſing from the propos'd Equation, be the 
moſt ſimple poſhble. For Example: If the Equation be one of 
the fourth Degree, the Loci of the two Equations muſt not exceed the 
ſecond Degree: Among which Loci there muſt be always a Circle, as 
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being moſt ſimple, and alſo a Parabola, Equilateral Hyperbola, &c. 


All this will fully appear in the following Lemmata and Propoſitions, 


A FUNDAMENTAL LEMM A for the Conſtruction of Equations 
of the third and fourth Degree, by means of a Circle and a given Parabola, 


383. ] ET there be a propos d Equation & + 2b x? + ac x x — 
aad x — a f= o, wherein x is unknown, and a, b, c, d, f, are 
known ; and ſuppoſe another unknown Quantity y to be ſuch, that 
the Rectangle under the ſame, and the known one a, be equal to the 
Rectangle under x -+ b and x; and from hence we have the following 
Equations. : . 7 

I. ay=xx +bx, both Sides of which being ſquared, and there 
ariſes x* + 2bx* + bb xx =aayy, and ſubſtituting aay y—bbxx 
in the Equation propos d for its Value & + 2b x*, and the ſame 
ſhall be chang'd into this Equation, 

b 


2. 7 ZRT = d f= wherein ſubſtituting 


for «x its Value ay — $ K found by means of the firſt Equation, 1. in 


* xx. 2. in e. 3. in — x x + Dee, and the following 


aa 
three Equations ſhall be had, EY 
| H h 3. Jy 


; 
| 
: 
[ 
; 
: 
i 
; 
. 
EE 
' 
, 


4 
i 
. 
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C 


bb 55 
993 © Sm —=j+—=+—xxz—dx—af=0, 


„ be 
4 T x—dxz—af s. 


5 b bc þ 3 | 
5. % T ——J—=—=xz+,x—dza—af=0, I the firſt 


a 


Fquation x x + b xy —ay==0, be taken from this fifth Equation, and 
af.erwards added to it, then we ſhall have theſe two others, viz. 


bb 
6. 15 + - = = = « +—«—ds—af 


0. 


bb bc þ3 ; 
TJ  +6)—=L1=0taxctba=_—a+t—a—de—af 


== 0, 


Now if for the unknown Quantities * and y, there be taken two 
right Lines A P, PM, making any Angle 4PM with each other; 
Aut. 310. then it is evident, * that the Locus of the firſt Equation is a Parabola; 
that of the ſecond may be a Parabola, Ellipſis, or Hyperbola, accord- 
ing as þ b is equal, Jeſs, or greater than ac; that of the third, an El- 
* 4rt. 328, Iipſis, which does become * a Circle when c is = a, and the Angle 
and 329. A PN is a right Angle; that of the fourth, an Hyperbola, which 
* 4rt. 33 3, ces become equilateral when * is a; that of the fifth is alſo a 
ard 336. Parabola ; that of the ſixth an Equilateral Hyperbola; and laſtly, 
the Locus of the ſeventh is a Circle, when the Angle 4PM is a right 

Angle. | 

SCHOLIUM I. 


384. IF 2 þ x* had been negative in the propos'd Equation, then the 

Signs of all the Terms wherein þ is found of odd Dimenſions 
in all the Equations muſt have been changed ; and if the ſecond Term 
was wanting, then all the Terms affected with þ muſt have been 
ſtruck out. The ſame muſt be underſtood with regard to the other 
Terms of the propoſed Equation in reſpe& of the Letters c, d, f, 
contain'd in them. But it muſt be obſerved here, that in all the dif- 
ferent Alterations that can happen, the Locus of the firſt Equation: 
{hall be a Parabola, that of the ſixth an Equilateral Hyperbola; and 
laſtly, that of the ſeventh a Circle, when the Angle A PM is a right 
Angle. | | 


| SCHOEILIUM II. | 
385. THE Reafon why we have choſen the firſt Equation x x + b x. 


Say, rather than x x — b x = ay, or ſimply xx—a y, is, 
becauſe when both Sides thereof are ſquared, the two firſt Lerms of 
one Side are the {ame as the two firſt Terms of the propoſed Equation 

| 4; 


* 


* 


28 
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x* +2 b x, Cc. and ſo they may be made to deſtroy one another. 
And by that means we ſhall get a new Equation, whoſe Locus is no 
higher than the ſecond Degree, which being combin'd different ways 


with the firſt, gives other Equations (as appears above) whoſe Loci, 


not being higher than the ſecond Degree, may be eaſily conſtructed, 
becauſe the Plane xy is not contain'd in thoſe Equations; among 
which the Locus of the laſt is always a Circle, ſuppoſing the unknown 
Quantities x and y to make a right Angle with one another, 


FA OPUSTFETEGqN<-:IV. 
Problem. 


386. T O find the Roots of the propoſed Equation x+ + 2 bx + a © xx Fic. 21). 


—aadx--ai tf =o, by means of a Farabola and Circle. 
Aſſume two right Lines A , P M, making a right Angle 4 PM 
with one another, for the unknown and indeterminate Quantities x and 


yz; and then conſtruct * the Parabola which is the Locus of the firſt 47. 3 10. 


Equation of the Lemma, and atterwards the Circle which is the Lo- 
cus of the ſeventh ; and by means of the Interſection of theſe two 
Loci, the difterent Values of the unknown Quantity x which ſhall be 
the Roots of the propoſed Equation, may be found. This may be 
done after the following Manner, 

In the Line A produced on the other Side cf A, aſſume 4 D 
= b, and through the Point D draw a Parallel to PM, in which 


Parallel take DC on the contrary Side of A P with regard to PM, 


44 

and with CD as an Axis, (the Point Cits Origin,) and a Line equal 
to a for its Parameter, deſcribe a Parabola MC M. This being done, 
through the fixed Point A draw 4 © parallel to PM, and in the 


ſame aſſume A B =; a - e g for brevities ſake, and pa- 


A 


rallel to A P draw the right Line B Er d 2 „vir. — bg when 


a 


AB is S A g, that is, when the Value of A B is affirmative, and + 
X. when A B =— ; obſerving to take or draw both the Lines A B, 


BE, on the ſame Side 4 Pas P M is, when their Values are poſitive, 
and on the contrary Side when the ſame are negative. Laſtly, calling 
E A, m; about the Centre E. with the Radius EA = Vn m + a f de- 
{cribe a Circle: Then if Perpendiculars M be drawn from the 
Points M wherein the Circle cuts the Parabola, to the Line 4 P, the 
parts (A) of that Line ſhall denote the Roots of the Equation, the 
affii mative Roots being on the ſame Side A as PM was ſuppoſed to 
be in the Conſtructing the Parabola, and- the negative ones, on the 
contrary Side. H h 2 For 
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| For producing M (parallel. to A P) until it meets the Axis CG 


in the Point L, we have ML or AP + AD=x-+36b, CL or MP 
+ DC =y + 25 and by the Property of the Parabola ML SCL. a, 


that is, xx + bx +3b b=7bb + a}, or x x + kx , which 
is the firſt Equation. of the Lemma, Now if E B be produced until 
it meets PM. in R, and the Radius EM be drawn, then becauſe 


ZR Mis a right-angled Triangle, the Square ZM ſhall be = ER + 
RM—EB +2EB«BR4BR+PM—2AB*PM + AB= 
EB + B A-++ af by Conſtruction, and ſtriking out the Squares E, 
VA from. both Sides, ſubſtituting a +. — e, for 2 4-B, —4, or 


hb + ATI d, for 2BE, and x,y, for BR, or A and PM, and 


bb 
then we ſhall get the ſeventh Equation y-y+- c y—a'yy — — + x x + 


bat 5 —E x —d x = af, wherein if be ſubſtituted for its 
Value y, and the Square thereof for yy, then we ſhall get again the 
propoſed Equation x* + 2 bx*+acxx—aadx—aff =0.. From 
whence it appears, that the Line A expreſſes an affirmative Root of. 
0 this Equat ion. 
= If — x and — y be taken for AP and PM, when theſe. Lines do 
fall the contrary way to that they are ſuppos'd to fall in the Con- 
ſtruction , then the firſt Equation will be always found by the Proper- 


ty of the Parabola, and the ſeventh. by the Property of. the Circle. 
Therefore, &c.. 


Conottarty E 


387: FENCE the foregoing Conſtruction may be made general for 
all Equations of the third and fourth Degree; and a Parabo- 
la having the Parameter of its Axis equal to the given Eine a, ſhall be 
always uſed in that Conſtruction. you, (1.) multiply an Equation: 
*4et.376. of the third Degree by the Root x, and take a Line * 25 equal to all 
7. 377. the Lines that do multiply x, a Plane * ac equal to all thoſe that 
multiply x x, a Solid aad equal to the Solids multiplying .x ;. and 
laſtly, a ſurd Solid a' f equal to the Known Terms of the Equat ion. 
(2.) And change the Signs wherein 5; is found of odd Dimenſions, in the 
Values of the Eines 4 D, DC, AB, BE, EM, which determine the 
Conſtruction of the Parabola and Circle, if 2 be. negative. in the 
propoſed Equation; becauſe. the fame is poſitive in the. Problem; and: 
Moree - 


Of the Con ſtruction of EQUAT1ONS, 


moreover, deſtroy all the Terms affected with ö, if the Term 25 K* 


be wanting, becauſe then ö is o; and do the fame with regard to 


the Terms wherein c, d, 1 do happen. (3.) And take or draw the Lines 
when affirmative towards, or on the ſame Side as PM; and when ne- 
gative, the contrary way. Then we fhall have AD =+3 b, viz, 
— + b when 2b * 18 affirmative, and -+ + þ when the ſame is nega- 


oY | 55 f 5 R 
tive; AB = za + = +7c=—+g, viz. — c when acæ x is affir- 


— 


mative, and -+ 5c when the ſame is negative; B E = + 25 + 3 4, 


a. 

« b . * 7 | 
VIZ, — when A B is = + g, and when 2 57 is affirmative, or elſe: 
when AB is = - , and 25 is negative; and contrariwiſe + 


2 when 4B ＋ , and 25 is negative, or elſe when 4B =— g, 
, , b 
and 2bx* is afhrmative (that 1s, _— when the Values of 4 B, and 


AD, are one poſitive, and the other negative, and + 4 when their 


Values are either both poſitive, or both negative) as likewiſe + + d 
when gad x is negative, and — fd when the ſame is poſitive; and 


laſtly, E M = nn Naß, viz. + af. when a? f is negative, and — af 


when the ſame is poſitive. From hence arifes the following Con- 
ſtruction, which is general for all Caſes, 
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A Parabola MC M whoſe Axis is the Line C G having a Line equal Fic. 22. 


to a for its Parameter, being given, and the propoſed Equation being 
reduced to this Form x 2bx* . acxxÞaasd x. + a' f =o, draw. 
a Line A B parallel to the Axis C G diſtant. therefrom by the Quan» 
tity 25, on the right Side of the Axis when 26 & is affirmative in 
the propoſed Equation, and on the leſt Side of the ſame when 2b x? is. 
negative. Through the Point 4 wherein the Line 4.B meets the 
Parabola, draw A D perpendicular to the Axis CG, and in the 
Axis aſſume DF =: a, FG —=2CD (always from D the contrary 


way to. the Origin C) and GK towards C, when ac x x is politive ;; 


but the contrary way, when the ſame is negative. Then through the 


determinate Points A, F, draw an indefinite right Line A F, and thro” 


the Point & a perpendicular to the Axis meeting AF in E; and in 


this Perpendicular take HE= + on the right Side thereof when aads- 
is negative, and on the left Side when the ſame is affirmative. This 


being done about the Centre E, and with the Radius E M= AE, when 


the Term a f is wanting in the given Equation; that is, when the ſame 
is but of the third Degree; but when it is of the fourth, call AE, m, 


and take the Radius E M = nn af, viz: + af when a? f is nega · 


tive; 


q 
T7 
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tive, and — af when the ſame is affirmative, Laſtly, Drawing 
Perpendiculars M Q from the Points M, wherein the Circle meets the 
given Parabola, to the Line A B; and theſe Perpendiculars ſhall be 
the Roots of the given Equation; thoſe that fall on the right Side of 
the Line A B, being the affirmative Roots; and thoſe falling on the 
left, the negative Roots. 

For producing H till it meets the Line A B in the Point B, then 
by Conſtruction A D is = + b, viz. — 5, when 20 x 1s affirma- 


tive, and + + when the ſame is negative z but by the Property of 
the Parabola C D == Therefore D G or DFN FG =;a+ 8 


2 


= 3 o LS Fg 
and D K or AB =ra +—++c=+ g, VIZ, — c When Tacx 


is affirmative, and + + c when the ſame is negative; and it muſt be 
here obſerved, that the Point B falls on the ſame Side as PM, when 
AB = A, that is, when the Value thereof is poſitive, and on the 
contrary Side when the Value is negative. Now becauſe the Trian- 
gles AD F, A BH, are ſimilar, therefore DF (FL): DA (+26) 


43 (TZ) B HSπν , viz, + = when the Values of 4 D 


and AB are both poſitive or both negative, and — A when the Va. 


a 

lue of one is poſitive, and of the other negative. And therefore 
322 += +24, viz. — i d when a ad x is negative, and + + d 
when a ad x is affirmative ; but you muſt obſerve that the Point E 
will fall on the ſame Side as PM, when the Value of B E is poſitive, 
and on the oppoſite Side when the ſame is negative. Hence 1t appears 
that the Centre E of the Circle ſhall be always determined, as requſite 
in all the poſſible Caſes, by this Conſtruction. 

If the ſecond Term 2 þ x* be wanting in the propoſed Equation, then 
it is manifeſt that the Lines A B, AF, will fall in the Axis CG, 
in ſuch manner that the Points A, D, ſhall coincide with C the Origin 
thereof; ſince þ =o. And conſequently the Point G will coincide 
with the Point F, and the Points H and B with the Point K: And ſo 
the general Conſtruction in this Caſe will be much ſimpler than that 
above. For here you need but take C F=+ a in the Axis of the Pa- 
rabola, always within the ſame, and F K =: c from F towards the 
Ongm C when ac x x is aflirmative, and the contrary way when the 
{ame is negative; and then draw K E = + d perpendicular to the Axis 
on the left Side thereof when aad x is affirmative, and on the right 


when the ſame 1s negative ; and proceed afterwards as in the gene- 
ral Conſtruction, obſerving that EC is here m. 


In 
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In like manner if the Term a c x x be wanting, then the Point K Fi. 217, 
ſhall fall on the Point G; and if the Term a ad x be wanting, the 
Centre E of the Circle ſhall fall in H. | 


Co tot . 


388. T HERE may be had yet a more ſimple Conſtruction for 
Equations of the third Degree that have their ſecond 
Terms, in multiplying them by the unknown Quantity plus or minus, 
the known Quantity of the ſecond Term, viz. plus that Quantity 
when the ſecond Term is affected with the Sign — ; and minus that 
Quantity when the ſame is aitected with the Sign + ; for in doing. 
thus, we get an Equation of the fourth Degree wanting the ſecond 
Term. For Example, to find the Roots of this Equation of the 
third Degree, x* —bxx+apsx +aaq=0: Multiply it by 
x + b, and then you will have the following Equation of the fourth 
Degree x* + ap XTX Tab =o, wanting 
—bbxx+abp x the ſecond Term; now uſing the Con- 
ſtruction already laid down for theſe Equations that waut tie ſecond 


Term, and then we ſhall have CX (Z aT) Da = — 19 KE 


(1d) =xq +2 , and the Radius of the Circle EMS N -: 


From whence ariſes the following Conſtruction, 


Draw a Parallel to the Axis C D diſtant therefrom to the left by a Fic. 219% 


Line equal to h, and meeting the Parabola in the Point A, alſo draw 
the Line C A through C the Origin of the Axis, and upon O the mid- 
dle of CA raiſe the indefinite Perpendicular O G meeting the Axis in 
the Point G. This being done in the Axis aſſume G Kp from 
G towards C, and thrcugh the Point K draw a Perpendicular to the 
Axis meeting the Line C G in the Point E, in which perpendicular 
produced towards H, take HE = , and about the Centre E, with 


the Radius E A deſcribe a Circle. I ſay this Circle ſhall cut the Pa- 


rabola in Points (M,) from whence lett ing tall Perpendiculars 21 © to 
the Axis; and thoſe Perpendiculars ou the right of the Axis ſhall be 
the affirmative, and on the left the negative Roots of the propoſed 
Equation x*—bxx +apsx +aaq=0. 

For if the right Lines A D, O L, be drawn perpendicular to the 
Axis; then by Conſtruction we have 4 D = b, and by the Property 


of the Parabola C D==. Therefore ſince CA is biſected in O, the 
ſimilar Triangles CA D, CO L, ſhall give O LSB, CL= ©. 


2a kd 


and becauſe the right angl'd Triangles CL O, OL G, are ſimilar, 
2 therefore 
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therefore CL (=) LO GWV: LO GHV: LGS a, and conſe- 


bh 


quently CK or CL+ LG—GK=5a+ 2 — 2 p. Moreover, be- 


cauſe the Triangles GLO, G KH, are ſimilar, therefore K H ſhall be 
2, and KHT HE or KE =+q+ 2, which tends to the leſt 
of the Axis, as is preſcribed in the Conſtruction, when aa dx is af- 
firmative. Therefore the Point E is the Centre of the Circle, whoſe 
Interſections with the given Parabola ſhall determine all the Roots of 
the Equation of the fourth Degree x* ap x x, &c. And becauſe the 
Roots of this Equation are the Roots of the propoſed Equation x* — 
b x x +apx4aaq=0o, together with a negative Root 4 D (b) ; 
whence the Circle muſt pa through the Point 4. Therefore, &c. 
We can prove likewiſe by Calculation, that EA is the Radius of the 
Circle ſought. For if EB be drawn FEB to the Axis, then 
becauſe the Triangles EA B, E KC, are right-angled, the 


Squares of the Hypothenuſes . BA, and EC 2 
XE, and conſequently it muſt be proved, that EB + BA =EX + 


KC— bg, becauſe we muſt take E M — Vn. But ſubſtituting 
on both Sides, inſtead of thoſe Lines, their Analytick Values, and 
theſe ſame Quantities will ariſe, as they muſt if the Radius ſought 
EMbe=E A. 

Now to render the aforeſaid Conſtruction general, you muſt, 
(1) Draw the Parallel to the Axis, being diſtant therefrom by a Line 
equal to h, on the left Side the ſame, when hx x is negative in the 
propoſed Equation z and on the right Side, when the ſame is affirma- 
tive. (2.)And you muſt take GK == p in the Axis from G towards its 
Origin C, when ap x is affirmative; and the contrary way, when the 
fame is negative. (3.) And HE=+ q muſt be taken to the left, 
when aa is affirmative , and to the right, when the ſame is negative. 


Senor d M. 


389. HENCE it 1s neceſſary to obſerve, 1. If the Circle does cut 
the given Parabola in two Points only, then the propoſed 
Equation ſhall have but two real Roots, when it 1s one of the fourth 
Degree ; and but one real Root, when it is an Equation of the 
third Degree, and the two others imaginary ; as in Fig. 219. where 
the Circle cuts the Parabola in two Points A, M, only; the Equation 
& Tap Tx -b x x, &Cc. has but two real Roots 4 D, M9, which 
are both negative ones, becauſe they fall on the left Side the Axis. 
2. If the Circle does neither cut nor touch the Parabola (which ym 
appen 
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Of the Conſtruction of EQuaTIONS. 2-41 
Happen when the Equation 1s one of the third Degree, as appears by 
the foregoing Conſtructions) then the four Roots ſhall be imaginary. 
2. If the Circle touches the Parabola, then the propoſed Equation 
will have two Roots, each being equal to the Perpendicular drawn 
from the Point of Contact; as appears from hence, viz, that a 
Circle touching a Parabola, may be conſider'd as cutting the ſame in 
two Points infinitely near to each other, which do coincide in the 
Point of Contact: But then the propoſed Equation may be brought 
down to one of the ſecond Degree by common Algebra, and ſo there 
will be no Neceſlity of conſtructing a Parabola tor finding the Roots, 


Se ROLL UM II. 


390. T* Regard be had to what is demonſtrated in Algebra, iz. 
That in any Equation wanting the fecond Term, and having' 
all real Roots, the Sum of the affirmative Roots is equal to the Sum 
of the negative ones; we may get the following Theorem. | 
If a Circle cuts a Parabola in four Points M, and Perpendiculars, he: ab 
as M.9, be drawn from them to the Axis CF; I ſay, the Sum of tage 
Perpendiculars that fall on the right Side of the Axis, ſhall be equal 
to the Sum of the Perpendiculars that fall on the left Side. 
For if CF be taken in the Axis of the Parabola from C, its Ori- 
gin within the Parabola, equal to the Parameter, which call a; and if 
EK be drawn from E the Centre of the Circle perpendicular to the 


Axis, and you make FK =+c, KE Ad, EC—=EM=af; then 
it is plain * from the Conſtruction at the End of Cor. 1, that the Per- Art.; 8. 
pendiculars M © ſhall be the Roots of the Equation x* — acxx + aadx 
+a? Fo wanting the ſecond Term, viz. thoſe falling on the right 
Side the Axis being the affirmative Roots, and thoſe on the left, the 
negative ones; therefore, &c. 

If the Circle paſſes through C the Origin of the Axis, then it is 
plain, that one of the Perpendiculars M © will become So, and ſo 
the Perpendicular on cne Side the Axis ſhall be equal to the Sum of 
the Perpendiculars on the other. 

If the Circle touches the Parabola in one Point, and cuts the ſame 
in two others, then you muſt aſſume twice the Perpendicular drawn 
from the Point of Contact, becauſe that Circle may be look d upon * ag  ,,, 
cutting the Parabola in two Points infinitely near to one another, © 
which do coincide in the Point of Contact. | 


389. 


eon ee . 


391. PEcauſe in Geometry there cannot be ſuppos d Products of more 
than three Dimenſions, ſince a Solid, which is the moſt 
compounded, has but three; therefore you may divide all the Terms 
1 1 of 
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of a propoſed Equation exceeding the third Degree by any given Line 
(taken at "leaſire) rais'd to a Power, leſs by Unity than the Power 
of the higheſt Term thereof; and by this Means the Equation will 
not be at all embaraſs'd, and each Term thereof ſhall expreſs right 
Lines only. For Example: Let there be an Equation of the fourth 
Degree, viz. K + 2bx* TX Xx — aadx—a'f =o; divide the 
fame by a, and there will ariſe _ + — — 5 — = ä 
each of whoſe Terms hath but one Dimenſion, and conſequently do 
expreſs right Lines only. We commonly chuſe that Line which is 
found repeated moſt times in all the Terms of the propoſed Equation, 
as the Line a is here; and even ſometimes it is underſtood in eſteem- 
ing the ſame as Unity, which will produce no Alteration in the Quan- 
tities it multiplies or divides; ſo making a = 1, and then we may 
write x* +2bx* cx x dx -f =o, inſtead of & + 2b x* ac 
xx —aadx—a'f =o, or of -, + EE =—f=o, The 
f£me muſt be underſtood of Equations of the fifth Degree, ſixth Degree, 
&c. 


k 


STCHROLIUM . 


392. A Fter the Circle, which 1s the Locus of the laſt Equation of the 

Lemma, is conſtructed, if a Conick Section, which is the 
Locus of any other of the Equations of that Lemma, be conſtructed ; 
then the Interſections of thoſe two Loci ſhall determine the Roots of 
the propoſed Equation ; becauſe making the unknown Quantity y va- 
niſh by means of their Equations, the propoſed Equation will be again 


gotten. 


From whence it 1s evident, that that Equation may be conſtructed, 
1. By means of a Circle and Equilateral Hyperbola, being the Loci 
of the ſeventh and ſixth Equations of the Lemma. 2. By means of 
a Circle and an Ellipſis, whoſe Axis (being parallel to AP) is to the 
Parameter as a to c, uſing the ſeventh and third Equations. 3. By 
means of a Circle and Hyperbola, whoſe Axis (being parallel to 4 P) 
xs to the Parameter as aa to h b, uſing the ſeventh and fourth Equa- 
tions. And becauſe the Line a, by means of which all the Quantities - 
multiplying x x are reduced to the Expreſſion ac, all the Quantities 
multiplying x to the Expreſſion aa d, and all the Quantities multi- 
plying the known Terms to the Expreſſion a* f, is a Quantity at plea- 
fure ; therefore, if for @ be taken tor an infinite Number of different 
Lines, the propoſed Equation may be conſtructed by means of an in- 
finite Number of Circles, Ellipſes, or Equilateral or not Equilateral 
Hy perbola's, all different between themſelves, | 


1 
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It appears, (in Article 387.) that if the arbitrary Quantity a 
being the Parameter of the Axis of a given Parabola be taken for 
Unity, then uſing the firſt and ſeventh Equation, the propoſed Equati- 
ou may be conſtructed by means of a Circle and a given Parabola: 
Aud here 1 ſhall ſhew how to take the Quantity a ſuch, that the Equa- 
tion may be conſtructed by means of a Circle, and an Ellipſis or an 
Hyperbola ſimilar to a given Ellipſis or Hyperbola. For the Ratio of 
the Axes being given, by ſuppoſition, the Ratio of the Axis (parallel 
to A P) to its Parameter ſhall be given alſo, Therefore if that given 


Ratio be called— ; we ſhall have u (when the Section is an 


Ellipſis) and ſo aa _ 3 from whence if for the arbitrary Quan- 


tity a (being Unity) there be taken the Root of a Square a @ equal * to * An. 378. 


the known Quantity a c which multiplies x x in the given Equation, 
and is multiplied by— ; the Equation may be conſtructed from the 


ſeventh and third Equations, by means of a Circle and an Ellipſis, 
whoſe Axis being parallel to A P, is to its Parameter as m to u, becauſe 


7 C 


=: But when the Section is to be an Hyperbola, we have —= 


m a N 
bb . | 
and therefore a = b * ; whence if that Value be taken for 


unity (a) and the Equation be conſtructed from the ſeventh and fourth 
Equations, then the Axis of the Hyperbola (being parallel to 4 P) 
which is the Locus of the fourth Equation, ſhall be to the Parameter 


thereof, as m is to u, becauſe —= =, And this 1s what was pro- 
pos'd, 
TCROLEIVUM . 


393. H ENCE the arbitrary Line a, doing the Office of Unity, is 

ſufficient for conſtructing the propoſed Equation, by means of 
a Circle and a given Parabola, or elſe by means of a Circle and an 
Ellipſis, or Hyperbola ſimilar to a given one. But when it is requir'd 
to Conſtruct the ſame by means of a Circle, and an Ellipſis, or Hyper- 
bola given, then one arbitrary Line only is not enough; there muſt be 
others brought into the Equation propoſed, to the End that they may 
be determin'd afterwards ſo as the given Section ſerves, This we ſha 
ſhow how to do in the following Lemma, | 


Ii 2 4 Fux. 
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4 FUNDAMENTAL LR MN A for the: Conſtructiou of E. 
quations of the Third and Fourth Degree, with a Circle and an Ellipſs, 
or a giuen Hyperbola: 


394. LEE there be an Equation of the fourth Degree, viz. z*+abxz. 
- —8aacz + a*d—o, wherein the Letters, a, b, c, d, do denote 
given Lines, and the Letter x, expreſſes the unknown Roots of the. 


Equation. Aſſume another unknown Quantity x = (the Letter f 
denoting a Line taken at pleaſure); and in the Room of x, x x, and 


. ö 1 ax aaxx ax! 
2+. ſubſtituting their Values— , , and 
4 80 Fo fff 0016575 Bb 
3 


and the ame will be changed into. this, "vis. a+ . „ © «4. 


in the foreſaid Equation, 


3 o; alſo aſſume a third unknown Quantity y ſuch, that being 


N 
multiply'd by f, the Product fy may be equal to x x the Square of the 
ſecond unknown Quantity; and then we ſhall have the following E- 


quations. COT: 
I. xx —fy =o, and ſubſtituting f y, and Fy y for x x and x., in 


the-Equation x* + — xx, Cc. and we ſhall have a ſecond Equa- 


tion. | 
2 33 +Ly3<£ + © =0, which being added to the fir 


Equation, and then, 


b af | 
3.7% + L 1—fy + . x ＋ — = O,. and the. Locus of 


*4-t.324, this Equation is *a Circle, when the unknown and indeterminate 
and 3a9. Quantities x andy make right Angles with one another. Again, mul- 


tiply, the firſt Equation by the Fraction — (g expreſſing any Line at 


pleaſure) and then we have x x — 1 v = o ; and adding this-Equa- 
0 5 a | A. | : 


| | | >. * . af 4 2 
4. % TT 0 τιοο FT TxAx——* + — =0, whole Locus is 


„ an Ellipfis, gt | 
6 aa 
rt. 332» 5.79 a F SY - 7 ; 


a 
an Hyperbola or the oppoſite Sections. 
SC H O- 
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SCHOLIU u. 


395.1 F the Signs of ſome Terms of the propoſed Equation ſhould 

be different from what they are here; or if ſome Terms be 
wanting, notwithſtanding this, the Loci of the five Equations ſhall o* 
always be-Conick Sections of the ſame Species; that is, the Loci of 1 
the firſt and ſecond Equations ſhall be always Parabola's, the Locus of 
the third, a Circle, &c.. 


PROPOSITION. v. 'f 


396.J'O conſtyuct the Equation 2*+a bzzZ —aacz+a'd = o of Fl 
the four Degrees, by means of a Circle given, and an Hyper hola | 
ſimilar to agiven Hyperhola.; or elſe by means of a given Hyperbola and a 1 
Circle. 
Conſtruct * the Loci of the third and fifth Equations, taking the. Art. 324, - 
ſame Lines A P, PM, (making a right Angle 4PM with each other) and 332. 
for the unknown and variable Quantities x andy; and then the Values 
of the unknown Quantity z may be determin'd by means-of-the Inter- FC. 220, 
ſections of theſe Loci, after the following manner. | and 221. 
Through the Point A the Origin of the x, draw the Line 4 D = 


2 parallel to PM, and on the ſame Side as PM, when a exceeds 


þ, and on the oppoſite Side when the ſame is leſs. Alſo draw the in- 
definite right Line P G parallel to A P, and in DG aſſume DC 


LE from D towards P M, then about the Centre C with the Radius C F 


N 
IT i” 


or C Gene y/ cc-j-aa—2abI-tb—gad deſcribe a Circle. This being done, 


7 1 : 
draw 4 H = Jtef parallel to P.M but towards contrary Parts, and 


24 


draw the indefinite Right. Line H & parallel to 4P, in which take 
EHI from H the contrary way to PM, and on both Sides the 


* 
2 


int | | 1 8 
Point Taſſume IX, IL, each equal to 26 cc—be40g or: = == 


(b being taken = & for brevities ſake ). Laſtly, with the Axis 


a... 
L X ( which mult be a firſt Axis when gc. 4d g is greater than 5h; g, 
and a ſecondone when it is leſs) having the ſame proportion to its Para- 
meter AU,.as a is to g, de ſcribe an Hyperbola or the oppoſite Sections 
meeting the Circle in the Points 21, M, from which Points let M P, 
MP. 
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AN, be drawn perpendicular to the Line A P. I ſay the Parts 4 P. 
AP, of this Line ſhall be the Roots of the Equation x* + = 1 
8 


+ — = 0, the affirmative Roots falling from A towards the 


Line PM which was drawn in the Conſtruction, and the negative 


ones the contrary way. 2 
For by the Properties of the Circle and Hyperbola, we ſhall have 
the third and fifth Equations; and ſubſtracting the third Equation from 


the fifth, and then „ + f y— S ax —x x =o, and ſo y = 


2 7 1 
and ſubſtituting 7 for 5, and 7 for yy, in either of thoſe two E- 


quations, and then there will ariſe the Equation x*, &c. But the 
Values of x being had, the Values of z will be fo likewiſe; becauſe 


” = ax 

— ' os | 

Now to ſatisfy the firſt thing requir'd in the Problem, call 
the Radius of the given Circle CF,r; and then 7 ſhall be = 


4 al; whence if you take f= 247 


| y ccd-aa—2ab4-bb—4ad) 
the Radius CF or CG of the Circle being the Locus of the third E- 
quation, ſhall be equal to the given Quantity 2. And that the Hy- 
perbola be ſimilar to a given one, that is, that its firſt or ſecond Axis 
LX, be to the Parameter K O in the given Ratio of n to n; you need 


only aſſume g . , becauſe LK:KO::a:g::im:n. 


Laſtly, To order it ſo that the Hyperbola be given, or, which is 
the ſame thing, that the firſt or ſecond Axis LX, and K O the Para- 
meter of that Axis, be equal to given Lines; call the firſt Axis LK, 


2t; and its Parameter K O, p; then KO 2. and LA (2t) 


— 
3 b 
=- Vcc (remembring that h = —E ) ; whence g = 25 and 
281 


F And ſo it appears, if cc + 4 dg does exceed bg, 


y/ cc4-4dg—bg | 
and thoſe Values be taken for g and f, the given Lines 2 t and p ſhall 
be found for the firſt Axis L K, and its Parameter K O, in the Con- 
ſtruction of the fifth Equation. But if cc + 4 dg be leſs than bg, 
then you muſt call the ſecond Axis L X, 2 t ; and its Parameter K. 
rom 
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from whence there ariſes (as above) g = =P and = — . 

wy VIE —ce—qadg? 
And if bg, in this laſt Suppoſition, wherein 2 t does repreſent the 
ſecond Axis, exceeds cc +4dg; then it thoſe Values be taken for 
g and f, in the Conſtruction of the fifth Equation, the given Lines 2t, 
and p, ſhall be found for the ſecond Axis L K, and its Parameter 
K O. 

Here it muſt be obſerv'd, that the Value of f may be imaginary 
in both theſe Suppoſit ions; and ſo it appears, that the Conſtruction in 
this Caſe is impoilible, at leaſt by this Method. And ſince all thoſe 
who have uſed the ſame after Sluſius, who invented it, have 
aftirm'd, that it is general; I ſhall here orderly examine all the Caſes 
that can happen, and ſhew, that even in this Example there may be 
an infinite Number of Caſes wherein that Method will not ſucceed. 

If the given Hyperbola's be two Conjugate ones, the Conſtruction 


will be always pollible ; for if you call the firſt Axis of one of the 


Hyperbola's LA, 2t; and its Parameter K CO, p; the Value of f = 


22 


Vecccade 
then you need but uſe the Hyperbola, that is a Conjugate to this Hy- 
rbola, and its ſecond Axis inſtead of it, and the firſt Axis thereof; 
ecauſe the ſecond Axis of the latter Hyperbola being the ſame as the 
firſt Axis of the other, the Value of f will not then include a Contra- 


diction. Note, if c.c 4 dg be = bg, then the Equation of the 


fourth Degree may be brought down to one of the ſecond. 


SCHOLIUM. 


297. I. IF the given Hyperbola be an Equilateral one, we have 
I g Sa, and then the firſt Axis of that Hyperbola muſt be 


uſed in the Conſtruction of the Problem, when cc + 44d g does ex- 


ceed þ g, that is, ſubſtituting _ for its Value h, and a for g, when 


cc +4 ad does exceed þ + a; and the ſecond Axis, when the ſame is 


leſs. And the Conſtruction ſhall be always poſſible. 
2. If the firſt Axis of the given Hyperbola exceeds its Parameter 
The firſt Axis thereof muſt be uſed in the Conſtruction of the Problem, 


when cc + 4 ad is greater than b +, a; for it follows from thence, 
that cc + 4dg does exceed hg, that is, (multiplying by : , and ſub- 


ſtituting — for its Value b) = ＋ 4 ad is greater than 5. g, ſince 


8 


== will be imaginary, that is, þ g does exceed cc+ 4dg; 
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2 (AY) being leſs than a in this Suppoſition, the Quantity 2. 40d 


ſhall be greater than cc + ad, and b + p ſhall be leſs than Fa a 


And contrariwiſe, when c c + 4 ad is leſs than þ + a; then the ſecond 
Axis muſt be uſed ; for it follows from thence, that cc + 4.4 g is leſ; 


than b g, 1 . + 4a d leſs than 5 p , lince 2t denoting here the 


ſecond Axis, which is leſs than the Parameterp, the Quantity 5 18 


reater than a. Whence it appears, that the Conſtruction is always 


oſſible, not only when the Hyperbola given is an Equilateral one, 
bur alſo when the firſt Axis 1s greater than its Parameter. 


3. If the firſt Axis be leſs than its Parameter. Then there is a 


Neceſlity of uſing the firſt Axis, when Cc -+ 4 u d does exceed b + a; 
for if the ſecond Axis be uſed, then cc + 4 d.g muſt be leſs than) 8, 


or 7 ＋4 ad leſs than 5 + 71 which cannot be, becauſe 2t, which 
then would-expreſs the ſecond Axis being greater than p, the Quantity 
() would be leſs than a, But in uſing the firſt Axis, it may 


happen that - + 4 ad be leſs than 5 7, becauſe g ( 2 is great- 


er than a; and then it is evident, that the Conſtruction of the Problem 
will become impoſlible, becauſe there 1s a Contradiction imply'd in 


the Value of f ( 7 = = ). In like manner, when cc + 4 ad iz 
CC fg——DE | 


leſs than þb Ya, there is a Neceſſity of uſing the ſecond Axis; and be- 


cauſe then the Value of g ( 2) is leſs than a, it may ſo fall out, that 


= + 4 a d be greater than b Is, and ſo the Value of 75 = 
#4 


1 v/ hg—cc—adg 

may be 1maginary. | r 

Therefore it is evident, that there may a Multitude of Caſes hap- 

pen, wherein the Conſtruction of the Equation in the Problem is im- 

oſſible; and that is, when the firſt Axis of the given Hyperbola is 
Jeſs than its Parameter, for otherwiſe the lame ſhall always ſucceed. 


2 COROL, 
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Cent LETT HL 


399. T* the fourth Equation in the laſt Problem ſhould have been ta- 

ken inſtead of the fifth, and the Locus of that Equation; 
which is an Ellipſis, been conſtructed, inſtead of the Hyperbola be- 
ing the Locus ot the fifth Equation ; then it is plain, that the propo- 
ſed Equation z*, c. might have been conſtructed by means of a 
given Circle, and an Ellipſis ſimilar to one given; or elſe by means 
of a given Ellipſis and a Circle. 


e I, 


399. TH E foregoing Conſtruction may be made general for all 
Equations of the third and fourth Degree, after the follow- 
ing manner: 1, Get the ſecond Term out of the given Equation, 
when the ſame has one; afterwards multiply the ſame by its Root x, 
if it be but of the third Degree; take a Plane ab, equal to all the 
Planes multiplying z z, a Solid aac equal to all the Solids which mul- 
tiply z ; and finally, a ſurd Solid a' d equal to all the given ſurd So- 
lids. 2. Strike out the Terms wherein þ is found in the Values of 
AD, DC, CF. AH, TH, LK, when z z is not in the given Equation, 
as alſo the Terms wherein c or d happen, when the fourth or fifth 
Term is wanting: And change the Signs of all the Terms wherein 5 
is found of an odd Dimenſion, if the third Term of the Equation 
given has a Sign different from the third Term of the aforeſaid Equa- 
tion; alſo change the Signs wherein c or d are found of an odd Di- 
menſion, when the fourth or fifth Terms have Signs different from the 
ſourth or fifth Terms of the precedent Equation. 3. Take thoſe Lines 
towards PM when their Values are poſitive, and the contrary way 
when negative. 
S. C HOL I u N. 
400. 58 H E Conſtruction atoregoing may always, be render'd more 
ſimple in particular Equations propoſed to be conſtructed, 
if it be ſo ordered that a be equal to h; for then the given Equation 
need only be reduced to this Form, viz. x FaazzÞaaczÞa'd 
=0, inſtead of z* Labzz Taacz TA do.. 


PRROÞPOSTTFILION VI. 
Problem. 


301. TO find the Roots of the following Equation, 2* — bz! —a czz 
+aadz+haahh=o by means of a given Hyperbola between 
is Aſymptotes, and a Circle, | | | ; 

; K k Make 
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Fic 44 Make z = 7. and then the given Equation may be transform'd 
bf cf af 


into this xt — = Xx —— xx +—x +— =9. 
a a aa 


a 
From any Point M of the given Hyperbola, whoſe Centre is the 
Point A, draw MP parallel to 4 Q one of the Aſymptotes, meeting 
the other Aſymptote in the Point P; then call AP, x; PM, y; and 


ſuppoſing m m to be the Power of the Hyperbola, we ſhall have x y 


m m. 
Now if you take f = ,/ = then hf a m m, and E = m* = 


aa 
, which is the laſt Term of the 


given Equation, and dividing by x x, then there will ariſe x x 


. T + yy =0, which will be changed (by ſubſtituting 


a a ax 


xxyy; and ſubſtituting x x yy for 


in the Term © inſtead of x its Value E found by means of the Equa- 
ax ay 
tion xy mm = — into this, viz, x x —2 — 4 4 774 5) So, 


* 4rt.328, the 8 of which is * a Circle, when the Angle 4 PM is a right 
329. Angle. 

Bu when the Angle 4 PM is not a right Angle, (or, which is the 
ſame thing) when the given Hyperbola is not an Equilateral one; 
then it is evident, that the Locus of the laſt Equation is not a Circle, 
but an Ellipſis. But to find an Equation, whole Locus is a Circle, in 
the Aſymptote 4 Paſſume A BS 2a; draw BE parallel to the other 
Aſymptote A ©, and draw A E from the Centre A perpendicular to 
BE: Then calling the given Quantities BE, g; AE, e; multiply 
the Equation x - m m o, whoſe Locus is the given Hyperbola, by 


, and then there will ariſe 5 — So. This being done, add 


this laſt Equation to the preceding one, when the Angle form'd by the 
Aſymptotes is acute, and ſubſtract it from the ſame when that Angle 
is obtuſe, as it is ſuppos'd to be in the Figure; then we ſhall have yy 


— - x3+L y+ * H- . and the Locus of this 
Art. 32), is * a Circle, which may be thus conſtructed. 


5.4 222. In the Aſy mptote A 2 aſſume AD = YL from A towards PM: 


Draw the Line DC = L 


— ＋ parallel to AE, on the ſame Side 
AP 


— — - 
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AP with regard to PM, when the Value of DC is poſitive; and on 
the contrary Side, when negative : Then about C as a Centre, with a 


* —— — — 


Radius CM = / AC + es deſcribe a Circle. I ſay, this Circle 


ſhall cut the given Hyperbola, and that oppoſite to it, in Points (A) 
from which Parallels MP being drawn to the Aſymptote A © ; the 


Parts A © of the other Afymptote ſhall expreſs the Roots of the E- 
L — 4. + — + = == EY the affirmative 
Roots falling from 4 towards PM, and the negative ones the con- 
trary way. 


For from the Nature of the Circle, will be had the following Equa- 


d L 

tion y y — = x y + T7, 233 =0, which will 
b 

become (putting mm for xy) x x —L * — 7 y +yy o, and 


quation x* — 


Mm 


ſubſtituting — or = for y, and its Square for y y, in this laſt Equa- 


tion, and then there will be had again the propoſed Equation x* — 
_ 
= x*, Ic: 


If the Angle form'd by the Aſymptotes be acute, then in the Values 
of AD and CM, the Signs of the Terms where g happens muſt be 
changed, becauſe BE (g) will then be negative. But when the Hy- 

erbola is an Equilateral one, the Terms wherein g is found muſt be 
ruck out, and 2a muſt be put for its Value e; becauſe 4 E then falls 
in AB; from whence the Conſtruction is render'd much more ſim- 


e. 
Now the Values of x being found, the Values of x will be alſo had. 


ax 


ſince z = T And this is the thing propos'd. 


nere. 


402. TF the laſt Term of a propoſed Equation of the fourth Degree 

has the Sign —, it is manifeſt by working as above, that an 
Equation will be gotten, wherein is the Term yy with the Sign —, 
and conſequently the Locus of the ſame will not be a Circle, but an 
* Hyperbola. Whence it appears, that the foregoing Method will not 


do for Equations of the fourth Degree having the Sign +prefix'd to their 
laſt Term, 


( 
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403. B* the Method aforeſaid may be conſtructed any given Equa- 

tion of the third Degree, as x* I XK TaD⁰x TL aa o, 
with a given Hyperbola between its Aſymptotes and à Circle. For 
multiplying the ſame by x -- 7, when aagq is affirmative, and by x—r 
when a a q is negative, it may be always changed into this Equation 
of the tourth Degree. 

* Tux apxx+aaqx + aaqr =o, 
Tr Tur _ <x+apr 

whoſe laſt Term ſhall have always the Sign +, and fo it will be one 
of thoſe Equations that may be conſtructed in manner aforeſaid. 

But this Conſtruction may be very much ſhorten'd, if you obſerve, 
(J.) To take, for the arbitrary Quantity a repreſenting Unity, the 
Line m, being the Root of the Power of the given Hyperbola, which 
is the Locus of x y = mm == aa, becauſe m is = a. (2.) To make an 
Advantage of the indeterminate Quantity for comparing the laſt 


Term aaqr with ef =x x yy; by which we get 7 =— (3.) That 


the Circle, whoſe Interſe&ions do determine the Roots of the Equa- 
tion, ſhall neceſſarily cut the Hyperbola when a a q is negative, and 
that oppoſite to it when a aq is politive, in the Point A; from whence 


Fic. 223 drawing K H parallel to the Aſymptote 4 ©, the Part AH of the 


other Aſymptote muſt be equal to; ſince x = F 7 is one Roct of 
the Equation of the fourth Degree. From hence ariſes the followin 
Conſtruction, which may be eaſily made general for all Equations of 
the third Degree. 

Suppoſe the Angle form'd by the Aſymptotes to be an acute Angle, 
and having taken for the arbitrary Quantity a equal to Unity, the 
Root of the Power of the given Hyperbola, ſuppoſe the given Equa- 
tion of the third Degree to be thus expreſs d, «„ —nxx—ap x —- 
aaq=06 In the Aſymptote 4 aſſume AB 2a, and draw 
BE parallel to the other Aſymptote 4 ©; alſo from the Centre 4 
draw AH perpendicular to BE; then in A © take AL =q from 
A towards PT, becauſe a aq is negative, in the given Equation; alſo 
draw L K parallel to A, meeting the Hyperbola in the Point X. 
This being done, call the given Quantities BE, g; AE, e; LK, r; 


and in the Aſymptote 49 aſſume AD = z q = +4 for Bre- 


vity's Sake, and draw DC —— parallel to AE, in obſerving 


e 


to take or draw thoſe Lines towards the ſame Parts as PM, when 
„ their 
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their Values are poſitive, and towards contrary Parts when negative. 
Laſtly, About the Centre C, with the Radius CK, deſcribe a Circle, 
which ſhall cut the oppoſite Hyperbola's in Points (M) from which 
the right Lines M being drawn parallel to the Aſymptote 4 © ; the 
Parts AP of the other Aſymptote ſhall be the Roots of the propoſed 
Equation x - M xx —apx—a aq=0. 

For if the right Lines M P, K H, be produced, till they meet the 
Line D C produced likewiſe (if neceſſary) we ſhall have (by means 
of the right-angled Triangles CF K, CG M) theſe two E- 


quations G M + CG =, and FK + CF=CK; and confe- 
quently GM + TG =FK + CF, becauſe the Lines CM, CK, are 
Radii of the ſame Circle. But by Conſtruction (ſuppoſing here for 
avoiding the Confuſion ariſing from the Signs + and —, that 
— 1A d, that is, that this Value is poſitive) GM or PM + PG =y 


7 
2 4 


an—ar— dg 


+ —x+&, CG or DG DCA , FKor KH + 


aA 
HFT d, Por er wow; 


24 


e 
if the Analytick Values of thoſe Lines be fubſtituted in the aforeſaid 


Equation GM —+ CG 155 FX + EF, we ſhall have firſt ) y + 


4 gg ee SER 3 2 a; 
— 3+ 2463+ — 4 = ATT A 244 


1 = rr —1r —7 r, becauſe there is no Neceſſity of writing down the 


Squares of d and of SOOT *. which mutually do deſtroy eachother. 
Ee 


Now ſince xy =7 q, from the Nature of the Hyperbola, and 4 a a — 
£g +ee, becauſe AEB is a right-angled Triangle, the laſt Equation 
may be brought to this, viz, yy +2 dy TX Xx - A Xx 


1 
2d -u, wherein ſubſtituting 2 — q for 2 d, and 7 and — for 
y and yy, and there will come out 
x*—1nx*—apxx—aaqx Ne o. 
m_ LOT +apr 


which being divided by , and we ſhall get x*—nxx—apx—aaqz0, 
which is the Equation propoſed in the Problem. 


The foregoing Conſtruction may be made general, if you, 1. Aſſume 


AL in the Aſymptote 4 & on the contrary: Parts as P M, when 


a a4 
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a a q is affirmative in the given Equation ; and change the Signs of the 
Terms when q and 7 happen in the Values of 4 D, DC. And 2. 
Change the Signs of the Term wherem p happens in the Value of 4D, 
when ap x is affirmative in the given Equation, and ſtrike cut the 
ſame when that Term is wanting: And do the {ame with regard to 
the Term wherein m happens in the Value of D C, when xx is affir- 
mative. 3. You muſt change the Term wherein g happens in the Va. 
lue of DC, when the Angle form'd by the Aſymptotes 1s obtuſe, and 
ſtrike it out when this is a right Angle, always obſerving that e is = 
24, 
SCHOLIUM,. 


404. A Lgebra furniſhes us with eaſy ways of trans forming any E- 

quation of the fourth Degree into another -of the ſame De- 
gree, wherein the Signsof the Terms may be alternate. And becauſe 
then the laſt Term will have always the Sign + prefixed to it, there- 
fore it is plain uſing this Preparation, when the laſt Term of an E- 
quation to be conſtructed hath the Sign — prefixed to 1t, that the 
Method laid down in the Problem ſhall be general for all Equations of 
the fourth Degree, But becauſe all the real Roots of an Equation are 
poſitive when the Signs of the Terms are alternate ; therefore there 
will then be only need of uſing the {given Hyperbola, becauſe the op- 
poems one by means of which the negative Rocts are determin'd, does 

ecome uſeleſs, 


PROPOSITION VI 
Problem. 


405. 70 conſtruT the following Equation of the ſixth Degree viz. x — 

bx +acx*t+aadx?'+atexx—a*tfxia'g=o,orx* 
—bx'+>cx*+dxi+exx—fx+g =o, (wherein the Line a, 
which renders the Number of Dimenſions in each Term equal, and is efteem'd 
as Unity, is underſtood) by means of a Circle and a Locus of the third De- 
gree. 

Take x* — mx x —nx + q=—p xy for the Locus of the third 
Degree, wherein the Quantities m, », p, q, which are look'd upon as 
being given, muſt be determin'd in ſuch a manner as to ſatisfy the 


Problem; and this may be done thus: If each Side of this Equation 
be ſquared, then 


* — mA A m m R zh bnnxx—2nqxÞ-qq=pyxxyy 
— 2 7 +24 — 2 N 9 


and if the Terms — 2 m x*, — 2 nqx, + qq, be compar'd with the 
correſpondent Terms — x, — f x, + g, in the propoſed Equation, 


f 


we ſhall have n = b, = V g, n == and conſequently x* — 2 


2 M 
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— 2 mx— 2nqx+ 44 = "iy —bx' — fx + g, Now if ppxx y— 
mmx*, &c. be ſubſtituted for its Value x — 2mx* — 29 +q9gq, found 
by means of the preceding Equation, and — cx% dx, &c. for its 
Value x*— b x* — fx + g found by means of the given Equation ; 
and if you divide by xx, and bring all the Quantities over to one 
Side; then the following Equation will be had, viz. 
Pp y—mmaxx—2M1X—11=0, 

+ 27 = 2'q + 2mq 

+ c + Ad +e 
whoſe Locus ſhall be a Circle * if the Quantity c + 2 »— mm, which 4,1. 328, 


does multiply x x, be poſitive, and p be = c + - 2 and 329. 


dividing by pp, and making 27 = * and u ==" ,, 


PP 
===" for brevity's ſake, then we ſhall have yy) Xx 27 LA oO: 


———— 


The Square s s being affirmative, when 2mq-+e exceeds » 77, and ne- 
gative when the ſame is leſs, 
Now the Curve which is ths Locus of the Equation x*—xx—nx+q 
= —pxy may be drawn after the following Manner. Suppoſe APC), ic, 224. 
PM ()) to be two unknown and indeterminate right Lines forming a 
right Angle 4 PM with one another; and through the Point 4, the 
Origin of the x*, draw the indefinite rigut Line 4 © parallel to PAM, 


in which aſſume AG = 75 from A tending the ſame way as PM, 


and GB = 2 the contrary way, and draw the right Line B C == m 


perpendicular to 4 ©. This being done, upon ſome ſeparate Plane 
deſcribe a Parabola HE M, with the Line p = = m for the 
Paramcter of the Axis, and place the Plane of this Parabola on the 
Plane wherein A P, and PM are drawn, fo that the Axis of the Pa- 
rabola coincides with the Line 4 ©, and the Parabola itſelf tends the 
contrary way to that which PM does, and in the Axis aſſume EF 


—=B G=>, (from E the Origin) within the Parabola, Then take 


po 

a long Rule C F, and place it in the Point C, ſo as to be moveable 
about the ſame, and always paſs through the Point F: This being done, 
move that Rule about the Point (C, fo as to ſlide the part E F of the 
Axis of the Parabola along the Line 4 ©. I fay the two continual 
Interſections M, M, of that Rule, and the Parabola MEM will by 
this Motion deſcribe two Curves that ſhall be the Locus ſought, 


For 


rern ——— 
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For by Conſtrudion 4B or A B == — 4 , and by the 


Property of the Parabola E @ = == becauſe A P or Nx. Bat 


7 ; 
becauſe the Triangles FS M, MDC, are ſimilar, therefore FQ or 


4 0 38 , ck ä 
E AEF ( ; 5) Q :: DM or PM AB(3+ 7 ) 
CD (m—x). Whence multiplying the Means aud Extremes, and we 


ſhall have x*—mxx—1x4-q=—Pxy, and if the Points M be taken ſuc- 
ceſlively in the three Angles that tollow this here Angle, the ſame 
Equation will be found always, obſerving to take 4 P=— x, and 
PM = — when the Points Pand M, do fall the contrary way to what 
they do here: So that the two Curves, which may be called parabolick 
Corchoides, ſhall be the compleat Locus of all the affirmative and ne- 
cative Values of the unknown Quantity y, anſwering to all the affir- 
mative and negative Values of the other unknown Quantity x, in the 
Equation x - mx x—nux . - —Pxy. 

But now to conſtruct the Circle being the Locus of the Equation 
yy +xx— so, in the indefinite right Line A aſſume 
H, from A towards P M, when the Value of 7 1s poſitive, and 
the contrary way, when the ſame is negative; then about the Centre 


H with the Radius HM = V 71+ 5s 5s, (viz. — ss when ss is poſitive 
in the Equation, and +- ss, when the {ame is negative) deſcribe a Cir- 
cle, which will be that ſought ; for becauſe HP M is a right-angl'd 


Triangle, therefore we have always HM HP PA, that is, 
Jy +xx—27x I , by ſubſtituting the analytick Values, and 
bringing all the Terms over to one Side, g 

Now if from the Points M there be drawn Perpendiculars (M © ) 
on the indefinite right A ©, I fay theſe Lines ſhall be the Roots of 
the Equation propoſed ; the aihrmative Roots being on the right, and 
the negative ones on the left of A Q; tor if M1 P be drawn parallel to 
A 8, we ſhall have the following Equation ſrom the Property of the 
Conchoides, viz.x*—mxx—rx+qg= —pxy, that is (ſquaring both Sides) 
Pf xxyy=—x—2mx", &c. and by the Nature of the Circle, 
yJy+xx—2rx4+55=0, which being multiplied by pp x x and then 


. A X) is =—ppX*+2ppra'+ppssxx, And comparing 


theſe two Values of pp xxy y together, there will be an Equation 
form'd, wherein if the Values of 2 7, 55, pp, in, u, q, be ſubſtituted, 
there will be found again the propoſed Equation x* — b x*, &c. 


If d x* had been negative in the propoſed Equaticn, then you need 
a2 mu 9 8 
but have taken 272 — 21 „and the reſt of the Conſtruction 


would have been the ſame as above, becauſe d does not happen in the 


Value 
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Value of . And becauſe then all the Signs of the Terms of the 
propoſed Equation are alternate; it is a received Maxim in Algebra, 
that all the real Roots thereof are affirmative, that is, if the ſaid 
Equation has two real Roots, and four imaginary ones, the two real 
Roots are affirmative if it has four rcal Roots, and two imaginary 
ones, the four real Roots are affirmative; and if all the ſix Roots be 
real ones, then they ſhall be all affirmative. From whence it appears, 
that in this Caſe we have Occaſion only for the Conchoid, which is 
deſcrib'd by that half of the Parabola next to the fixed Point C, be- 
cauſe the other Conchoid only determines the negative Roots. | 

If the Value of the Radius ſhould happen to be equal to nothing, 
or imaginary only; or if it ſhould be fo ſmall, as not to touch or 
cut the two Conchoids; then we may be aſſured, that all the Roots of 
the Equation will be imaginary. If it cuts them in ſix Points, all the 
Roots will be affirmative. And laſtly, if it cuts them in but four 
or two Points, then there will be only four or two affirmative Roots, 
and the others are imaginary, Here it mult be always obſerv'd, 
that if the Circle touches one of the Conchoides, the Point of Con- 
tact mult he eſteem'd as two Points infinitely near to one another, ſo; 
that then the propoſed Equation will have two Roots, each equal to 
the Perpendicular drawn from the Point of Contact to B E. 


ScCHOLIUM J. 


406. FROM the Deſcription of the two parabolick Conchoids, it 

follows, (I.) That the right Line B E, both ways indefinitely 
produced, is a common Aſymptote to both thoſe Curves. (2.) That. 
one of the Conchoids does paſs through the fixed Point C, and the 
Rule CF touches it in the Point C; becauſe the Point M coinciding; 
with the Point C, the Rule paſſes through two Points of the Curve in- 
finitely near to one another. (3.) That when the Point F does fall on. 
B, the Rule CF, whoſe Interſections (M, AMA) with the Parabola, do. 
deſcribe the Conchoids, falls in CB; and fo the Line M FM going 
through the Point E, does become a double Ordinate; that is, the 
Line C B meets the Conchoids in two Points K, L, being ſuch that 
B K and BL are each equal to the Ordinate to the Axis of the Para- 
bola that paſſes thro' the Point F. From whence it is evident, if BC 
was equal to that Ordinate, that the Point K would then tall on C; 
and ſo the Line BC, which would paſs through two Points K and C. 
of the Conchoid infinitely near to one another, would touch the Curve 
in the Point C, wherein K and C do coincide. 


Any Number of Points of the Conchoids may be found without Fus.. 225. 


uſing the Parabola M E M, after the following manner. In BE 
take B O equal to the Parameter Op Parabola, and with any right 
| Lane 


237 


„ ˙— . „ oO Rs 


A 
. 
h 

:, 


73 


The NIN TH BOOK. 
Line O R greater than O B, as a Diameter, deſcribe a Circle cutting 
RC in the Points D, D; in that Diameter take RF= EF, and 
through the fixed Point C, draw the two right Lines CM, CM, paral- 
lelto DS, DS, which ſhall meet DM, DM, (parallel to EH) in 
H, M, which ſhall be two Points of the Conchoids. For if C M be 

Yroduced till it meets the Aſymptote B E in the Point F, and N 
by drawn parallel to B C; then it is plain, that the right-angl'd Tri- 
angles M, D BS, ſhall be equal, and ſo FO is= BS. But if 
RS be taken = ZF, we ſhall have EF F; or EQ = RS+ 
SB or RB; and the Parabola EM, whoſe Vertex is E, and having a 
Line equal to BO, for the Parameter, ſhall paſs through the Point M; 
becauſe by the Nature of the Circle, the Square of BD or M © is 
equal to the Rectangle under B D or M 9, and the Parameter BO ; 
which likewiſe follows from the Property of the Parabola : There- 
fore the Point M, found by this Conſtruction, is the ſame as that got- 
ten by the Interſection of the Rule CF, and the Semi-parabola EM. 

It the Point D was given, and the Point R was requir'd, you muſt 
draw D R perpendicular to O D ; and the reſt of the Conſtruction will 
be the ſame as before. 

It is proper to obſerve here by the way, (1.) If in BC you take 
BD (from B towards C) equal to the affirmative Root of the Equa- 
tion of the third Degree * —+mxx —+mnp So, (the given 
Quantities BC being =m, EF u, BO p); and then the Point 
M be found as above: This Point ſhall be further diſtant from the 
right Line BC, than any other Points of the Portion K MC, ſo that 
the Tangent pafling through that Point ſhall be parallel to BC. 
(2.) If BD be taken in BC, produced on the other Side of the 
Point B, equal to the affirmative Root of the Equation x — m n p=o; 
then the Point Mof the Conchoid anſwering to the Point D, ſhall 
be the Point of Inflexion of the Curve; that is, the Point wherein the 
Curve, from being concave, begins to become convex, Becauſe this 
does depend upon the Principles that are laid down in my Book, Des 
inffriment petits, therefore I refer you to that Book, or ſome other of 
the like Nature; for the ſame may be here ſuppos'd as true, without 
enquiring into the Reaſon thereof; ſince this has nothing to do in the 


Conſtruction of Equations of the ſixth Degree, which is the Buſineſs 
here in hand. 


SCHOLIU M IL 


407. T* E Deſcription of the two parabolick Conchoids require, 
(J.) That the Line BC(+ b) be of ſome Magnitude, and to the 


2d Term of the propoſed Equation muſt not be wanting. (2.) That the 


Term cannot be =0, in the Equation x* — mx x - X ＋ 4A — 
P * y, ſunce dividing by x, there will ariſe x x —mx — A — 2 
| 23 e 


F the Con ſtruction of EQUATION 5s, 


the Locus whereof is a Parabola; from whence it is plain, that the 
laſt Term g in the propos'd Equation mult have the Sign + prefixed 
to it, for 9 2 g. 7 

Further, if the Term f x ſhould have the Sign +, you muſt give 
the Sign — to the ſame, in likewiſe changing the Signs of the zi and 4th 
Term; and doing this will not bring any Inconvenieney to the Con- 


ſtruction, but only will change the negative Roots into affirmative- 


ones, and the affirmative ones into negative ones, And in order for 
the Locus of the fecond Equation to be a Circle, 75 Tc muſt be 


greater than + bb, (e being affirmative when o is ſo, and negative 
when that is) from whence it appears, that if the Term f'x be want- 
ing, the Term cx* muſt be affirmative, and c muſt be greater than. 


bb, and if the Term c x* be wanting, = muſt be greater than + 


b b. 


Therefore it is evident, that the propoſed Equation of the ſixth De- 
gree mult neceſſarily have theſe Conditions, in order to conſtruct the. 
fame 1mmediately by means of parabolick Conchoids, and a Circle, 


according to the Rules above preſcribed, 


Senor MI. 


408. WH EN an Equation given is one of the fifth Power, by 

raiſing it to the ſixth, we can very often bring the ſame to 
ſuch Conditions, as to be immediately conſtructed ; as will appear by 
the following Examples, 


1. Let x —a* b =o, and ſuppoſe a to be greater than bh. Multi- 


ply this Equation by x — b, and then the following Equation of the- 


fixth Degree will ariſe, viz. „ — bx* —a* bx + a* bb =9, which: 
has all the requiſite Conditions ſpecified in the laſt Scholium. 
2. Let x —5aax' +5a" x—a*b o, and let a be greater than 


3. Multiply this Equaticn by x — b, and then we {hall have x* —- 


bx* — FAN TFaa DUX T JAX x- - G X Ta o, 
which hath all the neceſſary Conditions. 


3. Let * —ax*t — 4a + 3a xx +Jat w—af o. Mul- 


tiply this Equation by x — 4 a ; and then there will ariſe * — 5 as" 


+ 19a! z* —gaazxx—13da's+4a So, which is an Equa- 


tion of the ſixth Degree, wherein all the Terms do happen to have 
the neceſſary Conditions, 


Here it may be obſerved that by Means of the firſt Equation a: 
4 b /a, can be found four mean Proporticnals between two Extremes 


A and B; and by means of the ſecond x - 5aax?, Kc. a given Angle. 
may be divided into five equal Parts; and by means of the third x* — 


L 2. a * 


259. 
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a x*, &c, a regular Polygon of Eleven Sides may be inſcribed in a gi- 
ven Circle; as will appear in the following Book. I ſhall now pro- 
ceed to the Conſtructiomof the firſt of theſe Equations, that ſo it may 
be compar'd with the Conſtruction laid down by Deſcartes at the End 
of his third Book of Geometry. 


Deſcribe a Parabola ME with a Line p = ,/77a—77t for the Para- 
meter, and aſſume the Line 4 G = =, O; or EF=4 AG, BCA, 


2p * 
4H=*® and u Line 22 Y, or — y =; then de 
— app? "innate , 


ſcribe a parabolick Conchoid (as is directed in Article 404.) by 
means of the Parabola ME, and long Rule C F, freely turning about 
the fixed Point C, and always pallmg through the Point F, while the 
Part E F of the Axis of the Parabola ſlides along the Line A © ; after 


this, about the Centre H, with the Radius HM = ,/ A H I-55 deſcribe 
a Circle, ss being aftirmative, when 4 hb is greater than aa, and ne- 
gative when it is leſs. Now if from the Points O, M, wherein this 
Circle cuts the Conchoid, there be drawn the Lines O R, M, per- 
pendicular to the Axis AP, I ſay the Parts A R, AP, ſhall be the 


| Roots of the Equation & - h — a*þ T =o, This is proved 


as in Art. 404. 
The trouble of finding a Line 5 = 5 . or = hb may 


be ſpared, if you conſider that the Circle deſcrib'd with the Centre H, 
muſt cut the Conchoid CO M in the Point O being ſuch, that O R drawn 
perpendicular to A P, we have A R = b; becauſe one Root of the E- 
quation is x h. From whence in AP, aſſume A R= b, and draw 
RO perpendicular to A P, meeting the Conchoid COM in O; and 
then you may deſcribe the Circle about the Centre H, with the Radius 
HO. For the Circle cuts the Conchoid in another Point M, being 
ſuch that MP drawn perpendicular to 4 P, the Line A P ſhall be the 
greateſt of four mean Proportionals required. Becauſe the Circle de- 
1cribed about the Centre H does cut the Conchoid paſſing thro' the 
Point C, only in two Points O, and M, and does not meet the other 
Conchoid; therefore the propoſed Equation & - h, &c. hath only 
two affirmative Roots A R, A P, and four imaginary Roots, 


SCHOLIUM IV. 


409. W HEN the given Equation of the ſixth Degree hath not the 

neceſſary Conditions for being conſtructed immediately by 
the Method above explain d, or elfe being an Equation of the fifth De- 
gree, the laſt Scholium is found uſeleſs ; then the Preparation aflign'd 
by Deſcartes in the third Book of his Geometry may be uſed, Wherein 


is 


The NinTtn Book. 


is ſhewn how to transform any Equation of the fifth or ſixth Degree 
into another of the ſixth, having the Signs of all the Terms alternate, 
and where the known Quantity in the third Term does exceed 
the Square of + the known Quantity in the ſecond : For by this means 
the Conſtruction of the Problem is made general for all Equations of 
the fifth and fixth Degree. The Method of doing of this I ſhall not 
here explain, ſince it does depend upon pure Algebra, which is not my 
Deſign here to treat of; and becauſe in the following Propoſition I 
ſhall lay down a general Way of conſtructing all Equations of the 
fifth and ſixth Degree, without any other Preparation than only get: 
ting out the ſecond 'Term, 


PROPOSTTION.- VI 
Problem. | 


410. JO find the Roots of the following Equation x*— b x*— XA 
7 d 7 x - fx g o, by means of a given Cubick Parabola, and 

a Conch Section. | 
Let aay = x* be an Equation whoſe Locus is a Cubick Parabola 
MAM (A being , PM=y, AB Sa). Inſtead of 2 in the 
propoſed Equation, ſubſtitute its Value a*y y, in the Room cf * its 
Value aaxy, and inſtead of * its Value aay; then the propoſed Equa- 
tion will be changed into this Equation of the ſecond Degreee, y y — 


3 2 22 18 * : 
2 2 7 * N = 0, Whoſe Locus is an Ellipſis, 
whendis greater thanz bb, that is, when the known Quantity which does 
multiply xx, isgreater than the Square of half the known Quantity multi- 
lying x“, as is here ſuppoſed. And if you would have the Line that repre- 
ents Unity, and which is conceiv'd to be in the propoſed Equation, equal 
to the Parameter a of the given Cubick Parabola; then the Equation 


will be changed into this 5) — - x y— cy + - xx—fx+ag=0 


whoſe Conſtruction is as follows. 

In the indefinite Line AP take A Ba, and draw the right 
Lines BE = b, AD r c, parallel to PM and towards the ſame Parts: 
Alſo through the Point A draw the right Line 4 E (e), and through 
the Point D, the right Line D G parallel to A E, in which take 


DC(s) = from D towards PM, and on both Sides Caſſume CR, 
4ad—bh 8 


CI, each equal to t 55 + . This being done, with 
the 


aad—bb 
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the Diameter LK (zt) having a Line RH Wn, and its Ordina. 


ee 
” parallel to PM, deſcribe an Ellipſis, and the fame ſhall be that 
ought, 

9 if from the Points of Concurrence of this Ellipſis, and the given 
Cubick Parabola there be drawn Lines as PM, making with A H the 
Angle A PM, given or taken at pleaſure, then the Parts (AP) of the 
indefinite right Line whereon the indeterminate Quantity x tends, ſhall 
be the Roots ſought ; the affirmative Roots falling on that Side the 
Point A as PM is ſuppoſed to fall in the Conſtruction, and the nega- 
tive Roots on the contrary Side, For by the Property of the Conick 


| d , 
Section y y -K c += * Xx fx A ag is So, and by the 


Property of the Cubick Parabola, y is = _ and ſubſtituting that 


Value inſtead of y, and the Square thereof for y), in the precedent E- 
quation, and then we ſhall get the given Equation x -ab x — dacx; 
n 


SRHOL IU NM I. 

411. A* Y Equation of the fifth or ſixth Degree being given, if 
you get out the ſecond Term, and afterwards multiply it by 
the unknown Quantity x, if the ſame be an Equation of the fifth De. 
gree, and if by means of (a) the Parameter of the given Cubick Pa- 
rabola, you reduce the known Quantities that multiply x* to the Ex- 
reſſion a bz thoſe that multiply x?, &c. to the Expreſſion a a c, then 
i the Subſtitution as above be uſed, the given Equation ſhall be al- 
ways transform'd to a Locus of the ſecond Degree. Whence if a Cu- 
Dick. Parabola be once well deſcrib'd, with any Line à for a 
Parameter, and any Angle (A4 P) made by the Ordinates (PM ) to 
the Diameter A P, then it is manifeſt that the Roots of any Equation 
of the fifth and ſixth Degree may be found by means of that Curve, 

and a proper Conick Section. 


Sen 1 UM IT. 


412. F after the ſecond Term of a given Equation of the fifth or 


ſixth Degree be gotten out, and the Equation is multiply'd by 
x, if it be one of the fifth Degree; the known Quantity that multi. 
plies the Square x x be poſitive, and does exceed the Square of halt 
the known Quantity that multiplies x* : Then from the Subſtitution 
by means of aay = x?, we ſhall have always an Equation of the ſecond 
Degree, whole Locus is an Ellipſis, as appears in the Problem. And 


it may be ſo ordered always, that that Ellipſis may become a Circle, 


but then the Cubick Parabola will not be given. For Example. Find 
| l 1 


Circle, 


Find 
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Find * a Line a whereof the ſquared Square a*be equal to the known Ar. 378. 


Quantity multiplying x x, and by means of this Line reduce all the 
known Quantities multiplying x* to the Expreſſion ab, all theſe mul- 


tiplying &, &c. to the Expreſſion a a c; and then the Equation ſhall 
be reduced to this Form x* +abx*taacx*-+ a'xx +aff Tags. 


And ſubſtituting a* yy, aa xy, and aa) for &, x* and x*, and this E- 
quation of the ſecond Degree will be had yy + - xy +cy+xx+ fx 


Tag So, the Locus of which ſhall be a Circle, * if the Angle AEB An. 327, 
be made a right Angle; which may be —_—_ done thus. and 329. 


In the indefinite right Line AP a 
this Line, as a Diameter, deſcribe the Semi-circle A EB, towards the 


ſame Parts that P M falls, when _ xy is negative, and towards con- 


trary Parts when the ſame is poſitive. In the Diameter of this 
Semicircle aſſume the Line B E = b, from B to E; and drawing AE 
(e), the Line PM muſt be drawn parallel to B E, and the reſt of the 
Conſtruction will be the ſame as for the Ellipſis, which will here be a 
Circle; becauſe the Angle CG M ſhall be a right Angle; and AEB 
being a right-angled Triangle, ee is =a a — 4 bb, which muſt ex- 
preſs the Ratio of the Diameter LA to the Parameter thereof. This 


Circle K M M is the Locus of this Equation y y — — x y—cy + xX 


Fx - ag o, which is the ſame as that in the Problem, only d 
IS d. 

Now if the Line 4B be divided into many equal Parts A P, A P, and 
Parallels PM, P M, &c. be drawn to BE; and if every PM be taken 
equal to a fourth Proportional to its Correſpondent A P, and the given 
Line AB: Then if a Curve (MAM) be drawn through all the 
Points (M) thus found; it is plain, that this Curve will be the Locus 
of the Equation æ = aa); and conſequently by means of the Points 
of Interſection (M, M) of the Cubick Parabola and Circle, may be 
found all the Roots (A P, AP) of the propoſed Equation. 


SCHOLIUM III. 


413. BEaauſe Parabola's of all Degrees have been often ſpoken of in 
this Book ; and ſince we have ſhewn how to uſe a Cubick Pa- 
rabola for the Conſtruction of Equations of the fifth and ſixth Degree, 


it will not be foreign to our Purpoſe to examine the ſeveral Sorts of 


ume AB Sa 3 and upon FI C. 228. 


Lines theſe Parabola's may make. For which End, let BC, D E be Fic. 229. 


two indefinite A. Lines, cutting one another in the Point 4, and 
let there be a Para 


ola AM, of any Degree (in the Angle B A 1) 
waoſe Nature is ſuch, that MP being drawn from any Point M 62 
, | of 
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of, parallel to D E, and meeting BC in the Point P, and the inde- 
terminate Quantities A P, PM, and the given Quantity A B being 
called x, y, and 1; we have always x" y» ( where the Letters m 
and u do denote the Indices of the Powers of x and y, and may be 
any poſitive whole Numbers at pleaſure, and n is ſuppos'd to be 
greater than ) it is evident, 1. When AP (x) is =, PM 5) is 
ſo likewiſe, and the more A P (x) increafes, the more does PM (5 


v. Art. 237. Alſo increaſe. 2. The Subtangent . = x ) is * always leſs than 


AP (x) becauſe u is ſuppos'd to be leſs than n. Whence it follows, 
that the Parabola. 4M, be it of what Degree ſoever, ſhall always 

als through the Point A; the ſame recedes infinitely more and more 
Em the right Line BC eſteem'd as being a Diameter thereof; and 
laſtly, the Convex Side of it is next to that Diameter. But becauſe 
the Curve A M, which falls in the Angle DAB, is only a Portion of 
the Parabola, we muſt next examine in which of the Angles D AC, 
CAE, E 4B, that Parabola is continued, and here there are three 
Caſes. 


Caſe 1. When the Index (m) of the Power of x is an even Num- 
ber, and the Index (1) of the Power of y, an odd Number. The Root 
(m) of x” ſhall be Tx, and the Root (u) of „ ſhall be only + y; 
for if n be =4 and 1 — 3, then it is manifeſt, that the fourth Power 
of L x is always x“, hut it is not ſo of the Cube of T y; ſince the 

Fic. 229. Cube of ＋ y is y*, and the Cube of —y is —y*. Hence it is evi- 
dent, that AP (x) may be both poſitive and negative, but PM (y) 
is always poſitive; and conſequently the Parabola 4 M muſt be con- 
tinued in the Angle D AC, adjoining to BAD, ſo that if a right 
Line be drawn through any Point K of the Line A D parallel to BC, 
the ſame ſhall meet the Parabola M 4 M in two Points. M, AM, equal- 
ly diſtant from the Point K. And this is the common Parabola, which 
is the Locus of the Equation x = ah, or x x = y, ſuppoſing the Pa- 
rameter a= I. 


Caſe 2. When the Indices m and » are odd Numbers: The Root 
(n) of x* ſhall be only + x, and the Root » only + y; but becauſe 
the Equation — æ = — „ is the ſame as x” — y", and the Root (n) 
of — n is — x, and the Root (n) of —y is —y therefore A P (r] 
may be both politive apd negative, as alſo PM (), obſerving that 
when A is poſitive, PM is ſo likewiſe, and contrariwiſe. Whence 
it appears, that the Parabola 4 M, in this Caſe, muſt be continued in 
the Angle CAE vertically oppoſite to DA B, in a Poſition altoge- 
ther the fame, as in the Angle D A B, but inverted ; fo that A 
being taken equal to A P, and PM drawn making with AP the 
Aigle 4PM equal to the Angle 4PM; the right Line PM my 

8 Mee 
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Tneet the Portion 4 M falling in the Angle CAE, in the Point M be- | 
ing ſuch, that PM 1s equal to PM. And ſuch is the principal Cubick | 
Parabola x? =aay, or x* y, ſuppoltug a = 1, 
Caſe 3. When the Index (m) of the Power of x js an odd Number, 
and the Index (u) of the Power of y an even Number: The Root (m) | 
of x" ſhall be always + x, and the Root (1) of y» will be Z Foe. 
Example; let A M be a Cubick Parabola, which is the Locus of the Fic. 231. 
Equation x*=ayy, x? =y y, it is plain that the Cube Root of & is only 
-- x, and the Cube Root of 5) is Ty. Therefore the Parabola 4 ANN 
muſt be continued in the Angle B AE, adjacent to the Angle BAD; 
in ſuch manner, that if a right Line be drawn through any Point P 
of the Line AB, parallel to DE, it ſhall meet the whole Parabola 
MAM in two Points M, M, equally diſtant from the Point P. 
Now the general Equation x” =y", always appertains to one of the 
aſoreſail three Caſes, for if m and » be ſuppos'd to be both even Num- 
bers, you muſt extract the ſquare Root of both Sides of the Equation 
as often as poſſible ; by which means it may be reduced to an Equa- 
tion, wherein one of the Indexes ſhall neceſſarily be odd. And m 
may be ſuppoſed always to be greater than u; for if it ſhould be leſs, 
and (for Example) aax , then comparing the Points of the Pa- Fic, 232. 
rabola 4M with the Points of the Line DE, and calling AK, x; 
XM, y; we ſhall have this Equation x* =aay, which ſhall expreſs 
likewiſe the Nature of the ſame Parabola 4 M, and wherein the In- 
dex of the Power of x is greater than the Index of the Power of y; 
ſo that the ſame Reaſoning would hold with regard to the Line DE, as 
before with regard to the Line BC. From whence it is evident, that 
all Parabola's of any Degree whatſoever, will always have one of the 
three preceding Figures. RE 


PROPOSITION IX, 
Problem. | 


414. II is propoſed to conſtruct the following Equation of the eighth De- 
gree x —bx' +cxf —dx +ext —fx*' +gxx—hx+ 

] So, wherein none of the Terms are wanting, by means of two Loci ; 

one of the ſecond, and the other of the fourth Degree. 

Take xx Say for the Locus of the ſecond Degree, and for &, x7, 

x*, x*, , x? and xx ſubſtitute their Values a* $f, a y x, a 57, 

aayyx, aayy,ay x, a); then if the given Line a be taken for Unity, we 


ſhall have this Equation, y* — - xy +cy -d xy +aeyy—afxy 


+aagy—aabx+a'l—o, the Locus whereof being one of the 
fourth Degree, and the moſt ſimple poſſible; becauſe one of the un- 
| M m . known 
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* known Quantities x ariſes no higher than to the firſt Degree, all the 


Points thereof may be determin'd in uſing right Lines. and Circles. 
only. 

2 if the Parabola being the Locus of the firſt Equation x x = ay 
be conſtructed, and if there be taken any Number of different Magni. 
tudes for y, and the Values of x anſwering to them m the ſecond E- 
quation be determined; then the Locus, which ſhall paſs through the 
Extremities of all the V alues of y, and which will be conſequently the 
Locus of the faid Equation, will determine the ſought Values of the 
Roots of the given Equation, by means of the Points wherein that 


Locus cuts the Parabola, This 1s evident, becaufe fubſtituting —the 


Value of y in the ſecond Equation, and the Powers of that Value for 


the Powers of y, and there will ariſe the given Equation x* — 4 x? 
KC; = Os. 


Cohotkialy 4 


15. DEcauſe Unity a is arbitrary, it may be ſuppos'd given; and fo 
mY B the Parabota which is the Locus of the firſt Equation xx=ay, 
is given. Now by means of this Equatzon it is evident, that any 
Equation of the ſeventh or eighth Degree may be always tran(- 
form'd into an Equation of the fourth Degree, wherein the un- 
known Quantity x is only of one Dimenſion; therefore any 
Equation of the ſeventh or eighth Degree having all the 
Terms, or wanting ſome 'of them, may be conſtructed always by 
means of a given Parabola, and a Locus of the fourth Degree, in 
which one of the unknown Quantities has only one Dimenſion; with- 
out any other Preparation than taking the Parameter a of the given 
Parabola for Unity, that ſo the known Quantities multiplying x“, 


may be reduced to the Expreſhon a c, thoſe that multiply x to the: 
Expreſlion a ad, &c. | 


CoroeEtL ary II. 


416, TE may be-prov'd after the ſame manner, that any Equation of 


the ninth or tenth. Degree may always be conſtrued by 
means of a. given Parabola, and a Locus of the fifth Degree, wherein 
one of the unknown Quantities hath only one Dimenſion :. Alſo E- 
quations of the eleventh. and twelfth Degree may be conſtructed b 
means of a given Parabola, and a Locus of the fixth Degree; and ſo 
of. others to Infinity. N 
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PROPOSITION LT 
Problem. 


417. 7 conſtruct the following Equation of the ninth Degree * — b x” 
+ Cx*, &c. o, wanting only the ſecond Term, by means of 

two Loci, each of the third Degree. 
Take „ =aay for one cf the Loci of the third Degree, and in- 
ſtead of x*, x?, x*, Kc. ſubſtitute their Values a“ ), a xyy, 4 yy, 
Sc. then if a be taken for Unity, we ſhall get the other following Equa- 


tion of the third Degree, viz. y? _ K +Ccyy, &c. = o, where- 


in the unknown Quantity x can riſe no higher than the ſecond Degree, 
becauſe every where wherein x' happens in the propoſed Equation, 
a a) is ſubſtituted for the ſame. 

And it is plain, that if this Locus be conſtructed with a Cubick Pa- 
rabola, which is the Locus of the other Equation x* = aay; then the 


Inter ſections of the two Loci ſhall determine the Roots of the given 
Equation. 


COROLLARY; 


418. ANY Equation of the ſixth, eighth, or ninth Degree bein 
A given, it is maniteſt, after the ſecond Term be gotten = 
and it 1s afterwards multiply d by the Root x, (when the Equation is 
of the eighth Degree) and by x x (when it is one of the ſeventh) that 
it ſhall be always transformed into a Locus of the third Degree, in 
ſubſtituting, as above, by means of the Equation x* = aa y,- whoſe 
Locus is a given Cubick Parabola ; ſo that this is a general Way for 
all Equations of the ſeventh, eighth, and ninth Degree. After the 
ſame manner it will be found, that any Equation of the twelfth De- 
gree, not having the ſecond Term, may be transform'd into a Locus of 
the fourth Degree by means of the ſaid Equation x* aa); as like- 
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wiſe Equations of the tenth and eleventh Degrees, by raiſing them to 


the twelfth. | 
But if an Equation of the ſixteenth Degree, only wanting the ſe- 
cond Term, be propos'd ; then by means of the Locus of the fourth 
Degree x* a y, that Equation may be transform'd into one of the 
fifth Degree. After the ſame manner you will find, that an Equation 
of the twentieth Degree may be transform'd into a Locus of the ſixth 
ee, by means of the ſaid Locus of the fourth Degree x a? y ; as 
alſo Equations of the ſeventeenth, eighteenth, and nineteenth De- 
rees. Moreover, Equations of the 25th only wanting the ſecond 
erm, may be transform'd into a Locus of the ſixth Degree, by means 
of the Locus of the fifth nts > * Say; as likewiſe all * 
m 2 0 


0 —— — — = a 


- 1 ů — 5 
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of the 21ſt, 23d and 24th Degrees. And this Enquiry may be con- 


tinued on further at pleaſure. 
SCHoLIUM I. 


419. HENCE it is neceſſary to obſerve, that if an Equation of 
the ſixteenth Degree wants the third and ſixth Terms, as 

well as the ſecond ; the Locus of the fifth Degree, which conjointly 
with that of the fourth Degree x* = a? y ſerves to conſtruct the Equa- 
tion, may be transfornrd into one of the fourth Degree; and the ſame 
Obſervations may be made upon Equations of higher Degrees. But 
although it be true, that an Equation of the ſixteenth Degree, only 
wanting the ſecond Term, can be transform'd only to a Locus of the 
fifth Degree, if for this Effect the Locus of the 4th Degree x* = a' y 
(having but two Terms) be uſed; yet it muſt nat be generelly con- 
cluded from thence, that the moſt ſimple Loct tor reſolving a com- 
pleat Equation of the ſixteenth Degree, muſt be one of the fourth and 
the other of the fifth Degree. For, on the contrary, it appears evi- 
dent, that if a Locus of the fourth Degree, conſiſting of ſeveral 
Terms, be uſed inſtead of & =a' y, having but two Terms, that Lo- 
cus may be ſo choſen, as to ſerve to transform the compleat Equation 
of the ſixth Degree to another Locus of the fourth. The Reaſon of 
which is this; if two Loci of the fourth Degree be aſſum'd, in one of 
which the unknown Quantity x ariſes to the fourth Degree, and in the 
other the unknown Quantity y; then it is manifeſt from the Rules of 
Algebra, that if the unknown Quantity y be gotten out by means. of 
thoſe two Equations, that an Equation will be had, wherein the un- 
known Quantity x ariſes to the ſixteenth Degree. And becauſe two 
Loci of the fourth Degree may both together have more than ſixteen 
Terms, ſince each of them may have fifteen different ones; there- 
fore thoſe Loci may contain all the known Quantities of the given 
Equation : This is enough to ſhew the Poſſibility of conſtructing a 
2 Equation of the ſixteenth Degree by two Lines of the 
ourtn. 
Further, it ought to be ſuppoſed that the two moſt ſimple Loci for 
n a compleat Equation of the 2oth, 19th, and 17th De- 
grees, ſhall be, the one of the fourth, and the other of the fitth De- 
grees, becauſe the Product of theſe two Loci ariſes to the 2oth De- 
gree, and they may contain both together more Terms than the pro- 
poſed Equation, and fo do contain all the known Quantities happening 
therein. And if the unknown Quantity in a propoſed Equation has 
21, 22, 23, 24, or 25 Dimenſions, then the two moſt {imple Loci that 
wall conſtruct them, will be thoſe of five Degrees each, From hence 


ariſes 
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ariſes the following Rule by which may be found the two moſt ſimple 
Loci that can ſolve a propoſed Equation. 

Extract the ſquare Root of the higheſt Power or Degree of the un- 
known Quantity. If there be no remainder, then each of the two 
Loci muſt have the ſame Number of Degrees as there are Unities con- 
tain'd in that ſquare Root; but if there be a remainder, then the ſame 
is equal, leſs or greater than the ſquare Root, if it be equal or leſs; 
the Degree for one of the Loci will be the Root itſelf; and for the 
other that Root plus Unity : If the Remainder be greater than the 
Root, then the Degree of both the Loci ſhall be the Root plus Uni- 
ty. | f WEN 
" For Example, it is required to find the two moſt ſimple Loci that 
can reſolve an Equation of the 35th Degree. Becauſe the ſquare Root 
of” 37 is 6, and the Remainder 1 is leſs than 6, one of the Loci muſt 
be -of the ſixth, and the other of the ſeventh Degree, which Loci 
will do alſo for Equations of the 38th, 39th, 4qoth, 41ſt, and 42d De- 
grees, Again, if an Equation be of the 43d Degree, becanſe the 
{quare Root of 43 1s 6, and the Remainder 7 1s greater than 6, thetwo 
Loci muſt be each of the 7th Degree: Which Loci alſo ſerve for Equa:- 
tions of the 44th, 45th, 46th, 47th, 48th and 49th Degrees. | 


SCHROoOLIUM IL 


420. I T ſometimes happens that a given Equation may be conſtructed 
1 þy means of one Curve only put into two different Poſitions, 
as will appear in the following Example. | 

It is requir'd to conſtruct this Equation of the 9th Degree, x*+ a 
— a4 D So, wanting all the middle Terms, except the laſt but one. 
Take the Equation x =aa y, the Locus whereof is the Cubick Para- 
bola MA M, having the given Line 4 B = a for a Parameter, and 
right Lines, as PM (y) making an aſſum'd Angle 4 P M with 
the correſpondent Parts A P(x) of the Axis or Diameter for Ordinates 
then cube both Sides of this laſt Equation, and we ſhall have x*=a*y?, 
which (by Subſtitution ) ſhall change the propoſed Equation into this 
here y'= aa b—aa x, the Locus whereot may be thus conſtructed. 

In AP produced aſſume 4C= 6, and through the Point C draw x1, 233. 
the indefinite right Line CX parallel to PM; then with C K as an 
Axis, whoſe Parameter is CD = a, and Ordinates right Lines as K M 
parallel to AP, deſcribe another Cubick Parabola MC M. I ſay this 
ſhall be the Locus requir'd. ' | | | 

For by Conſtruction M K or CP = -x, and by the Property of 


the Curve CK=MK « CD, that is, in analytick Terms, y' =aab—aax. 

And it is evident, 1. That if right Lines as PM be drawn from Points 

(M) wherein this latter Cubick Parabola ACM meets the other 
? ; | M 4 Mz. 


f —— — SEC... 
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MAM; then the Parts A ſhall expreſs the Roots x of the propos'd 
Equation x*-+a'sx —a"b =o. 2. That the Cubick Parabola's MCA, 
MAM, are the ſame in all reſpects, becauſe their Parameters 4 B, 
CD, are equal, and the Angles 4PM, CK M, that are form'd by the 
Ordinates, are ſo likewiſe. | 

The Situation of the two Cuhick Parabola's MA M, M CM, ſhews 
that the propoſed Equation x*+ a*x—a* b =o, has but one real 
Root A P (x), which is always affirmative, and leſs than 4C (5); 
and ſo all the other eight Roots are imaginary. | 


PROPOSITION XI. 
Probkm. 


4a21,/T'O conflru# an Equation of whatſoever Degree, by means of a 
1 pes Line, and a Locus of the ſame Degree, all the il of 
which Locus may always be deter min d by uſing ſtraight Lines only. 

The laſt Term of the propoſed Equation muſt be brought to ſtand 
alone on one Side, and the whole Equation muſt be afterwards divided 
by the Line repreſenting Unity, repeated as often as neceſſary, that 
ſo each of the Terms may expreſs right Lines only: As ſuppoſe this 
Equation was propoſed x*— þ x* + acx* —aad xx + ae x— a*f—o, 

x* by* cx dxx ex 
then f muſt be=— — == = — 1 2 

Now in the indefinite ſtrait Line A B, whoſe fixed Origin let be 

in the Point A, aſſume any Part 4 for the Value of x, and draw a 

icht Line PM=Z — EZ + — ® + ( which may be d 
right Line ne Alias » he M0” Ps r (hic y be done 
* always by the uſe of ſtrait Lines only ) parallel to the Line 4 C 
given in poſition , then the Extremity M of this Line ſhall be one 
Point of the Curve ADEM, whoſe Points of Interſection M, M, M, &c. 
made by the right Line K MN, drawn parallel to 4 B through the Point 
A, fo that A K be Sy, ſhall determine the Parts KM, KM, KM, &c. 
which will be the ſought Values of the unknown Quantity x in the 
given Equation. 

For if the right Lines MP, MP, MP, &c. be drawn parallel to 
AC, and the indeterminate Quantities AP, PM, be called x andy; 
then by the Property of the Curve, 4 DEM, we ſhall have this E- 

tion 5 3 bx⸗ cæ dxx ex 1 
quation „ op oe ws cus 
of the fifth Degree; and by the Property of the right Line K M this 
other Equation y , and by ſubſtituting æ for y, and multiplying by 
a*, and there will ariſe the propoſed Equation x*—bx*- acs*—aadx+ 
a ex—a*f—=o, ; Theſe 
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Theſe kind of Conſtructions may be very uſeful for finding the Li- 
mits of Equations. For Example, let us ſuppoſe that we have a way 
to determine the Parts A F, A G, in the Line 4 C, being ſuch that 
the right Lines FD, GE, (parallel to 4 B) do touch the Curve in 
the Points D, E; then it is maniteſt, 1. That if 4 K (J) be leſs than 
A F, and greater than A G, as is ſuppoſed in this Figure, the propos'd 
Equation will have three affirmative Roots KM, KM, K M, and 
two imaginary Roofs ; becauſe the Figure of the Curve 1s fach, that 
the Line KM ſhall meet it in three Points, and not more, 
2. If AK (J) be leſs than AG, the Line K M ſhall cut the Curve in 
five Points, that is, the propoſed Equation will have five affirmative 
Roots. 3. II AK (J) be greater than A F, the Equation will have but 
one affirmative Root, and four imaginary ones. 4. If AK be A, 
the Equation ſhall have three affirmative Roots, two whereof will be 
equal to one another, viz. FD, FD. 5 If AA be = 4, the 
Equation ſhall have five affirmative Roots, two whereof will be equal, 
viz. G E, G E. | | | 

The ſame Curve A DEM being, continued from the Point A, ſhall 
determine the Roots of this Equation x*— bx Kar —aadxx+a"ex + 
a* f =o, only differing from that above in this, that the laſt Term 
has the Sign + prefixed to it; which ſhews that the Line X M muſt 
then be drawn below A B, becauſe the Locus thereof muſt be x — 


—_ 
SCHOLTIU M, 


422. T H E precceding Conſtruction may be varied divers Ways; 
for mſtead of making the laſt Term equal to all the others, 
you may do the ſame of any other Term, or even any two being next 
to each other, and afterwards divide them ſo, that when they be made: 
equal to y, the Locus of the Equation may be one of the firſt Degree. 
For Example, Let there be an Equation of the 3d Degree, x*— abx— 


aac = 0 3, make + EX ha „then we ſhall have the two following 


Equations x* S @ y, and'y — + 6, the Loci of which being ſepa 


4 
rately conſtructed after. the following Manner, will determine the 
Roots of the propoſed Equation. ; : 

Aſſume two unknown and indeterminate. ſtraight Lines 4P (x }, Fic. 2357 
PM, (Y e APM with one another, and deſcribe the 


8 principal Cubick Parabola'M 4M, which let be the Locus of the firſt 
| Equation x* =aay, Through the. Point 4, the Origin of the x”, 
6 draw a. right Line parallel to PM, in. which take 4C=b;, A Di, 
y both tending towards the ſame Parts as PM; alſo in A P produc'd on 
: this Side 4, aſſume 4B = a, and through the Point D draw: an inde- 
. — wer Bangs | 4 


finite: 
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finite right Line parallel to BC: I ſay, if right Lines, as MP, be 
drawn parallel to AC from the Points (M), wherein this Parallel 
meets the principal Cubick Parabola MA M, the Parts 4 P 


ſhall be the Roots of the given Equation «„ —abzx—aac=o, 


For if DE be drawn parallel to A P, the ſimilar Triangles B 4 C 
DEM, will give this Proportion, BA (a): AC(b)::DE(s):KM 


= 72 and conſequently PM (y) = 5 *. And ſince MAM is 


a Cubick Parabola, we have x* = aa y. If then 5 + c be ſub- 


ſtituted for y, there will ariſe the given Equation K — ab x — aao. 

If h in the given Equation had been affirmative, then 4 C muſt 
have been taken tending the contrary way to that which P M tends, 
as alſo A D if Chad been affirmative. From whence it is manifeſt, 
that this Conſtruction 1s general for any given Equation of the third 
Degree. For when the ſecond Term 1s gotten out, the Equation may 
be always reduced to one of the ſaid Forms. 2955 a 

It is plain that a given Cubick Parabola may be uſed, ſince you 
need only aſſume the arbitrary Quantity a, (taken for Unity) for 
the Parameter thereof. N 


PROPOSTTION XI : 
Problem. 
423. FO nd the Value of the Roots of any Equation of the third and 
i T 5 Degree, or 1 higher I that n bar two Terms, 
to any required Exactneſs by Approximation; by means ef right Lines and 
Circles only. 

Let a given Equation of the third Degree be x © 2 ap x —aaq=o; 
multiply this Equation by x, that ſo it may be rais'd to the fourth De- 
gree, and tranſpoſing the Term aaq x, and we have & T 2apxx 
—=aaqzx; then add a app to both Sides, that ſo one Side of the Equa- 
tion be a Square, and we Par #7 1-2 a PK ＋aapp S aapp Taagæx; 
and extracting the ſquare Root of both Sides, and there comes out 
Xx Xx +ap=a,y3p+qs; laſtly, tranſpoſing a p, and extracting the 


k 4 3. 4 AM 4 


Cjuare Root again, and then «x = It pig This being 
done, I find that if inſtead of the exact Value o the affirmative Root 
x, there be a Magnitude taken greater than it, as c; then it follows, 


I. That c is greater than / Tap ==. 2. That ,/+ap+a,/ Fin 
ſhall be yet greater than the exact ad of x. This ſecond rope. 
tion is plain, but for the firſt it may be proved thus. f 
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Tf 2apx in the Equation of the third Degree be affirmative, it is 


manifeſt that c*+ 2apcc > *aage; from whence adding the Square *7;; Sen 
> is one of 


aapp to both Sides, and compleating the Calculus as above, there 


comes out c > 4/—ap—ay/ ppc. But when 2apx is negative, by 
tranſpoſing 2 ap x and dividing by x, we ſhall have x x = 2ap + 
and ſo if in 2 you put for x a Value c greater than the af- 


7 


* 
firmative Root of the Equation x* — 2apx —aaq =o, the Quantity 


2ap+ * ſhall be leſs than the Square x x (becauſe is leſs than 
— and ſo, much leſs than the Square c c. Therefore we have c c > 
x 


24 p + . and multiplying by cc, there ariſes c —2apce & aage, 


from whence (working as has been directed) and we get c > 


Jap ＋a / Ee. This bein g ſuppos'd, I form this Series, y/ d-ap+a * Is 
ap a f, , Tap ap, Ke wherein F expreſſes the 
Term / ap +a,/ppIg: immediately going before, and moreover g 


the Term / +ap-+ay/pp+gf, Kc. 

Now from what has been demonſtrated, it is evident that all the 
Terms of this Series will be greater than the exa& Value of the af. 
firmative Root x, and that they always approach nearer and nearer 
to it: So that if the Series be continued on ad infinitum, the laſt Term 
of the Series ſhall be exactly equal to the ſought Value of the un- 
known Quantity x. For let z be the laſt Term, then by the Nature 
of the Series it 1s certain, that z ſhall approach the neareſt to the 
unknown Quantity x of all the other Terms, and conſequently the 


Term Tap, which would follow it immediately if it 
was not the laſt, cannot be leſs than it; becauſe if it was leſs, it 
would approach the neareſt to the unknown Quantity x, and conſe. 
quently would be the laſt Term, which 1s contrary to the Hypotheſis, 
And it cannot be greater, becauſe it has been ſhewn that all the Terms 
of the Series go on diminiſhing: Therefore the ſame ſhall neceſſarily 


be equal to it, and ſo z is = ,/+ap+a,/33F, that is, (clearing the 

Equation of Surds) 2 + 2apz—aag=o, whence it appears that z = x, 

V. V. L. 

Alfter the ſame way of reaſoning it may be prov'd, that if a Mag- 

nitude c be taken leſs than the _ Value of x, all the Terms of 77 
l In 8 ſai 


* 
* * 4 8 a > 
— 3 
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ſaid Series will go on increaſing to the laſt Term, which ſhall be ex. 
actly equal to the Value of x. We next proceed to ſhew the manner 


of conſtructing the ſaid Series geometrically by right Lines and 
Circles, 


Fic. 236, Draw two indefinite right Lines BD, CP, cutting one another at right 


Angles in the Point 4; and in one of them take 4 B=a, 4D=p, 
both on the ſame Side the Point A, when 2apx is affirmative , and 
one on one Side, and the other on the other, when the ſame is nega- 
tive (as is ſuppos d in the two Figures) and in the other, take A q, 
AP=c, always on both Sides the Point A. This being done, on the 
Diameter C defcribe a Semicircle cutting AD in E, and in 4C 
aſſume AF equal to AE, and in 4D from the Point D towards 
the Point A, in the firſt Caſe, and from D the contrary way, in the 
ſecond, lay off DG equal to DF. Laſtly, Upon the Diameter BG 


deſcribe a Semicircle cutting AP in ©, I fay A@ =,/ap+ay pI. 
For from the Nature of the Semicircle CEP, the Line A E or AF 1s 
Se; and ſince FAD is a right-angl'd Triangle, the Hypothe- 
nuſe FD or DGS pp ee, and conſequently AG = p + Ve; 


and becauſe B G is a Semicircle, the Line A Q is Hab 
Now calling A ©, f ; and repeating the ſame Operation, uſing A 


inſtead of 4 P, we ſhall find A R apa pg, and afterwards 


by means of AR, which call g, we ſhall find A S apa LN 
repeating the ſame Operation again : So that continuing on the ſame 
Operation at pleaſure, you will find Lines, as AP, A9, AR, AS, 
&c. approaching nearer and nearer to the exact Value of x, the Root 
of the propoſed Equation x*—2apx—aaq=0. 

Here you mult obſerve, that 4 P(c) may be taken firſt of any 
Length at pleaſure ; for if this Length be found greater than the 
Root x, the other Lines 4 , AR, AS, &c. do go on always dimi- 
niſhing ; and contrariwiſe, it A be leſs than x, thoſe Lines will go on 
increaſing; fo that the true Root is contained between A P of one 
of the two Figures, and AP of the other, and A N and A9, AR 
and AR, AS and AS. Whence it there be form'd two converging 
Series, wherem the firſt Term of one of them 1s greater than the true 
Root, and of the other, leſs; then by taking the correſpondent Terms 
of theſe two Series, we ſhall have always the Limits between which 
the Root mult be found; fo that the Difference of theſe Limits dimi- 
niſnes more and more ad infinitum. 

It the two other Roots of the propoſed Equation x*—2apx—aaq=0, 
had been demanded, Call n the Root found as above by Approxi- 
mation, and re rh the ſame to be the true Root; therefore if that 
Equation be divided by a—, the Remainder will be equal to K. — 

2 ES: | ce 
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(ſince the ſame is m'—2apm—aaq=o, and x is ſuppos'd = m) and the 
Quotient ſhall be x x + m x + mm— 2ap=o, and if this Quotient or 
Equation be reſolv'd, we ſhall have the two Roots requir'd. 

All Equations of the third Degree may be reduced to one or the 
other of thoſe two Forms; for if the ſecond Term be gotten out, and 
aaq is affirmative z then putting aaq negative will only change the af- 
firmative Roots into negative ones, and the negative ones into affirma- 
tive ones. From whence it appears, that the aforeſaid Conſtructions 
are ſufficient for approximating the Roots of any given Equation of 
the third Degree. We now paſs on to thoſe of the fourth. 

It is requir'd to approximate the Roots of the following Equation 
of the fourth Degree x*—3apxx—aagx—a'r=0o. Firſt find the Roots 


of this Equation of the third Degree nearly by Approximation, ac- 
cording to the manner before preſcrib'd, viz. 


5 —3Pp3 7 2p) =o. 
+4ary+8Sapr 
wherein you muſt obſerve to write— 2 p* when + 3 apx« is in the 
propoſed Equation z — 4 a r when + a*r is in the ſame; and laſtly, 
—8 apr when the Signs of the Terms 3ap xx and a*r are different. 
Now one of the approximating Roots y muſt be ſuppoſed to be exact, 


— —— 


and having found a Line v=,/ ay + 2 ap, viz. + 2 ap when 3apxx 
is negative, and — 2ap when the ſame is affirmative ; and then for 
the four approximating Roots of the propoſedEquation, we ſhall have thoſe 


of theſe two Equations of the 24 Degree xx—vx+ — — 4 


20 
and x x +v x + a2 = o ( obſerving. to take — ap when 


3a4Pp x x is negative, and + ap when the ſame is affirmative, in the 
ropoſed Equation ) which may be eaſily conſtructed by means of 
rait Lines and Circles, All this is only a Continuation of the Rule 
laid down by Deſcartes, in the Third Book of his Geometry, for re- 
ducing any Equation of the fourth Degree into one of the third, from 
whence knowing one of the Roots of the propoſed Equation, we have 
all tour ; and fince this depends upon pure Algebra, it may be here 
ſuppoſed as demonſtrated ; yet the Demonſtration being ſhort take it 
as follows. | 
The Equation of the fourth Degree x*—3apxx—aagx—a*r=0, muſt 
be eſteem'd as being the Product of two Planes xx —v * + ab —ac=o, 
and xx +vx+ab-+ac=o, Wherein the Letters v, a, b, c, do denote un- 
known Quantities that muſt be determin'd hereafter ſo, that the Pro- 


duct of theſe two Equations which is x* K 2 ac v Nn 


* 
A2 abxx mw ace 9 
Nn 2 may 
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may be equal to the propoſed Equation. For this End, if the corre- 


pondent Terms be compared, we ſhall have 1. 6c = = 2. b 


. 


24 


3. bb—c c ar, or bh—cc+ar=q; that is (putting for h and c the 


Values that we have thus found) the Equation v*—&apy* 2 The 
a*gq=o. And if you make vv=ay-+ 2ap, then (by Subſtitution), will 
be found this Equation of the third Degree 

2p 
J JW * ASE So, from whence knowing one Root y, we ſhall 


have the Value of v, by taking the ſquare Root of ay + 2 ap, and 
then the Values of h and c, which being put in the two plane Equa- 
tions firſt ſuppoſed, and there will be found two other plane Equations, 
whoſe Product ſhall be equal to the propoſed Equation, and the Reſo- 
lution thereof ſhall conſequently furniſh the four Roots ſought. If 
it be required only to find one affirmative Root of an Equation of the 
fourth Degree, this may be done immediately by a Series, after the 
following Manner. 

Let x* T 2a pxx —aaqx — & be e, then working after the 
ſame manner as for an Equation of the third Degree, and æ will be — 


Tap Ta I from whence (making p p + ar =1 u, for 
brevity's ſake) we ſhall have this converging Series c, /Þap+a,/ in Lg, 


Tap +ay/mbif, Tap + @ / nniqz, &c. Whoſe Conſtruction 
is the ſame as that of the Series before given, only 4 F muſt be = », 
and DG FE. 


If a*r had been affirmative, then will x be Tap H D 
and when pp exceeds a 7, the ſame converging Series as above will 
be found (in making p p—ar =7n )). But it muſt be obſerved, when 
2apx is afhrmative in the given Equation, then er muſt be 


greater than p, that ſo / —ap + @ 4/qz+pp—ar may not include a 
Contradiction; from whence x is > 7 and conſequently c muſt betaken 


greater than=. 
If pp be leſs than ay, then making ar—pp=qn, we ſhall have this 


converging Series c, Y ap Ta c =, ff Tap +4 yam 
Tap ra Y, &c. wherein it mult be obſerved, that when 2apxx 


in the given Equation is negative, x muſt be greater than 1 8 
that 


* 
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that ſo ,/ ap + , = the Value of & may not include a Con- 
tradition, whence c mult be taken greater than n. 

When is affirmative in the given Equation, then it may happen 
that all the four Roots are imaginary, in which Caſe we ſhall certainly 
fall into ſome Contradiction in the Conſtruction of the Series: For the 
Demonſtration of the converging of the Series depends upon the Sup- 
poſition of the given Equations having one affirmative Root. Finally, 
the Conſtruct ion of the laſt Series is ſomething different from the Con- 
ſtruction of the others, but becauſe it is not more difficult, I ſhall omit 
the ſame. 

This Method becomes troubleſome when extended to compleat E- 
quations, exceeding the fourth Degree ; for which reaſon I ſhall con- 
tent my ſelf with applying the ſame toan Equation of the fiſth Degree, 
having only two Terms, from whence may be known how to extend 
the ſame to others more compound that have likewiſe but two Terms. 

Let x -ab be = o, then multiplying by x, and tranſpoſing, and 
there will ariſe x = a* bx, and extracting the ſquare Root, we have 
Xx bx, orx*=aaxy/ bx, and continually extracting the 


ſquare Root twice more, x will be=,/a 7% 7 v, from whence we 


get the following converging Series , % , e, a , 
Va V, Vg, &c. whole geometrical Conſtruction is thus. 


Draw two indefinite ſtrait Lines B D, CP, cutting one another at pic. 238. 


right Angles in the Point A, and in one of them aftume 4 B = a, 
and in the other A C= b, AP c, on both Sides the Point A. This 
being done, upon the Diameter P C deſcribe a Semicircle, cutting BA 
in D, and in AC take A F= AD, and then upon the Diameter 
PF deſcribe another Semicircle cutting A D in E. Laſtly, on tl e 
Diameter B E deſcribe a Semicircle cutting A Pin © ; then it is plain 


that A Zis a F. Now calling A ©, f; and repeating 
the ſame Operation, uſing 4 © inſtead of 48 and you will fnl 


AR=y/ ay fbf, and allo A S a Hg be. And the right 
Lines AP, A ©, 4k, &c. do come ae and nearer to the 5 75 
Value of the unknown Quantity () of the given Equation x*—a*þ=0. 
This may be prov'd aſter theſame manner as before, for the Equations 
of the third Degree. 

M. Bernoulli invented theſe Series, as may be ſeen in Page 455. of 
the Ada Eruditarum, for the Year 1689, 
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PROPOSITION XIII. 
Problem. 


424. A Portion of a Conick Section being given, to find the Roots of a 
given Equation of the third and fourth Degree by means thereof. 

It appears in the preceding Problem, that an Equation of the fourth 
Degree being given, we can by means thereof find always one of the 
third, from whence knowing one Root, we have all the four of the 
propoſed Equation, by ſtraight Lines and Circles only. Alſo it is 
well known, that any Equation of the third Degree may be brought 
to this Form x*FE2apx—aaqzo, whereof one of the Roots is affirma- 
tive, and the two others negative or imaginary, This being laid 
down; let x x 24px—aaq=0 be an Equation of third Degree, whoſe 
Roots are requir'd to be found by means of the given Portion (B D) 
of a Parabola, having the Line CH for the Axis, and the Point C 
the Origin thereof, From the Points B, D, the Extremities of the 
given Portion, draw the Perpendiculars B G, D H, to the Axis; then 
it is manifeſt, that if the affirmative Root was greater than BG, and 
leſs than D E, the Circle deſcrib'd about the Centre E, (found as di- 
rected at the End of Art. 387. for Equations wanting the ſecond Term) 
with the Radius EC, would certainly cut the Portion B D in ſome 
Point M, from whence drawing the Perpendicular M to the Axis, 


this Line M 9 would be the affirmative Root thereof. ow when the 


ſaid Circle does not cut the Portion B D, the Equation muſt be tranſ- 
form'd into another, whereof the Root may be contain'd between the 
Limits BG, DH, In order for this, call the given Lines BG, f; 
DH, g; and ſuppoſe we have two Limits n, u, (where m is leſs than 
1, and / than g) between which the true Root x is contain'd. Then 
x will be greater than mn, and leſs than u, and multiplying every 


Term by f, and dividing by m, and there comes out 8 greater than 


m 


f, and leſs than L. Now if be made ==, and inſtead of x you 


m 
put its Value 7 in the Equation x T 2apx—aag=0o, this Equation will 


3 5 
be transform'd into this here 2 Ks -. -- _ = 0, Whoſe Root z = 


mm m 


m 


ſhall be greater than f, and leſs than 5 Therefore, if the Li- 


m 


mits mn and u. be ſuch, that be equal to, or leſs than g, then you 


need 


4 


4 


4 
i 
{4 


YU 

: 
1 

1 
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need but conſtruct this laſt Equation by means of Art. 287, for ha- 
ving the affirmative Root M (z) thereof, by means of the given 
Portion BC. From hence may be gathered the following Con- 
ſtruction. 

By the laſt Problem make two converging Series approaching to the 
true Root x, of the given Equation x*+2apx—aag=0o, the firit Term 


of one of them being leſs than x, and of the other greater, Chuſe 


two correſpondent Terms mn, u, in thoſe Series being ſuch that may 


be equal to or leſs than g: Which may be done always, becauſe f is leſs 
than g, and the Difference between m and » does leſſen continually. 
This being done, transform the given Equation into another, as z* + 


* oz the unknown Quantity of which ſhall be z = 55 


* 


MM m Mm 

and conſtructing this by the Directions at the End of Article 387. the 
Circle will cut always the given Portion BC in ſome Point, as 
M, from which drawing the Line M © perpendicular to the Axis, 
this Line ſhall be the affirmative Root x of the laſt mention'd Equa- 


tion , and afterwards making x = I. that Line x ſhall be the affir- 


mative Root of the Equation x + 2apx—aaq=0. 


If you want the two other Roots of this Equation, when they are 
not imaginary ; the Equation need only be divided by the unknown 
Quantity x minus, that Quantity (which we have found) that will 
bring down the Equation to the ſecond Degree, the twe Roots of which 
may be found by means of a Circle, according to Article 380. 

All this is ſo plain, that there need be no more ſaid about it z only 
obſerve, that if the given Portion B D were an Ellipſis or Hyperbola, 
the 398th or 403d Articles muſt have been uſed; and then all the 
Difficulty would be in transforming the given Equation into another, 


wherein the affirmative Root ſhould have given Limits; and this 


might be done as above in the Parabola. 


The End of the Ninth Book. 
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A General Propoſition. 


425. A Determinate Geometrical Problem being propos'd, to find the Solu- 
{4 tion thereof. 

The propoſed Problem muſt be eſteem'd firſt as if it was reſolv'd, 
and ſich Lines as is judg'd moſt convenient for the Solution thereof 
muſt be drawn. Then name all theſe Lines, (which commonly do 
form right-angrd, or ſimilar Triangles) with Letters of the Alphabet, 
viz, the known Lines with the initial Letters, and the unknown ones 
with theultimate ones; and go thro? all the Conditions of the Problem, 
comparing thoſe Lines to one another in the moſt ſimple and natural 
Order poſſible; that thereby the ſame Number of Equations may be 
form'd, as there are unknown Quantities. Laſtly, By common Alpge- 
bra reduce theſe different Equations to one only, wherein there is but 
one unknown Quantity, and, if poſſible, bring it down to a lower 
Degree; and ſolve the ſame by the Directions in the laſt Book, and then 
the Problem will be anſwered, All this will appear by the following 


Examples. 
EXAMS 


710. 240.426. T* E right Line 4 B being given, to find the Point C, out of 


that Line, ſuch that the right Lines AC, CB being drawn ; 
(1.) The Sum of their Squares may be to the Triangle A BC in the 
given Ratio of f to g, (2.) And the Angle 4CB contain'd under thoſe 
Lines may be equal to the given Angle G DK. 

Suppoſe the Point C to he that ſought, and draw CH perpendicular 
to A E, which biſeCt in the Point E. Now call the given Line A E 
or E B, a; and the unknown ones B H, x; HC,y; and then A His = 
a—x and BH =a+x Then becauſe 4 HC, BHC, are right- 


angl'd Triangles AC ſhall be = aa—2ax+xx +yy, and BC=aa+ 
24x 


of Determinate PROBLEMS. 


Fart, and conſequently AC + BT = 2aa+ 2xx + 2yy. But 
r 


ſince the Triangle AB AE CH (ay); therefore by the firſt 
Condition of the Problem it follows that 2aa+ 2xx+ 2yy : ay: : :g5 
trom whence multiplying the Extremes and Means, and dividing by 


2 g, we get this Equation aa +xx +yy = 25 2m y, in taking a Line 


1 =Z that ſo the Equation may be cleared of Fractions. 


The next thing is to accompliſh the ſecond Condition, viz. That 
the Angle ACB be equal to the given Angle GDG. To do which, 
from the Point G taken at pleaſure in the right Line GD, draw the 
right Line G F perpendicular to the Side DK, produced, if neceſſary, 
and from the Point 4 the Perpendicular 4L to the Side B C (alfo 
produced, if neceſſary) that ſo we may have two right-anglVd ſimilar 
Triangles ACL, G DF, whereof G DF is given. This being done, 
call the given Lines D F, V; FG, c; and make BC =», for Brevity's 
Sake; then becauſe the right-angl'd Triangles BC H, B AL, are ſimi- 


lar, therefore BC (n): CH ():: BA (za): AL = 2. And BC ( 


2441-24x 


:BH(a+x)::BA(20): BL=: 


And conſequently CL 


be Proportionals, viz. C L (===) AL (2) : DF G): 


Fd (c); and ſo multiply ing the Means and Extremes, and then 
2aacÞ 2acx—cnn = 2aby that is (ſubſtituting aa 2ax + xx +yy for 
un) aac—cxx—cyy=2aby, which includes the ſecond Condition of 
the Problem. Now becauſe we have fcund the ſame Number of Equa- 
tions as there are unknown Quantities, and ſince all the Conditions of 
the Problem are taken in; the next thing to be done muſt be to re- 
duce theſe Equations by the common Rules of Algebra to one Equa- 
tion only, wherein there may be but one of the unknown Quantities 
x or y. This may be done thus: One of the Equations is aa+xx+yy 
Samy, and the other aac—cxx—cyy=2aby, or aa—xx—yy = — 3 
which being added together, and we get 240 — + 2my, and ſo , 
ba | - 5 > p . . 
is = = taking f = . And ſubſtituting this Value for y, and its 


Square for yy in the ſaid. Equations, and then xx will be 
O o aamm 
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aamm—aaff mm 

—_— 27 and x = 2 — from whence it appears, if 
mm be leſs than aa F, the Problem ſhall be impoſſible. Now the 
Conſtruction of the Problem is after the following manner. 

Through E the Middle of A B draw the indefinite right Line ON 
perpendicular to AB, and through the Point 4 draw the Line 4 M 
making with AB the Angle EA M equal to the Angle DG , which 
is given. About the Point M, wherein 4M meets the Perpendicular ON, 
as a Centre, with the Radius MA, deſcribe the Arc of a Circle 4 CB. 
Then in EM produced towards M, aſſume MN = m; and join 
N 4, and draw A O perpendicular thereto, meeting N O in the Point 
O, through which draw a right Line parallel to 4B. I fay, this Pa- 
rallel ſhall meet the Arc of the Circle AC B in the ſought Point C. 

For drawing CH perpendicular to 4 B, then will CH = EO be = 


Es becauſe the right-ang1'd Triangles NEA, AE O, being ſimilar, 
1 this Proportion, viz. NE (m +f ): AE (a):: AE (a): EO = 
2 + And (by the Nature of the Circle) CM = AM =aa +#; 


and ſo ſince MO is =f + 7 and the Triangle MCO is right- 


angl'd, therefore TO or EZ (xx) i S A T F — _— — 


mf 
— — — ͤ ä—ꝓ — — — 


SCHOLIUM, 


427. JF after all the Conditions of a Problem be taken in, there ary 


ſes two Equations, in each of which are contain'd both the un- 
known Quantities ; there is no Necellity of reducing both theſe Equa- 
tions to one, wherein 1s only one unknown Quantity, as is preſcrib'd 
in the general Propoſition; but the Problem may be reſolv by con- 
ſtructing ſeparately the Loci of theſe two 3 for by means of 
the Interſections of the two Loci ſhall the Values of the two unknown 


Quantities be found. This appears evident in this Example, wherein 

the right Lines EH (x), HC (y) forming the right Angle EHC, are 

taken for the unknown Quantities ; and by the Conditions of the 

Problem are gotten theſe two Equations, gar Cy zm, and aa— 

xx—yy=2fy; tor the Interſections of the Circles which are the Loci 

here, wh be the Points fought, Now theſe Circles may be de- 
1 


The 
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The circular Arc 4 CB being deſcrib'd as in the former Conſtructi- 
on, about the Centre A with a Radius 4 P= n, deſcribe an Arc, 
cutting the Perpendicular EM in P In this Perpendicular aſſume 
E 2 = m from E towards the Arc 4 CB, and about the Centre 
with the Radius OC=E P, deſcribe a Circle which ſhall cut the Arc 
ACB in Points (C), which will be thoſe requir'd, 


For from the Nature of this laſt Circle Se or EP (nn —aa) is 


—=90 (n mn - 2 m ⁰ +yy) + O C(s x) that is, the firſt Equation 
od, edt and 2 the N the other Circle A C B, 


we get MCor M A (f+aa) = MO (TUN) + OC (xx), 
that 1s, the ſecond AE Ha a a- x—} Faq TALL the ſought 
Point C will be in both theſe two Arcs, that is, it will coincide with 
the Point of Interſection of them. 

Hence it appears that there are two different Points (C) that will 
anſwer the Problem, when the two Circles cut one another, as in the 
Square: When they touch one another there will be but one; and 
_ they neither cut or touch, then the Problem will be impoſſi - 

E. 

In ſolving a Problem by two Loci, care muſt be taken that one 
does not fall into a more compound Conſtruction, than that of one E- 
quation having only one unknown Quantity æ& therein. As in this 
Example, ſuppoſe it be requir'd to ſolve a Problem, (which is the 
third — ) whoſe Conditions are contain'd in theſe two Equa- 


tions, y =", and =, Saag rx x: If the Loci of theſe two 

tions be uſed for determining the Problem, then it is plain that 
a ftrait Line muſt be drawn * for the Locus of the firſt Equation, and Art. 306. 
an Hyperbola * for the Locus of the ſecond, that ſo the Values of the *.4-:.330, 
unknown Quantities x and y, may be determin'd by their Interſections. and 332. 


But becauſe in bringing theſe two Equations into one, this Equation 


of the ſecond Degree will be had, viz. xx — _ 2 + — 3 
which may be conſtructed by ſtraight Lines and Circles only; there- 
fore it will be a conſiderable Fault to uſe an Hyperbola. 


EXAMPL E II, 


428, T H E Square 4 B CD being given; it is requir'd to draw the |... 242. 
1 right Line A E from the Angle A thereof, ſo that F E the 

Part of this Line contain d between the Side B C and the Side DC 

(continu'd out) be equal to a given Line 6, | 


Oo 2 Let 
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Let us ſuppoſe the Point E taken upon the Side DC ( produced ) be 
ſuch that FE the Part of the Line 4 E be equal to a given Line 5, 
that is, let us ſuppoſe the Queſtion to be folved, and call the given 
Lines A B, or AD, or DC, or CB, a; and the unknown Line DE, x. 
This being done, becauſe the Triangles E D A, EC F, are ſimilar, 


therefore ED (x): DA (a):: ECGV-a) : CF —, and ſince 
ECF is a right angl'd Triangle, therefore F # = EC+CF = X X=— 


Tg 3 4 8 
2axTaat n (by the Conditions of 


X * 
the Problem) E F, muſt be equal to h, therefore x x— 2a x + a a + 


aaxx— 24 x 4-a* 


bb, or x*— 2a*'x + 2aax#—bbxzx— 2a*x#+a*=0, 


xXx 
Whence if this Equation be ſolved, the Value of D E (x) ſhall be 
ſuch, that if the right Line A E be drawn, the Part (FE) thereof com- 
prehended between the Side of the Square CB, and the Side C D con- 
tinued out, will be equal to a given Line b. 

Becauſe the Equation here found is one of the fourth Degree, a Co- 
nick Section muſt be uſed in the Conſtruction thereof. Therefore it 
will be firſt neceſſary to try whether the Equation cannot be brought 
down to a lower Degree, by the Rules of Algebra; for this End we 


find that if cc be taken Sa a + bb, the ſame ſhall be the Product of 
theſe two Equations of the ſecond Degree æ x + aa — ax—c,x=0, and 


x x+aa—ax+cx=0 z ſo that the four Roots of the Equation of the 
fourth Degree x*—2ax?, &c. may be had by finding the Roots of each 
of theſe two Equations, I ſhall not here ſhew how to find the Roots 
of the Equation xx-+aa—ax+cx=0 ;, becauſe c being greater than a, 
the Diſpoſition of the Signs ſhews that the Roots are both negative: 
But the Roots of the other Equation x x-+ a a—a K- x=0 being both 
affirmative, may be determin d thus. 

In the Side 4 B produced, aſſume BG =c, and upon the Dia- 
meter AG deſcribe a Semicircle cutting the Side H C (produced) in E. 
I ſay this Point ſhall be that ſought. | 

For calling DE, x, and drawing the Perpendicular E H, then we 
ſhall have HG=a+c—x, and by the Property of the Circle 


IH HG (ar Te - —EH —a a, 


SCHOLI1ITUM I. 


429, I F after having brought a Problem to an Equation, the ſame is 
a compound one having ſeveral real Roots, then it is plain that 

there is but one of thoſe Roots that expreſſes the Value of the un- 
known Quantity ſought : But it muſt be well obſerv'd, that all the 
other Roots may ſerve in ſomewiſe likewiſe to ſolve the why = ; 
9 ; neither 
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neither will they be different from the Root ſuppoſed, but only in ſome 

rticular Circumſtances. So in this Example the little affirmative 
wot DL (x) of the Equation xx—ax—cx+aa=0, gives the Point L, 
upon the Side D C, ſuch that the right Line A L being drawn, meet- 
ing the Side BC in K, the Part A L thereof is equal to the given Line 
b. Moreover, if you take Bg = c in the Side B A produced to- 
wards A, then if a Semicircle be deſcrib'd upon the Diameter Ag, 
this will cut the Side C D produced towards D in the Points e, 1, fo 
that De, D 1, ſhall be the two negative Roots of the Equation 
xx+cx—ax+aa=0: And if the right Lines Ae, Al, be drawn meet- 
ing the Side CB produced in the Points f, x, then each of the right 
Lines e f, 1k, ſhall be yet equal to the given Line b. From whence it 
appears, that notwithftanding the Value of D E only was what we 
requir'd in the Problem, yet we have found an Equation whole Roots 


have furniſh'd us with other Values D L, De, D, all of which will 


in ſome wiſe anſwer the Problem. 


rn A 


430, Ir there be a Suſpicion that an Equation taking in the Conditions. 

of a Problem may be brought down to a lower Degree, it will 
be proper to try other ways different from theſe we have followed, 
even when they appear leſs natural; becauſe it may often happen, 
that they lead us to more ſimple Equations; and otherwiſe, ſince it is 
difficult to bring down Compound Equations to lower Degrees. We 


ſhall now proceed to ſolve the aforeſaid Problem two other ways, that. 


fo what we have here ſaid may be underſtood. 


2865 


Suppoſe the Problem to be reſolved, and draw EG perpendicular Eid. 242. 


to 4 E meeting the Side A B produced in G, and let 4 F=y and 
B G =x, be the unknown Quantities, This being done, becauſe the 
right-angl'd Triangles ABF, A EG, are ſimilar, therefore 4 B (a): 
AF(9)::AE(y+b):4A4G (a+z). And therefore y y +b y—= 
aa+az, And ſince there are two unknown Quantities, and the 
Problem is determirate, there muſt be another Equation ſought. To 
find which, we muſt conſider that E G is = A F ()); for drawing. 
E H perpendicular to A G, the right-angl'd Triangle EH is ſimilar 
and equal to the right-angl'd Triangle A B F, becauſe the Homolo- 
gous Sides A B, EH, are equal to one another Therefore ( becauſe 
A EG 1s a right-angl'd Triangle) aa + 2az +zx is =yy + 2by+yy=2yy+ 
zby+bb, in which Equation ſubſtituting, for 2)) + 2 by, its Value 
244 + 2az, found by means of the firſt Equation, and there will 
ariſe aa + 2a4%+z2z=2aa+2az+bb, which may be reduced to 
this very ſimple Equation, viz. x E, which firſt furniſhes the 
fame Conſtruction as above. 


Ano- 
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Pic. 243. The following Way is particular in this, viz, That it ſucceeds 
equally whether the Figure 4 B C D be a Square, or a Rhumbus. 
Through the ſought Point F, as given, draw the Line FG making the 
Angle A F G with AF equal to the given Angle 4 CE, and meeting 

| the Diagonal A C produced in the Point C; then we ſhall have three 

Triangles ACE, AFG, G CF, which will be ſimilar, For 1. The 

Angle at A being common to both the Triangles 4 CE, A FG, and 

the Angles ACE, A FG, being equal by the Hypotheſis, it is ma- 

nifeſt that theſe two Triangles ſhall be ſimilar, 2. 'The Triangle 

AD C being Iſoſcelles, the Angle D C A, or ECG, ſhall be equal to 

the Angle PAC, or AC F; and adding the ſame Angle FC E to both 

Sides, then the Ag FCO ſhall be equal to the Angle ACE or 

A FG; and therefore becauſe the Angle at G is common, the two 

Triangles AGF, FGC, ſhall be ſimilar. Now let the unknown 

Quantities CE and AG be equal to x and x, and the given Quantities 

DCS, FE=b, AC=c ; then ſince AD, CF, are parallel, there- 


fore CE(s):FE()::CD(@:AF=S. And becauſe the Trian- 
gles ACE, AFG, G CF, are ſimilar, therefore 4 C (c): CE (>x):: 
AP(S) =. And AG (x2) FG (=): CG (z—c) 
Whence multiplying the iMeans and Extremes, and we ſhall get this 
Equation zz—c z = — and by this means the following Conſtructi- 
on. 


Bic, 243. From the Point & draw the Line A H , perpendicular to AC, 


and through L the middle of the Diagonal 4 C draw the Line HL, 
and in the Diagonal produced beyond C, take L G equal to LH. 
Then if an Arc of a Circle be deſerib'd about the Centre G, with the 
Radius G F = AH, this ſhall cut the Side B C in the Point F ſought. 


This is evident ſince (by Conſtruction) zz—cx is = ==, and G F= 
= | 


0 
Cc 
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Tie. 244. 431“. 1 P ON the indefinite right Line D E given in Poſition, to 
find two Points D, E; from which the right Lines DO, O E, 

DC, CE, being drawn to the two Points O, C, given without that 

Line, the Angle D O E may be a right Angle, * the Angle DCE 

equal to a given Angle TPS, L 
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Let us ſuppoſe the thing done, and upon the Diameter D E deſcribe 
a Semicircle paſſing through the Point O, becauſe the Angle DOE is 
a right Angle; and upon D E, as a Chord, deſcribe the Segment of a 
Circle containing an Angle equal to the given Angle, whoſe Arc ſhall 
neceſſarily paſs through the Point C, From the Point H, the Centre 
of a Circle, whereof this Segment 1s a Part, as likewiſe from the 
Points O, C, draw the right Lines HK, O A, CB, perpendicular to 
DE, and call the given Lines O A, a; CB, b; A B, e; and the un- 
known ones AK, x; KH, y. Now by the Elenients of Geometry it 
is manifeſt, 1. That the Point K is the Middle of the Line DE, and 
conſequently is the Centre of the Semicircle DOE. 2. That if the 
Line P be drawn from F, the Centre of the given Angle T PS per- 


ndicular to one of the Sides PJ, the Angle © PS form'd by that 


erpendicular and the other Side PS, ſhall be equal to the Angle KEH. 


And becauſe the Triangles KA O, HKE are right-angl'd, therefore 


the Square K G or KE is Saar xx, and HE = aa + xx + yy: 
But producing HK until it meets the right Line C R drawn parallel to 
DE in the Point R, then becauſe CRY is a right-angl'd Triangle, 


the Square C H will be = bb-+ ch tent 2cx+xx. Therefore, ſince. 

e ſame Circle, by making an E-- 
quality between their Values, and we ſhall have this Equation, 
aa T C yj=bb +2by+yy-+ cc 26x+xx, then ſtriking out yy+x#x from 


both Sides, and making — = d, (tor Brevity's Sake) and y will 


the Lines HE, HC, are Radu of t 


20 


— 
— — 


b 
It Regard be had to the Way we have taken for getting the afore-- 


{aid Equation, it will appear that the Circles deſcrib'd about the Cen- 


tres K, H, with the Radu KO, HC, do meet each other upon the Line 


DE in the ſame. Points D, E; fo that what remains to be done, is on- 


ly to order it ſo, that the Angle K EH be equal to the Angle © PS. 


Whence 


In the Line P aſſume P equal to CB, and draw QS paral-- 
lel to the Side PT, and bounded by the other Side PS; then it is evi- 
dent that the right-angl'd Triangle E K H. ought to be ſimilar 


to the right-angl'd Triangle Ps, and ſo calling the given 
Line QS, 5 and we ſhall get this Proportion, EK (VD ; KH(y) 


ed cx 


: PAC): AS 5 therefore y is = — TL = —— Now ſqua- - 


E- 
ring both Sides to get out the.Surds, and ordering the Equation, and 
2ccd 


then we ſhall have this Equation, * - cif =0 „ the 


ce ff cc.— ff 


Value of one Root of which will determine A K (x); ſo that if a 


Circle 
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Circle be deſcrib'd about the Centre K, with the Radius K O, it will 


cut the Line DE in the two Points fought D, E. 
The Roots of the ſaid Equation may be found by the 3 80th or 382d 
Articles: But though the Methods laid down in them are very ſimple, 
conſidering their being general, yet there may be very often more 
eaſy Conſtructions found by a due Conſideration of the Nature of a 
Problem. For Example: It may be here obſerv'd, 1. That if through 
F, the Middle of the Line O C joining the two given Points, there be 
drawn the Perpendicular FG, meeting the Line DE given in Poſition 
in the Point G, then will 4 G be = qd; for calling AG, z; the right- 


angl'd Triangles GAO, G BC, will give GO =z z +aa, and G C 
=2z 4. 2cz TCT, and making an Equality between theſe two 
Values, becauſe they are equal, ſince the Point G 1s in the Perpendi- 
cular FG, which does biſect the Line O C, therefore zz + aa is = zz 


aa = bb cc 


+ 2cz+cc+bb, and fo AG (x) is = 8 d. 2. That the E- 


quation f,/zzTxz= cd — cx taking in the Conditions of the Problem, 
may be reduced to this Proportion, G K (d-): KO (y/2ZT3):: 
©OS(f):AB(c): So that if the Locus of all the Points K be de- 


. Art. 3 50. {crib'd & ſuch, that the right Lines KG, K O, being drawn to the 
given Points G, O, may be always to one another in the given Ratio 


of GS to AB; then ſhall this Locus cut the Line D E in the Point & 
ſought. From whence may be gotten the following very eaſy Con- 
ſtruction, Ee ror 

Through F the Middle of the Line O C, which joins the two given 
Points, draw the Perpendicular FG, meeting the Line D E given in 
Poſition in the Point M, fo that G M: MO: : QS: AB. And pro- 
duce G M to the Point N, fo that G N: NO:: GS: 4B. This be- 
ing done, with MN as a Diameter deſcribe a Circle, which ſhall cut 
the Line DE in the Point K, about which (as a Cre) it a Circle 
be deſcrib'd, this Circle will meet the Line D ZE in the ſought Points 


„E. | 

Becauſe the Circle, whoſe Diameter is M N, does cut the Line D E 
not only in the Point K, but likewiſe in the Point L; therefore the 
ſame Uſe may be made of the Point L, as of K, for finding two 
other Points upon the Line DE, which will anſwer the Problem: 
Whence it appears, that the Problem may have two Solutions. 
If the Angle DCE be a right Angle as well as DOE, then it is 
manifeſt that O (f) will become equal to nothing, and ſo the Equa- 
tion f/ =cd —c x will be chang'd into this here, c d c =o, 
and fo x is = d, that is, the Centre XK falls then in the Point G. 


And if the Point B be ſuppos d to fall in the Point A, the „ : 


. * - 8 K 
Os 2 F 
— - A 1 * #2: ” 
* P..... ²˙-A NAA ²˙ ˙¹J o on, 3 
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Fat dc will become this f.,. =, by ſubſti- 


2 I 


5—c « 2 18 
— for cd its Value, and afterwards ſtriking out all the | | 


tuting 


Terms affected with c (which in this Caſe become equal to nothing) 
and ſo in this Cale, it an Arc of a Circle be deſcrib'd about the Point 1 


44 —66 


O, as a Centre, with the Radius O K = I, it ſhall cut the 


Line DE in the ſought Point K. This agrees exactly with the 66th, 1] 
67th, and 68th Articles, and the general Conſtruction may ſerve with- 'þ: 
out any more to do in an Ellipſis, two of whole Conjugate Diame- 1 
ters are given, to find two other Conjugate Diameters that may make | 
a given Angle with each other; and this is what was referr'd in the 
65th Article to this Place, 


EN AMPLE LY; 


432, TH REE Points A, B, C, being given, to find ſome fourth Fic. 245. 
Point M; from which, if the three right Lines MA, MB, 
MC, be drawn to thoſe three Points, the Differences between one of 
them and each of the two others ſhall be given. 
This Problem is capable of three Caſes. For either all the three 
Lines MA, MB, MC, are equal between themſelves, or only two of 
them are equal; or elſe they are all three unequal. 1 
Caſe 1, When the three Lines MA, MB, MC, are all equal to one 1 
another; or, which is all one, when the two Differences are nothing; 0 
then it is manifeſt, that the Point 24 ſought ſhall be the Centre of a 
Circle paſſing through the given Points A, B, C. 
Caſe 2. When two of the given Lines 1A, MB, MC, as MA, ps. 246. 
M3, muſt be equal to one another; or (which is the ſame thing) 
when one of the Differences is nothing, then through the given Point 
C draw the right Line CO perpendicular to the Line AB joining the 
two other given Points A, B; and from the Point M (ſuppos'd to be 1 
that ſcught) draw the right Lines MP, M, parallel to CO, OB; 
then it is plain that A ſhall be equal to P B, becauſe 4 M muſt be 13 
equal to MB. Now calling the given Quantities AP or PB, a; 1 
OP, 5; Oc, c; AM— MC, f; and the unknown Quantities 4 M, : 
PM, z, y; then the right-angl'd Triangles A PM, NMC, will give 
theſe two Equations, zz—=aa+ yy, and zz—2fz+f=cc—2cy+yy-+bb , 
and orderly ſubſtracting each Side of the latter Equation from each 
Side of the former, and then will 2fz—f=aa—cc+ 2cy—bb, and 


from hence we get this Proportion, z : y + . F; and 


2C 
ſo the following Conſtruction. 
P p Thro' 


t 


LS IC 


ö r by oo hy 
. Cee 
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Through P the Middle of the Line AB draw the Perpendicular PD 
= — Divide the Hypothenuſe AD, produced towards that 


2C 


Part as is neceſlary, in the Points E, P; ſo that A E: ED: c f, 
and AF: FD: c: f. Then if a Circle be deſcrib'd with EF for a 
Diameter, the ſame ſhall cut the Line PD in the Point M ſought. 

rt. 350. For drawing the right Line MA, then it is plain * (by the Nature 


of the Circle EMF) that AM &: MD (3 f, 


and zz is =aa + yy, ſince PM is perpendicular to 4 B. And be- 
cauſe theſe two Equations take in the Conditions of the Problem; 
therefore, &c. a 

If through the other Point N, wherein the Line DP meets the Cir- 
cumference, there be drawn the right Lines MA, NB, NC; then 
ſhall NA, NB, be equal to one another, and the Difference between 
each of theſe Lines and the third Line AC, ſhall be equal to the given 
Quantity f; ſo that the Point Nihall alſo anſwer the Problem, but with 
this Difference, that NC is the greateſt of the three right Lines NA, 
NB, NC, whereas M C is the leaſt of the three Lines M 4, MB, MC. 

Fi. 247- This ſecond Caſe may be reſolv'd yet without any Calculus, thus, 
Suppoſe (as before) that M be the Point ſought, and draw the right 
Lines MA, MB, MC; and about the Centre C, with the Radius CD 
—=M A— MC, deſcribe a Circle DEKFH. From the Point D, 
wherein the Line M4 C meets this Circle, draw the right Lines 
DA, DB, to the two given Points 4, B, meeting the Circle in the 
Points E, F, through which Points draw the Radii EC, CF, and the 
Chord EF. This being done, becauſe MC + CD, or MD is = M.A, 
and ſince the Lines CD, CE, are Radii of the ſame Circle; therefore 
the Triangles D M A, D CE, ſhall be Iſoſcelles; and conſequently ſi- 
milar, ſince the Angle at D is common; therefore the Lines CE, MA, 
ſhall be parallel. After the ſame manner we prove, that the Lines 
CF, MB, ſhall be alſo parallel; and fo DBA: DR:: DM: DC:: 
DB: DF. Hence it appears, that the whole Difficulty is brought to 
this, viz. to find the Point D in the Circumference of the Circle 
DEKFH being ſuch, that if the right Lines D 4, DB be drawn. 
meeting the Circumference in the Points E, F; the Chord E F may be 
parallel to the Line 4 B. And this may be done thus. 

From the Point C deſcribe a Circle, having a Line CD A- MC 
for a: Radius, and draw 4 C meeting this Circle in the Points K, H; 
in the Line A B aſſume 4G à fourth proportional. to 4 B, A F, 
AA; and from the Point G draw the Tangent G E to the Circle 
ED HFA. Then if the right Line A E be drawn through the Point 
of Contact E, meeting the Circle in the Point D, and the Line DC 


be 
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be drawn, and if the Point M be fo taken upon D C, that DM: DC: 
DA: DE. I ſay the Point M will be that ſought, 

For by the Nature of the Circle DEK FH, the Rectangle HAAR 
is D Ax AE: And. conſequently B 4: A D:: AE: AG: there- 
fore the Triangles DAB, G AE, having the Angle A common, and 
the Sides about this Angle reciprocally proportional, ſhall be ſimilar. 
And fo the Angle A E G ſhall be equal to the Angle 4 B D; but this | 

Angle AE G being form'd by the Tangent EG, and the Chord D E ; 
produced, is meaſur'd by half the Arc DE. Whence, drawing the 
Chord E F through the Point F wherein the Line B D meets the 
Circumference, that Angle ſhall be equal to DFE, and conſequently 
the Lines FE, A B, ſhall be parallel to one another. But by Con- 
ſtruction DC: DM:: DE: EA:: DF: FB. Therefore the Trian- 
gles D MA, DM B, ſhall be Iſoſcelles; becauſe the Triangles DCE, 
DCE, being ſimilar to them, are Iſoſcelles. Whence the Lines AM, 
MB, ſhall be each equal to DM, and ſo equal to one another; and 
beſides A M, or DM ſhall be greater than MC by the given Length 
CD. And this is what was propoled, 

Caſe 3. When the three Lines MA, MB, MC, are unequal. From Fc. 245. 
the given Point Cdraw the Line CO perpendicular to the Line 4 B, 
which does join the two other given Points; and from the Point M, 
which/ſuppoſe to be that requir'd, draw the right Lines MP, M9, per- 
pendicular to the Lines 4 B, CO. This being done, call the given 
Quantities 40, a; OB, b; CO, c; AM—MB, d; AM— MC, f; 
and the unknown Quantities O P, xz PM, y; A M, z; then will 
AIP be Sa A x, BP =b—x, C 9 = c-, B M =z—4, CM=z—f. 

Now by means of the right-angl'd Triang es APM, BPM,CS M, 

we get the three following Equations, I. zz =aa + 24x +xx +9), 
; 2. 2 2z—2dz +dd=—bb—2bx-+ xx +yy. 3. zz—2fz+f =cc—2cy+yy+xxz 
and orderly ſubſtracting each Side of the two latter Equations from 
each Side of the firſt Equation, and we ſhall get a fourth and fifth 
Equation 2dz —dd =aa—bb + 2ax+2b x, and 2fz—f=aa— 
cc+2ax+2cy, Now inſtead of yy in the firſt Equation, ſubſtitute 
the Square of the Value of y found by means of the fifth Equation 
and then inſtead of x and x x their Values found by means of the 
fourth Equation: By doing thus we ſhall get an Equation, having only 
the unknown Quantity z therein ariſing no higher than a Square. And 
ſo the ſame may be reſolved by ſtraight Lines and Circles, according 
to the Directions in the 380th or 382d Articles, But when the Value 
of z is found, it will be afterwards very eaſy to find the ſought Point 
M; forthe ſame will be the Interſection of two circular Arcs, whereof 
one ſhall have the Point A for the Centre, and the Line 4 M (z) tor a 


Radius; and the other the Point B for the Centre, and the Line 
BM (z—4d) for a Radius. 


” 


Pp 2 Becauſe 
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Becauſe the Equation of the ſecond Degree will be found, by com. 
pleating the ſame, to have very compound Terms; ſo that it will re- 
quire a great Number of Operations to reduce them to ſimple Exprefli- 
ons, as the zodth and 38 2d Articles require, which willrender the Con- 
ſtruction very tedious. For this reaſon we ſhall lay down the following 
Conſtruction which reduces this Caſe to the ſecond Caſe, | 

The right Lines A B, AC, which join the given Points, being bi- 
ſected in the Points D, E, and the right Lines M P, M ©, being 
drawn from the Point M (ſuppoſed to be that ſought) perpendicular 
to AB, AC ; call the given Quantities 4B, 2a; EC, 20; AM—MB, 
2c; AM— MC, 24d; and the unknown Quantities DP, x; F ©, y. 
This being laid down, if the Sum of the right Lines A M, B M, be 
named 2t, the greater of them, viz. 4 MH ſhall be t e, and the 
leſſer B M ſhall be te — c. Now becauſe A PM, B PM, are right- 
angl'd Triangles, therefore PM=A M — AP=BM — BP, that 
18, tt + 26t + CC—8a 4 — 2a — xXx — tt — 2c —+ 6 Cc — aa + 


24a x.— x x, Whence t will be = * and conſequently A M (tg 


= — Tc. In like manner, by means of the right-ang1'd Triangles. 
IA, CM, we ſhall get 4 M= 1 ＋ d; and therefore making 
an Equality between theſe two Values of AM, then will 7 + c be 
+” b b . 

=== +4, or = =p d- = making d — c = f for 


Brevity's Sake, Hence the ſought Point 21 muſt be ſuch, that the 
right Lines MP, M 9, being drawn perpendicular to A B, AC, we: 


have this. Equation — = 7 + f, or (which is the fame) this Pro- 
portion, x ) + 1 YY 2 5 And this does ſuffice for finding the 


following Conſtruction. 

Join the given Points by two right Lin es A B, 4 C and biſect 
theſe Lines in the Points D, F; then in 4 C aſſume FK 4 to- 
wards A, and draw the right Lines DO, K &, perpendicular to A B, 
AC, meeting one another in the Point , alſo in the Angle OHS draw 
the right Line H M the Locus of the Points M, being ſuch that the 
right Lines M O, MR, drawn from any one of them perpendicular to 


the Sides HO, HS; the right Line M O may be to the right. Taos 
A >: 
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M Ralways in the given Ratio of 5 0 . This being done, draw 


A E perpendicular to H 2, and having produced the ſame to G, fo 
that EG be equal to AE; by the ſecond Caſe, find the Point M being 
ſuch, that if the right Lines HA, NM, MC, be drawn; MA, 
M, may be equal to one another, and the Difference between MA, 
MC, may be equal to the given Quantity 2d. I fay the Point A 
will be that ſought. 

For by the Property of the right Line H 21, we have always this. 


d d 
Proportion, MO or PP (x): MR r LX (5 Dr: 17 and 


| 
| 
| 
conſequently the Point M muſt needs be in the Line H Al. It will be: | 
equally diſtant from the Points A, G; but beſides the Difference be- 
tween AM, MC, muſt be the given Difference 2 d. Therefore, &c. | 


SCHOLIU KM, 


433.7] F the two Sums, made by adding one of the three right. 11 
Lines M A, MB, MC, to each of the other two, had been |] 

given, inſtead of the two Differences, or elſe if the Sum of two of 1 
them, together with the Difference between one of them, and the i 
third had been given: Then the Point A might have been found by F 
the ſame Methods as eaſy as when the Differences are given, But I 1 
ſhall leave this to the Induſtry of the Learner. 
g 


GOA L |; 

434. HE NCE ariſes the manner of deſcribing a Circle, that ſhall | Fl 
touch three other given Circles, | 

For let the Points A, E, C, be the Centres of the three given Cir- Fic. 250: 1 
cles, and the Point M the Centre of the ſought Circle, which touches 


the given Circles in the Points D, E, F, as per Figure. Let the Ra- 
dii of the given Circles 4 D be Sa, BE =b, CF-=c; and the | 
Radius of the Circle ſought M Dor M E, or MF = z. Then will | 
AM be EA a, MB=z+b, MC =z —c; and therefore 4 71 
— MB Sa- , MB— MC=b +, AM— MC=a+ c. Whence 
it appears that the Queſtion is brought to this, viz. to find a Point M, 
from which if the three right Lines M A, MB, MC, are drawn. 
to the three given Points A, B, C, they may have given Differences. 


— .PYLIXEA = = — — 


Un nnr I. 


435-F ENCE we have a way of deſcribing a Conick Section (ha- Fic. 2533: 
_ *=* ving the given. Point. F for a Focus) through two given *5* 
Points B, C, which thall touch a right Line D E given in Poſition. 
This. 


—— —— > ſ— — 
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III. 


* Art. 60. 
and 123. 
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This Problem has two Caſes, the firſt whereof is, when the three 
given Points F, B, C, do fall on the ſame Side the indefinite right 
Line D E; and the ſecond, when they fall on both Sides. 

Caſe 1. Draw F D perpendicular to D E, and produce the ſame to 
A fo that D A be equal to D F, and draw the right Lines FB, FC. 
Then find the Point M, ſo that the Difference between AM aud B M, 
be equal to FB, and the Difference between A4 M and M C, be equal 
to FC. This being done, deſcribe * a Conick Section with the Points 
F, M, as Foci, and a Line equal to 4 MH paſling through the Foci, 
for an Axis. I ſay this Section will be that fought. 

For 1. The Point E wherein the Line 4 M meets the Line D E, is 
in the Section, ſince F E being equal to A E, the Sum of the right 
Lines FE, E M, in the Ellipſis, and their Difference in the Hyper- 
bola, will be equal to the Axis paſſing through the Foci; and by the 
ſame reaſon the Points B, C, ſhall be alſo in the Section. 2. The 
Angles FED, D E A, by Conſtruction are equal to one another; and 
conſequently * the Line E D touches the Section in E. 

Here it muſt be obſerved that when the Focus M be ſought on the 
ſame Side the given Focus F with regard to the Line D E, the Section 
found is an Ellipſis; and when that Point is ſought on the other Side, 


it will be an Hyperbola or two oppoſite Sections. 


FIC. 252» 


* rt. 123» 


Caſe 2. Here it is maniteſt that the Section anſwering the Problem 
will not be an Ellipſis, but two oppoſite Hyperbola's, which may be 
found thus. Draw (as in the firſt Caſe ) the right Line F D perpen. 
dicular to D E, and produce the ſame to A, fo that D A be equal to 
Dy; then find the Point M ſuch, that 4 M + B M be equal to the 
given Line F B, and M C— A M equal to the given Line FC. This 
being done, defcribe two oppoſite Hyperbola's, with the Points F, M, 
as Foci, and having the firſt Axis equal to the Line 4M. I ſay theſe 
Hyperbola's ſhall have the requiſite Conditions. | 

For 1. The Point E, wherein the Line 4M meets the Line DE 


ſhall be in one of the oppoſite Hyperbola's, ſince F E being equal to 


AE, the Difference between the right Lines FE, ME, ſhall be equal 
to 4 M the Value of the firſt Axis. And for the ſame reaſon the 
Points B, C, ſhall be in the ſaid oppoſite Hyperbola's. 2. The Line 
DE ſhall & touch the Section in E,  becaufe by Conſtruction the Au- 
gles AED, DEF, are equal to one another. | 

It the Point C ſhould fall on the ſame Side B with regard to 
D E, then the Sum of the right Lines 4 M and M C would be equal 
to the given Line FC; as is their Difference when the Points B, C, do 
fall on both Sides the Line D E, as is ſuppo ſed in the Figure. 

If it be requir'd to deſcribe a Conick Section, which ſhall paſs thro? 
a given Point, having a given Point for a Focus, and two right Lines 


given in Poſition for Tangents to it; then you mult find two Points 


( after 
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( after the ſame manner as the Point A was) by means of theſe two 
Lines, from which if two right Lines.be drawn to terminate in the 
Focus ſought, they may be equal to one another; and moreover, the 
Difference between either of them, and the Line drawn from the 
Point thro' wWwiich the Section mult paſs to the ſought Focus, or elſe 
the Sum of either of them, and this laſt mention'd Line, ſhall be al- 
ways given: So that the Problem may be ſolv'd always by the prece- 
dent Example, and the Scholium belonging thereto. Laſtly, If it be 
requir'd to deſcribe a Conick Section that ſhall touch three right Lines 
given in Poſition, and have a given Point for the Focus thereof ; 
then you muſt find three Points by means of theſe three Lines, as the 
Point A in the lait two Caſes was determin'd by help of the Line 
DE, and the Centre of the Circle paſſing thro' theſe three Points 
{hall be the other Focus of the Section, whole firſt Axis will be a Line 
equal in Length to the Radius of this Circle. In all the aforeſaid. 
Caſes it muſt be obſerv'd, that if the ſought Point M be infinitely 
diſtant from the Point F; then the Section ſhall be a Parabola, whoſe- 
Diameters ſhall be parallel to Lines, which being infinitely continued. 
do terminate in the Point ſought, 


EY AMPLE F. 


436. A Parabola NCS being given, together with the Arc M NEF:6 25%: 
thereof; to find another Arc R$ of the ſame, which ſhall 
be to the Ar: MN, in the given Ratio of Number to Number. 
Produce the Axis of the Parabola beyond (C) its Origin, fo that 
CA be equal to + the Parameter, and deſcribe an equilateral Hyper- 
bola E A F, with the Point Cas a Centre, and the Line CA as a Se- 
mi-firſt Axis; then draw the right Lines MB, NE, R D, S F, paral- 
lel to the Axis CA, meeting the ſecond Axis in the Points H, L, X, O, 
and the Hyperbola in the Points B, E, D, F, from which draw the 
right Lines BP, E , DG, FT, perpendicular to the Afymptotes. . 4, 246. 
This being done, it is manifeſt * that the Rectangle 4 C « N, or * 
the Hyperbolick Trapezium HB EL is equal to the Hyperbolick 
Sector CBE plus the Triangle CL E minus the Triangle CHB; and 
alſo AC*x RS=CDF+COF—CKD. And ſuppoſing the given: 
Ratio of the Arc MM to the Arc RS be as m is ton (where the Let- 
ters mm and u denote any whole Numbers at pleaſure ); then, by the 
Conditions of the Problem, we ſhall have this Proportion 4 C « M N, 
or CBE + CLE—CHB: AC*xRS, or CDF+ COF—CKD::. 
m: u, and conſequently » CBE +nCLE—nCHB CDF 
mCOF—mCckKD. Now it you. make the given Quantities C P=b;. 


C = c, the unknown Quantity CG=x, and take.C IT = x / — then 


4 


wall. 
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will * the Hyperbolick Sector CBE: CDF:;:m:n; and ſo CBE is 

m CDF; whence the preceding Equation will be chang'd into this, 
1CLE—nCHB=mCOF—mCKD, wherein are Triangles on- 
ly, whoſe Analytick Values we now prcceed to determine. 

The right Lines CP, H B, do form two right-angl'd Triangles VHC, 
V PB, which are ſimilar, becauſe the vertical Angles at J are equal, 

therefore HV: CV: : VP: V B, and multiplying the Extremes and 
Means HY. B =CV *V P, Again, becauſe E A F is an Equila- 
teral Hyperbola, the Angle TCA or VH is halt a right Angle, 
and conſequently the right angl'd Triangle CF H is Iſoſcelles, as well 
as V PB being ſimilar to it; whence VPS PB, CH=— HY, and 
CT =CH+ HV =2 HF. Therefore four times the right-angl'd 
Triangle C II B, that is, 2CH* HB is =2 HV « HV +VB = 2 HV 
+2 HV xV B=CV +2CV x=V P=CV +2CV xV P+Y P— 
V P=CP— PB, becauſe CV + 2 CV *VP+ PF Pis the Square of 
CV +FV PorCP. And conſequently the Triangle CHB is = 25 
—2 PB. Aſter the ſame manner we prove, that the Triangle CL E 
is =+CO EE, and CK DCG -P, and COPS CI 
— TF. Whence, if the Power of the Hyperbola be call'd aa, then 

. Aa 
will the Triangle CHB =+4 bb — 7 the Triangle CLE =+ cc — 


a* 


2 the Triangle CKD =+x x — —, the Triangle C O F 
= Aux 


4 * n, 4 2 ſe PBX; aa aa aa n 57 
ͤ—— — —— — ä — 18 — — — — — — uk . 
— Vin 4 Vert, becaule B =—, QE = wy IF = So 3-1 


Now if if theſe Values be ſubſtituted for the Triangles they expreſs 
in the Equation » LE -M CHB =mCOF—mnckKD, we ſhall 


have this Equation £11 * Cab w3 7 
ave this Equation nN — —bb + =4mxxx / q— 


2 I 5 — x x + _ which by due ordering, will be brought to 
na*—nbbccxccbbx * 52 

můblec x Henn Yb 
x x + af 5 —=0. Now if the Value of CG (x) be found, and CI 


the following Equation of the 2d Degree, x* — 


be taken equal to x wy” 17 and if the Perpendiculars GD, IF, be 


drawn, meeting the Equilateral Hyperbola in the Points D, F; then 
| ſhall 


JJ OLE SS SEN 
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ſhall the Arc (R S) of the Parabola intercepted between the Parallels 
(DR, FS) to the Axis, be to the Arc MY in the given Ratio of 2 
to m. ; 

Here it is neceſſary to obſerve, (I.) That the ſecond Term of the 
laſt Equation 1s always negative, becauſe C © (c) is greater than CP 
); and fo both the Roots thereof will be affirmative or imaginary, 
according as the known Quantity in the ſecond 'Term is greater, equal 


to, or leſs than aa * = the {quare Root of the laſt Term. (2.) That 


when TG (x x) is one Root of the Equation, then will TF be the 
other, becauſe CT being = x 7 2 therefore * I F = 7 ” =. But A.:. 101. | 
the laſt Term of an Equation, is the Product of its Roots. Therefore 
if at * - the laſt Term of the preceding Equation be divided by 


CG 0 x), which is ſuppos'd to be one of its Roots, then will the other 
Root be 2 N. which is the Square of FI. Whence if CG, CT be 


taken in the Aſymptotes equal to the Roots of the Equation ; and if 
the Parallels G D, T F be drawn to the Aſymptotes, as alſo the right 
Lines DR, ES, through the Points D, F, (wherein G D, TF, meet 
the Hyperbola) parallel to the Axis, then ſhall theſe latter Parallels 
intercept the Arc (RS) of the Parabola ſought. 

If n be =, then the general Equation ſhall become this &“ — 


t 
— xx + _ So, whoſe two Roots will give us CG (x) =b 


—CP, and CT (x) = — A; whence it follows, that the Arc 
RS is found by means of them, fimilarly ſituate on the other Side the 
Axis with regard to the Arc MN And ſince it otherwiſe appears, * .4,;, 86. 
that the two Arcs RS, MN, being alike ſituate on each Side the Axis, 
are equal to one another; therefore that ſerves to confirm the Reaſon- 
ings here laid down. Hence, if an Arc (HM of a Parabola be given, 
it may be eaſily concluded, that no other Arc (RS) thereof being 
nearer, or farther from C the Origin of the Axis, and equal to M N, 
can be found, without ſuppoſing the Quadrature of ſome Hyperbolick 
Sector, or (which amounts to the ſame thing) the Rectification of 


ſome Parabolick Arc. | | 
| | 1 


— — | 1 4 C— c————— — a © 
If u de = 1 and n== 2, then will x e 72 7 250 
and if m be = and 1= 3, or, which is the ſame thing, if the Arc 
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R muſt be to the Arc MN as 3 is to 2; then ſhall «* — 


== cc NC * | 7 
= A So); and the Roots of theſe two Equati- 
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ons will ſolve the Problem, Underſtand the fame of other Values of m 
and u. i 
M. Bernoulli, a Celebrated Proſeſſor of Mathematicks at Groningen 
was the firſt that reſolv'd this Problem; as may be ſeen in the Ada 
Eruditoram for the Year 1698, page 261. 
nn . | 
437. AN Angle B AC being given, together with a Point D within 
the ſame; to deſcribe a Circle that ſhall paſs through the 
given Point D, touch the Side A B in ſome Point P, and intercept the 
Part O C of the other Side 4 C equal to a given Line, as 22. 
Suppole the thing done, and from the Point D draw the Line PA to 
Athe Vertex of the given Angle, and the Line DP paſling through the 
Point of Contact P, meeting the Side 4 C continu'd out in ; alſo 
draw the Line DE parallel to 4 C, and the Line DB perpendicular 
to the Side 4 B; then biſecting the intercepted Part O C (2 a) in ©, 
call the unknown Quantities AP, x; A9,z; DH, t; and the given 
Quantities AE, m; A B, g; BD, h; DE, f AD, u. This being 
done, by the Nature of the Circle, we have AP (xx) =CA « AO, 


or A © (x * © © (aa), and therefore zz xx + aa, Moreover, 
becauſe the Triangles PED, PAH, are ſimilar, therefore AE ( 


AP(x)::DH(t):HP== And PE (m—x):ED HA 


(x) 4 H= Whence HASE — and CH HO, or 
H- 0 =zz+ — Fox — aa 2. KX x + ＋ — 
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of the Circle z and ſo (dividing by x) we ſhall have x + 25 E 


a right-angPd Triangle) the Square thereof, viz, f 2 — 
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is SD 23 +88 +bb =xx 24 * + un by ſubſtituting u 
for its Value b b s; whence — 2 Oy x + B+ 
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Fo & multiplying by m—x,& tranſpoſing the Term Fe - then will me— 
mx" | m— 2 

mxx 2g mx fx-4-mnn mxxmmx nx 1-119 
xx + 2712 5 „. — (becauſe 


the Triangle DE B being right-angl'd, F is =bb + gg—2gM + MM = ẽ. 
2gm mm) : that is, becaule the twa Parts of the Equation may be 
exactly divided by n-, Mx—xXx +2 fx==—mx T vn, or 2E ="x x = 
2mx+11. Laſtly, Squaring both Sides, and ſubſtituting x x + a a for 
z z, and this Equation of the fourth Degree will be had, 


x —4amax' F4mmxx—4mnux+ nf — 0 
— 45 — 4 aaff 
+ 2 u 1 | | 


whoſe Roots, which may be found by means of a Circle and a given Pa- 
rabola, or other Conick Section, will give us the Values of 4P (x) being 
ſuch, that if PM be drawn perpendicular to 4 P, and P D join'd, and 
if the Angle PD M be made equal to the Angle D PM, the Point AT 
wherein D M, PM, the Sides of the Tfofcelles Triangle D PM do 
cut one another, will be the Centre of the Circle ſought, the Radius 
thereof being MP or M D. Or elſe if 4 P= x be taken in the Side 
AB, and A A = in the other Side 4C, and the Lines PM, 
© N, be drawn perpendicular to the ſaid Sides; the Point M wherein 
theſe Perpendiculars meet, ſhall be the Centre of the Circle re- 
uired. 

I Becauſe nothing 1s more proper to clear the Underſtanding, than 
ſhewing the different ways by which the Knowledge of the ſame Truth 
may be acquired: I therefore ſhall here reſolve this Problem after 
another way, which in my Opinion 1s more natural than the for- 
mer. 

Let us ſuppoſe the Point M to be the Centre of the Circle ſought. 
Draw the Lines M P, M 9, perpendicular, and the Lines M F, MW E, 
parallel to the Sides of the given Angle B A C, and from the given 
Point D, draw the right Lines DB, D E, D X, parallel to M P, 
MF, A B. Now call the given Quantities D B, ö; BE, c; DE, f; 
1B, g; A E, n; A D, u; and the unknown Quantities 4 Ex 
PM or MD, y; then will PB or DAS g - x, MK =y—b: 
Whence ( becauſe MK D is a right-angÞd Triangle) 5) is = g.g — 


2 gx +xx T)) —2by Tb, and conſequently y= — 


_ im ſubſtituting » » for it Value, 50 +- gg. And becauſe 


2 
the Triangles DB E, MPF, are ſimilar, therefore DB (): B E(c):: 


PM(y):PF=2, and ſo A For MQ= and becauſe the 
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Triangles DB ZE, M 9 G, are ſimilar, we ſhall have this proportion 


DE (f):BD (b):: MG () :M & == z whence becauſe 
the Conditions of the Problem require that 9 C the half of the inter- 


cepted Part O C be equal to the given Line a, and that the right Lines 
MC and M P be Radii of the Circle fought ; therefore MC = 
box 26) 39). + aa = MP(y), now multiplying by F, and we 


ſhall have bbx x —2bexy+ccyy+aaff=fyy=bbyy+cc 

by putting bb + cc for its Value , that is, Fx Xx af =c 3 
+ 2bc xy + bb yy, by ſtriking out c cy y from both Sides, and ſub- 
ſtituting f x x —c xx for bx x; whence, by the Extraction of the 


ſquare Root, . i by Ts 2cx—20x +xxl=nn . by ſubſti. 


tuting= — . — for its Value y, and laſtly, putting m for g—c, and 
then will 2 f =xx —2mx+1%n, Which is the ſame E- 
quation as above. 

Now we can ſolve this Problem after a new way which firſt gives a 
very eaſy Conſtruction, bur it requires the Deſcription of two Para- 
bola's. I. I ſeek the Locus of Points as M, being ſuch, that if a 
right Line M D be drawn from every of them to the given Point D, 
and the right Line A P perpendicular to the Line A B given in Po- 
ſition; theſe two Lines MD, MP, may be always equal to one ano- 
ther. But this Locus is * a Parabola, the Point D being the Focus, 
and the Line A B the Directrix. 2. I find the Locus of Points as M, 
being ſuch, that if a Circle be deſcribed about every of them as Cen- 
tres, and paſſing through the given Point D; this Circle ſhall intercept 
the Part O C, of the Line A L given in poſition, equal to a given 


Line 2 4. For this End, draw the right Line D L from the given 
Point D pexpradicylar to A L, and the right Lines M R, M 9, from 


one of the ſought Points M, ( fuppoſed to be given) perpendicular to 
DL, AI: Then if the unknown and indeterminate Quantities 
D. R, RM (forming a right Angle D KM) be called x, y; the 


Square MD is xX T, and M C = M9 (b b—2bx + xx) Se 


(aa) becauſe MR D, M, are right-angl'd Triangles. But the 


Lines M D, MC, being Radii of the ſame Circle, are equal to one 


another, and Dee g x x +yy is = bb—2bx+xx +aa, or yy=bb + 


4-2 hx. Therefore if the Parabola being the Locus of this Equa- 


tion be drawn, it is plain that this Parabola ſhall paſs through A the 


Centre of the Circle ſought. But the Parabola whote Focus is D, and 
' Dire&rix the Line 4 B alſa does. pals through this Centre; whence 


tne 
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the Centre of the Circle ſought ſhall be in the Interſection of the two 
Parabola's. | | | 


ESA-MPLE Ya 


438. A Circle having the Point A for the Centre, and the right Line 

A M for a Radius, being given, together with two Points 
E, F, in the Plane of that Circle; to find the Point M in the Cir- 
cumference within the Angle E A F, being ſuch, that if the right 
Lines A M, EM, F M, be drawn; the Angles 4 HE, AMF may 
be equal to one another. 

If the Lines A E, AF, ſhould be equal, then it is manifeſt that 
that Line which ſhonld biſe& the Angle E AF, would cut the Cir- 
cumference in the Point requir'd, Therefore we ſuppoſe thoſe two 
Lines to be unequal, and alſo (for avoiding Confuſion) that the Line 
AE is leſs than A F. And this being premiſed, we ſhall ſolve the 
Problem two different ways. 

Suppoſe the Point M to be that requir'd, and draw the right Lines 
MB, MD, making the Angles MBA, MD A, with A T, AE; 
equal to the Angles 4A MF, A ME, and conſequently equal to one 
another; then ſince the Triangles AFM, A MB, and A EM, AMD, 
are ſimilar, therefore 4 F: A M:: M: AB. And AE: AM:: 
AIM: A D. Whence becauſe the Lines 4 F, AE, are given, tege- 
ther with the Radius 4 M; the Parts (A B, A D ) of the right 


Lines AF, A4 E, fhall be given likewiſe. Now if the right Lines 
MP, M 9, be drawn parallel to A E, A; the Triangles B PN, 


D © M ſhall be ſimilar, becauſe the Angles 4 PH, 4 © M, are 
equal ; and alſo the Angles P BM, © D Al, ſince theſe are the Com- 


plements of the equal Angles M B A, M D A, to two right Angles , 


and therefore calling the given Quantitics A B, az A D, b; and the 
unknown ones A Por © M, xz;zP Mor A ©, y; then will B P (-g): 


PM (Y:: DA ( y-b):9 M(x): And fo (by multiplying the 


Means and Extremes) we ſhall ger this Equation x x— a x=y5—by, 


or yy—b y—x x +a x=o, whoſe Locus being * an Hyperbola may be 
thus conſtructed. 


In the Lines A F, AE, aſſume A B, A D, third Proportionals to 


AF, AM, and to AE, A M, and through (C) the middle of B D 
draw the indefinite right Line C H parallel to 4 B, in which take 
CK=y/ 56h aa (the Line A D (b) thall be greater then B A 
(a) becauſe A E is ſuppoſed to be leſs than 4 F) and then deſcribe an 
equilateral Hyperbola, having the Point C as a Centre, and the right 
Line C K for a Semi-fecond Diameter, whoſe Ordinates ( HM) are 


parallel to 4 D. I fay this Hyperbola ſhall meet the Circumference. 
ok; the given Circle in the ſought Point M. 
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For drawing CL parallel to 4 D, then ſhall the right Lines CH. 
C L, biſect the right Lines A D, AB, in the Points O, L; becauſe 
the Point Cdoes biſect the Line BD, and ſo (Hor AP—AL is la, 
HM or PM - AOS —+b; But by the Nature of the equilate- 
ral Hyperbola, HN is CH CA, that is y y—by++ 6 b=x x—ax+ 
aa + +bb—7a a, whence we get this Equation,”y y—b x x—a x, 
which being turned into a Proportion, and then B (x—a) : PM (py) :: 
7) © (z—b): & M (x). Whence becauſe the Angles B PM, D & M, 
are equal, and the Sides about theſe Angles are proportional ; the 
Triangles B PM, D © M, ſhall be ſimilar, and conſequently the An- 
ele 1 B ſhall be equal to the Angle M D ©, and their Comple- 


ments to two right Angles 4B M, A D N, ſhall be equal. But be- 


cauſe AB: AM:: A M: A F, and AD: AM:: 4 H: A E, the 
Triangles 4 B M, AMF, and AD M: AM E ſhall be ſimilar. There- 
fore the Angle 4 BM ſhall be equal to the Angle 4 MF, and the 
Angle ADM to the Angle 4 ME; and conſequently the Angles 
A M1 F, A ME, ſhall be equal to one another, becauſe we have prov'd 
the Angles 4 B M, AD M, to be equal. 

After the fame Manner we prove that the Hyperbola oppoſite to 
this, ſhall cut the Circumterence (within the Angle, vertical to EA,) 


in the Point M being ſuch, that if the right Lines AM ME, M F, 


be drawn, the Angles 4 M E, A M F, ſhall be equal to one another: 
As likewiſe that theſe two oppoſite Hyperbola's ſnall cut the Circum- 


ference (within the Angles ad joining to thoſe vertical Angles) each 


in one Point M being ſuch, that if the right Lines MA, M E, MF, 
be drawn ; the Angle 4 ME ſhall be equal to the Complement of 


the Angle A M F, to two right Angles. 


It CG be taken in C equal to CK, then CG ſhall be & equal to 
r of the firſt Diameter, being the conjugate to CA, and ſo one of 
the Aſymptotes of the Hypesbola's ſhall be parallel to K G. But in 


the Iſoſceles Triangle G CK, the external Angle G CO (or BAD 


equal to it) is equal to the two internal and oppoſite Angles, that is, 


equal to twice the Angle CG K. Therefore, becauſe the Lines C G, 


A D, are parallel, the Line K G, and conſequently one of the Aſymp- 
totes ſhall be parallel to the Lines biſecting the Angle D AE. More- 


over, it is evident that the Line 4 D is a double Ordinate to the 


ſecond Diameter C K, becauſe OD or O. 4 (+bb) —=C0 (aa) + TK 
(aa); and ſo one of the oppoſite equilateral: Hyperbola's 
does pals through the Point D, and the other through the Pottit A. 


Now theſe two Obſervations do open the way to the following Con- 
ſtruction, which is more eaſy than the precedent one. 


In the Lines AF, AF, take AB, AD, third Proportionals to A F. 
A AT, and to AE, AM; and through C the Middle of the Line B D 


draw 
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draw two indefinite Lines (H, CM, the one parallel, and the other perpen- . 


dicular to the Line AP, which does biſec the given Angle. EAT. Then 
between theſe two Lines, as Aſymptotes, deſeribe two oppoſite Hy- 
perbola's through the Points D, A, which ſhall cut the Circumference 
of the given Circle in Points, as M, being ſuch that if the right Lines 
MA, ME, MF, be drawn; the two Angles 4 ME, AM F, ſhall be 
equal to one another, when the Point of Interſection A does fall in 
the Angle EA F, or in the oppoſite Angle to it; and the Angle AE 
equal to the Complement of the Angle 4 MMF to two right Angles, 
when the Point M does fall in either of the Angles adjoining to EA 
or its oppoſite Angle. 


This latter Conſtruction may be eaſily and ſpeedily demonſtrated - 
by a Property of the Equilateral Hyperbcla, to be found in the 35 1ſt - 


Article, which Property may be otherwiſe eaſily prov'd. For it 
from the Point M, wherein the Equilateral Hyperbola D M does meet 
the Circumference of the given Circle, there be drawn the right Lines 
BM, DM to B and D, the Extremities of the firſt Diameter B 7) 
meeting the Aſymptote CH in the Points O, L, and the Line AP, pa- 
rallel to it in the Points 8, R; then by that Article it is evident, that 
MO is equal to M L, and ſo the Angle MOL or MSR or BSA 1s 
equal to the Angle MLO or DR 4. But the Angle B AS 1s equal to 
D AR by Conſtruction, becauſe the Line AP does biſect the Angle 
E AF. Therefore the remaining Angles A B AM, ADM, in the two 
Triangles ABS, ADR, ſhall be equal to one another; whence the An- 
gles ATM, AME, fhall be equal; which was to be prov'd. 


By means of the latter Conſtruction, we can eaſily find a very ſim- 


ple Equation having but one unknown Quantity therein, which Equa- 
tion being conſtructed by any Conick Section at pleaſure, according to 
the Rules preſcrib'd in Book VIII. the Value of the unknown Quan- 
tity will determine the Solution of the Problem. - For Example: From 
the Point M draw the Line MP parallel to the Aſymptote CK, and 


meeting the other Aſymptote CH in the Point H; then call the given 


Quantities 4M, a; AK,b; CK, c; and the unknown ones AP, x, 
PM, y. This being done, by the Nature of the Circle, we ſhall have 


this Equation xx yy aa, and by * the Nature of the oppoſite Hyper- Art. 100. 


bola's CH. HM (#y —cx—by+bc) =CK*KA (be); whence 


xy—cx—by is So, and ſo ) is = —, Now it the Square of this Va- 
lue of y be put for yy in the Equation xx + yy=aa, by due working 
we ſhall have this Equation of the fourth Degree, 
x*—2bx* + vbxx + 2aabx—aabb=b. 
* ＋ CC Thos | 
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And if from (C) the Centre of the Hyperbola's, there be drawn the 
Line CG perpendicular to A4 C, meeting the Circumference in the 
Point G; the right- angl'd Triangles ACG, A KC, will give theſe E- 
qualities ( = AG — AC= AM (aa) — AK(bb)—CK(c). 
Whence if the given Quantity CG be called m, the preceding Equation 
may be chang'd into this x*—2bx*—mmxx + 2aabx—aabb—=o, wherein 
the given Quantities are the Radius A M (a), the Lines A K, (b), CK 
(c), CG (m), and the unknown Quantity x expreſles the Values of 4 P 
being ſuch that drawing the Perpendiculars PM, theſe ſhall meet the 
Circumterence in the Points ſought. | 

In order to know which of the two Points, wherein each Perpendicu- 
lar PM cuts the Circumference of the Circle, is that requir d in the 
Problem; you muſt draw PM on the ſame Side the Line 4 P, as the 
Point M was ſuppos'd to fall in performing the Proceſs. When 


— the Value thereof, which we have found above, is poſitive, that is, 


when x is affirmative, and greater than þ , and contrariwiſe, PM muſt 


be drawn on the other Side A P when its Value is negative, that is, 
when x is affirmative, but leſs than 5h. 


Another Way. 


Fic. 237. Through the ſought Point M, (eſteem'd as given) draw the right 
Line MD perpendicular to the Radius 4 M, and through the Point 
D, wherein it meets A F, draw the right Line G H parallel to A MN, 
meeting the Line Min H, and the Line EM (produced) in &; then 
becauſe the Triangles FA M, FDH are ſimilar, therefore 4 M: D H : : 
AF: FD. And becauſe the Triangles CA u, CDG, are ſimilar, 
therefore 4 A: DG:: AC: CD. But the Line DG is equal to DH, 
becauſe, according to the Conditions of the Problem, the Angles 4E, 
AM F, muſt be equal to one another, and ſo the Angles D4H, DMG 
are qual. Therefore 4A F: FD:: 40: CD and AF+FD:AF:: 
AC+CDor4D: AC. This being premiſed, draw EB, MP, per- 
pendicular to 4 F, and M to E B, and call the given Quantities 
MH, a; AB, h; BE, c; AF, d; and the unknown ones 4P, Xx; PH, y. 
Now becauſe the right-angl'd Triangles 4 PM, 4 M D, are ſimilar, 


therefore A P(x): A M (a):: A M (a) 4D. And ſo FD is 


2 . Again, becauſe the Triangles Z Q. Al, MPC, are fimilar, 
therefore E Q or EB MP (cy) : & Mor AP— AB (x—b): : 
MP (ö): P . Whence 4 Cor A P+ PC= Ya 


— 


putting 
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putting the literal Expreſſions of this proportion AF ＋ PD: AF:: 
4D: A C, multiplying the Means and Extremes, and then we ſhall 
have this Equation 20 x x—aacx — 20d xy+aaby+nady—= 
a a d c, which divided by 2 4 c, and making þ + d =f for brevities 
ſake, will become this, x x — _ J x — * —+ =, — 744 = 0, 
the Locus whereof which 1s an Hyperbola between the Aſymptotes 
being conſtructed by the 339th Article, ſhall cut the Circumterence of 
the Circle in the ſought Point A. 

If an Equation be requir'd that has'only the unknown Quantity x 
therein, then this Equation x x + yy appertaining to the Circle muſt 
be uſed, in which if the Square of the Value cf y found by means of 
the preceeding Equation be ſubſtituted for y y, we ſhall get an Equa- 
tion of the fourth Degree, containing but one unknown Quantity x, 
and one of the Roots thereof ſhall expreſs the Value of 4 P ſought. 


EX AMP L E VIII. 


429. A Circle whoſe Centre is A, together with the Points E, F, 
being given: To find the Point M in the Circumference, be- 
ing ſuch, that if the right Lines 4 M, MF, ME, be drawn, the 
right Sine of the Angle 4 M F, may be to the right Sine of the An- 
gle A ME, in the given Ratio of m to n. Tea 
J ſhall reſolve this Problem three different ways, 


Firſt Way. 

In the given Lines AF, AE, aſſume A B, AD, third Propor- 
tionals to AF, AM, and to AE, A M, and from the ſought Point 
A ( ſuppoſed to be given) draw the right Lines MB, M D, and 
draw the Perpendiculars MG, MH, to A F, 4 E, and the Parallels 
MP, M9, to AE, A F. Then in B M take BK equal to D AI, 
and from the Point K draw the right Lines K O, K I, parallel to 
MG, MP, and from the given Point D the right Line D C perpendi- 
cular to 4 F. Now the Triangles B MG, B K O, are ſimilar, there- 
fore BM: BA Or DM:: MG: K O. And by the Nature of the Pro- 
blem : n:: KO: MH, becauſe if D M be taken for the Radius or 
whole Sine, the right Lines K O, M H, ſhall be the right Sines of the 
Angles M B F, MD E, or of their Complements MB A, MD A, 
to two right Angles, equal by Conſtruction. to the Angles 4 M F, 
AME. Therefore it the Antecedents and Conſequents of the ſaid 
two Proportions be orderly multiplyed into one another, we [ſhall get 
mx BM: 1M D:: MG*KO:KOxMH::MG:MH::MP: 
Mi. becanſe the Triangles M PG, M1 AH, are ſimilar. This 


being laid down. 
4 RES Let 
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Let us call the given Quantities 4 D, a; 4 C h; CD, c; AB, d; 


'A M, r; and the unknown Quantities A Por M, x; PM or 12, y. 
G: 


Then becauſe the Triangles 4 DC, PM G, Q MH, are ſimilar 


7 


n be 2 2 e 21 42 
will be= = MG=—, LH= =, HM = — AG = x + — 
G Br AB—AG=d—x——L, DHor 42 + NH- 4 
=7+ -- — 2, And'fince-the Triangles B & M, D HM, areright- 
ang1d, therefore BH or BG + Ol ſhall be = x x + = xy + 
2555 . A 1 
= d d, by ſubſtituting a a for Þ & ce the Value thereof, be- 
cauſe AC D is a right-angl'd. Triangle; and moreover, DM= Jy + 
= xy +xx —24y—2bx.+ aa, Now. by the Nature of the 
wrcle 71 == Ot nn +a) XENEt 
Circle A M (7 7) is == A ( x.x += 45 + _w )+ G N on 
= x.x + - x y + Jy, by putting a a for its.Value h; UA cc. Whence 
If 77 be ſubſtituted for yy + _ x.y + x x in the Values of BM and 


DM, and if (for brevities ſake ) you make r + dd = |, and 


rr aug gg, then will B Mbe = 1 2d — _ 5 and D 4 
2 i Laſtly, ſubſtituting, theſe Values for. B M and DM 
Pp 


in the. Proportion/ mx B M: * M:: MO): M (x), found a- 
bove, and multiplying the Means and Extremes, and then we ſhall 


Pa 3 ab | 5 | 
get this Equation m F — 2d x — — Y = RH) - —2bx i, and 


ſquaring both Sides thereof, and getting out the unknown Quantity y. 


by means of the Equation x x.+ 1 + JJ rr, we ſhall come 


aA 
to an Equation of the ſixth Degree, having but one unknown Quan- 
tity x therein, which being conſtructed according to the Preſcriptions - 
in Book 9. gives us the Value of 4 P(x) being ſuch, that drawing 
P M parallel to A4 R, the Point M wherein that Line meets the Cir- 
cumference of the Circle; ſhallbe that ſought, ks * 
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If you ſuppoſe m — », then it is plain that the Angles NM BF, | 
MD E, ſhall be equal; and fo likewiſe ſhall the Angles 4 B 71, | 
ADM, or AMF, AME; whence it appears that the preceding | 
Problem is only a particular Caſe of this Problem. | 


Second Way. 


Join the two given Points E, F, by a ſtrait Line, and from the Fic. 25 
given Centre A draw the right Lines 4 D, A, the one perpendicu- 
lar, and the other parallel to E F; alfo through the ſought Point M 
( ſuppoſed to be given) draw P © parallel to 4D, and from the Point 
M draw the Radius A N meeting EF in O, and the Lines EM, FM, 
upon which let fall the Perpendiculars O G, O H, and FC, EB, from | 
the Points O, F, E. This being done, the Triangles E OG, E FC, | 
and FEB, FO H, are ſimilar, therefore FO:EF::0G:FC. And 
EF:FO::EB:OH, and conſequently FOxEF:EFx FO, or 
EO:FO::0GxBE:CFxOH, that is, in the Ratio, compounded 
of OG to O H, or of m ton, (ſince M O being the Radius, the right | 
Lines OG, O H, are the right Sines of the Angle EMO, FMO, the | 
Complements of the Angles A ME, A MF, to two right Angles ) | 
and of B E to CF, or of EM to M, becauſe the right angl'd Trian- 
gles BME, CM F, are ſimilar. Therefore EO: FO: : m EM: 
» MF. This being laid down, 

Call the given Quantities AD or PO, a; E D, h; DF, c; AM,r; 
and the unknown Quantities A P, x; PM, y. Now the Triangles 
APM, ADO, are ſimilar, therefore MP (): AP(x):: AD (a): 


ar 


DO =. Ando EO % = , FO ==. But ſince the 


Triangles EMS, FM9, are ſimilar, therefore EM is Wy ED 


(Db 2bx-þ-xx) + N © (aa—2ay+yy) =#+ 2bx—2ay (by writing 
for xx , becauſe 4 PM is a right-angl'd Triangle, and making 


— _ 


aa bb re) and FM = F' © (cc—2cx +xx) + MY (aa—2ay+yy) 
—g—2cx—2ay, by writing r 7 for xx + yy, and making aa+cc+ 
77 gg. Then if the Analytick Values now found be put in the 
precedent Proportion EO: FO: : EM: MF, and afterwards 
the Means and Extremes be multiply'd, we ſhall get this Equation, 
Try r g9—20x—24ay —mcy—max y/ ffdA-2bx—2ay, both Sides of which be- 
ing ſquared, and the unknown Quantity y gotten out by means of this 
Equation xx = ir, and we ſhall get an Equation of the fixth De- 
ree, which being conſtructed, will give us the Value of 4 P(x) be- — 
ing ſuch, that drawing the Perpendicular PM, the ſame ſhall cut the 
Circumference in the ſought Point AM. 


R r 2 M. Deſ- 


> N 
2 
« 4 


| 
| 


Fig 0 260, 


as does eaſily appear by the Proceſs in the ſecond Way of ſolving 


FEI. 261. 


The TE NY EH B o o K. 
M. Deſcartes has refolv'd this Problem much after the ſame manner 
in his 65th Letter, Jom. 3 It was propos d to him by M. Robeyval 


in a manner appearing different from that we have propos'd, but in 
the main it comes to the ſame thing. 


The Third Way. 


With 4 E, AF, as two Diameters, deſcribe two Arcs ART, AST 
in which lay off any two Chords A R, AS, from the Point 4, teing 
always to each other in the given Ratio of m to u, and draw the 
right Lines ER, FS, interſecting one another in the Point M. I ſay 
the Curve AM, being the Locus of all the Points (A) this found, ſhali 
cut the given Circle (wh ofe Centre is 4) in the ſought Point M. 

For if AM be drawn, and the ſame be ſuppos'd to be the Radius, 
then it is plain, that the Chord AR is the right Sine of the Angle 
AME, and the Chord A & the right Line of the Angle 4 MF. 

Here it is proper to obſerve, 1. That this Conſtruction is attended 
with this particular Property, viz. that it ſucceeds when the Point 27. 
is to be found in any Curve at pleaſure, as well as in the Circumfe- 
rence of a Circle; 2. That when two Points of the ſaid Locus are 
found as directed, as near to the given Curve as poſſible, we need but 
draw that Portion of the Locus that joins theſe two Points; which 
makes the Practice of the Conſtruction very eaſy. 3. That the Lo- 
cus of all the Points, as M, thus found, is one of the fourth Degree, 


the Problem, becauſe if 77 be not ſubſtituted for x x + yy in the 
Values. of E M, F MN, then the Equation of the Locus will be 


— 


Lac -& Ta- =mcy—maxy/ b+x +a—y , wherein the un- 
— aide & and y 40 ariſe 4 the fourth Degree, when the 
{fame is freed from Surds. 4. That accord ing to M. Deſcartes, it is a 
Fault in Geometry to uſe a Curve too much compounded in the Solu- 
tion of a Problem; ſo that according to him, the two former Ways of 
ſolving this Problem are to be preſerr'd before the latter, becauſe the 
Problem is determin'd according to thoſe two Ways by two Loci of 
the third Degree; yet, in my Opinion, the Facility and Simplicity of 
a Conſtruction will in ſome meaſure recompence. this Defect, as will 
farther appear in the following Example, | eee 


Er A m f LE NK. : 
440. T8 divide a given Scalene Triangle 4 B C into four equal 
Parts by two right Lines DE, FG, interſecting one another 
at right Angles in the Point F. & Sous 11 


—_— 


Nate. 2 . page 398 
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II Regard be had to the Nature of this Problem, it will appear, 
1. That the two Ends D, F, of the right Lines DE, FG, muſt be both 
neceſſarily in the Side AC of the given Triangle, and the two other 
Extremities E, G, in the two other Sides BC, BA. 2. That the 
two ſought Points D, F, muſt have theſe two Conditions, viz. that the 
Lines DE, FG, which do both of them divide the Triangle 4 BC in- 
to two equal Parts, do cut each other at right Angles in the Point 
H; and that they form the Quadrilateral Figure BG HE, with the 


two other Sides of the given Triangle, being the fourth Part of the- 


Triangle 4 BC. This being ſuppos'd, 

Draw the right Lines GT, I K, EL, perpendicular on the Side AC, 
and call the given Quantities AC, 2a; B K, b; AA, c; KC,d; and 
the unknown Quantities A F, x; CD, y: Becauſe the Triangle AG F, 


or GI A is to be equal to + of the Triangle AB C (ab), there- 
fore GI is = 5 ; and by the ſame Reaſon EL == And the ſi- 
milar Triangles CB X, CEL, and A B K, AG1, do give theſe Pro- 


portions, B K (): EL (=): CR G . And BK (d) : 


GI (=) : AK (6): AI= = And therefore D L or CD - CL 


is = y — = For AF AI — But the right-angrd. 


Triangles DEL, FG, are ſimilar to one another; becauſe each of 
them is ſimilar to the Triangle F D H, which is right-angl'd at H, ac- 


cord ing to the Import of the Problem requiring the two right Lines 
DE, FG, to be at right Angles to each other, Whence EL. 


(=) WY (= J EI ( _ 0 ) ; therefore multiply- 


ing the Means and Extremes, and we ſhall get this-Equation xxyy—acyy: 


—adxx +aacd—aabb, or xX—ac.x yy—ad=aabb, which takes in the firſt 


Condition of the Problem; but now to fulfil the ſecond, viz. which 


requires the Trapezium BG HE to be equal to + of the given Triangle 
ABC. 

From H the Point wherein the two right Lines DE, FG, interſect 
one another, draw the right Lines HA, HC, HB, to the three Angles 
of the given Triangle; then will FD (x-+4y—2a): A F (*):: THD 


ab): ee e | he Ty; 
Ga 3244. I And therefore the Triangle 4 HG or 


EG 4 minus the Triangle FHA is =+ ab e-. Moreover(a) 


AF. 
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) ::40:GB:: 4HG ( 


1 os 4x4-4y—$a 
—_ bnex —5 abx4-20xy——2465 +444 
. HB = 3 Aſter the ſame Way of 


Reaſoning, you will find that the Triangle HEB is = 
byy—yaly 4-2bxy — 2abx 4-4aab . OATS | 
— > Now if the Triangles HGB, HEB, be 


added together, the Quadrilateral Figure HG BE will be formed, 
which muſt be equal to 4 ab the fourth Part of the Triangle A BC: 


Whence we ſhall have this ſecond Equation xx +yy-+ 4xy—B8ax—8ay 
-+ I obaa=0. 


If the unknown Quantity y be gotten out, then we ſhall have an 

\ Equation of the eighth Degree, which takes in all the Conditions of 
the Problem, and has but one unknown Quantity x therein; and fo 
the whole Difficulty is brought to this, viz. to find the Roots of this 
Equation, which may be done by means of two Loci of the third De- 
gree each, according to the Directions in the 417th and 418th Articles. 
But becauſe the Conſtruction of theſe Loci is very long and tedious, 
upon account of the great Number of Terms in their reſpective 
Equations, it will be much more natural to conſtruct the Loci of the 
two Equations before found, though one of them be a Locus of the 

fourth Degree, and conſequently more compound ; for the other being 

but a Locus of the ſecond Degree, will, together with the Facility of 

the Conſtruction, make amends for this Inconveniency. Now the 
Conſtruction of theſe Loci is thus. 

E16. 262, Draw two indefinite right Lines A B, A C, forming the right Angle 
B AC, and produce B A to E, ſo that AE be=,/ ac, and CA to 

F, ſo that A be 2 ad. In AC aſlume the Part AP of any 
Length, and about the Centre E, with the Diſtance A P, deſcribe an 

Arc of a Circle, and take 4 H ſuch that the Rectangle H A AG be 

equal to the given Triangle BAC, and in AB aſſume 49 = FH. 

Again, draw the right Lines PM, QM, parallel to AB, A C, inter- 

ſecting one another in the Point M; and an infinite Number of other 

Points, as M, being found after the ſame manner, draw the Curve 

K ML through them. This being done, in AD the Diagonal of the 

Square A B DC (having the Side 4 C equal to the Side (AC) of the 

given Triangle 4 BC) aſſume 4T=+ A D, and DS; AD, and 

with TS, as a firſt Axis, being to its Parameter as 1 to 3, deſcribe the 
Hyperbola OSR. Now, it from the Point M, wherein the Hyperbo- 

la is ſuppos'd to meet the Curve K ML in the Square 4 B DC, the 
Perpendicular M P be drawn on AC, andif in AC, the Side of the 
Triangle ABC, you take AF=AP, and CD PM; then, I ſay, 

the Points F, D, ſhall be ſuch, that two right Lines FG, DE, being 


drawn 
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drawn, ſo as each of them do divide the Triangle 4 BC into two 
equal Parts (which is eaſy to do); theſe Lines ſhall cut one another at 
right Angles, and divide the Triangle into four equal Parts, 

For if A Pbe called x; and PM, y; then ſince the Triargles 


E AG, F A E, areright-angrd at A, the Square 7G will be = EG 


( ARE (ac), and the Square I H= FHO —AF(ad), 
And becauſe (by Conſtruction) the Rectangle HA. AG is cqual to 


the given Triangle B AC (ab): Therefore HA AG( J5—adx 


xx—ac) =aabb, Whence the Curve KM L fhall be the Locus 
of the firſt Equation found above; and conſequently the Property 
thereof ſhall be ſuch, that if from any Point (M) thereof, taken 
within the Square 4 B DC, there be drawn the Line MP perpendicn- 
lar to AC, and if in AC the Side of the given Triangle A B C, you 
take AF=AP, and CD = PM ; the right Lines FG, DE, each 
of which do divide the Triangle A BC into two equal Parts, ſhall in- 
terſe& one another at right Angles in the Point H. 

Moreover, if from any Point (20 of the Hyperbola O S N, ths 
right Line M be drawn perpendicular to the firſt Axis TS, and it 
PM be produced; meeting the. Diagonal 4 D in the Point X; the 
right-angl'd Iſoſceles Triangles 4 PX, MY X, ſhall give theſe Pro- 
portions, 1: / 2: : AP or P (2) : AX 2, and / 2: :: 


MX (X-): Mor R N and therefore A V or 4 X— XV 


= = But by Conſtruction AD is=2@ ,/2 becauſe A C18 = 24, 


and conſequently TS or DT DSS 4 . Therefore TV or 


4 — AT = I, and JS or y- TS = and 
by the Nature of the Hyperbola TV. SC eee eee ) 


+ MV ( —— :: 1:3, that is, as the firſt Axis T'S to the 
Parameter thereof: Whence by multiplying the Means and Extremes, 


we ſhall get this Equation x-x.+y y + 4xy — ax — 8a y + Ioaa0, 
whoſe Locus ſhall-be the Hyperbola. O SR, being attended with this 
Property, viz. That if from any Point () thereof (taken within 
the Square 4BCD) you draw M P perpendicular to 4'C, and if in 


AC the Side of the given Triangle 4 B C, you take AF= A P, and 


CD — PM ;.the right Lines FG, DE, which do each divide the 
Triangle ABC into two equal Parts, ſhall alſo divide the ſame Tri 
angle into four equal Parts. 25 


2 8 Nov. 
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Now becauſe the Point M is both in the Curve R ML and in 
the Hyperbola O S R; therefore the Points D, F, taken in AC the 


Side of the given Triangle, ſhall have the two Conditions requir'd in 


the Problem. 

If the Curves OS A, KML, ſhould not meet one another within 
the Square AB U C; then we may be {ure that we have made a falſe 
Suppoſition, viz. In conceiving the two Extremities D, F, to meet 
one another in the Side 4 C. Therefore they muſt be ſuppos'd to be 
in one of the other Sides, and the Proceſs begun again, (by reaſoning 
after the ſame manner as before) in order to have a Conſtruction rela- 
ting to this laſt mention'd Side. But it Regard be had to the three 
Remarks following, you will find it eaſy to take that Side of the given 
Triangle, wherein the two Extremities D, F, muſt fall, that ſo you 
may have no need of beginning the Proceſs again. 


The firſt Remark 1s, that CY he = 2 + ad and BR = 


4aa—-ac 
a abb 


Fee ac; which appears to be ſo, by ſubſtituting 4 C (aa) for its 
aab5 


— + ad, and by putting 4B 


XX— 


Value AP (x) in the Equation yy = 


(2a) for its Value 4 © (4) ins x = + @ c. The ſecond Re- 


N | 
mark conſiſts in this, viz. that CRis D Y BO; which will be 
found ſo by firſt ſubſtituting AC (2 a) for its Value A P(x) in the 


other Equation, xx-+yy-+4xy—8ax—B8ay+1oaa=o, whoſe Locus is the 
Hyperbola OSR, and afterwards A B (2 a) for its Value 4 © (Y. The 


third Remark is taken from hence, viz, if AK (c) be ſuppos d leſs than 


CK (4) as it is here, then will BK (eg + a c) be less than 


, a4abb a 1 — 4 2 
AY ( — + ad. Now this being premis'd, if you require B K 


aabb 1 7 | 
(== -+ ac) to be leſs than BO (2 4 49, then by ſubſtituting 


2a —cforits Value d, and duly working ycu will find that ö h cc 
mult be leſs than 4 aa, that is, the Side (4B) of the given I riangle 
AB C muſt be leſs than the Side 4 C; and if you require CL 
aa | | 


de Tad) to be greater than CR (za, then by ſubſtituting 


2a—d for its Value c, and duly working you will find that the Side 
BCCy/bb+cd) mult be greater than the Side 40 (2a). But be- 
cauſe B K is leſs than BO, and CL greater than CR; it is evident, 
that the Curves K ML, O MR, will neceſſarily interſe& each other 


with» 
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within the Square 4B DC. Hence, if all the three Angles of the 
given Triangle 4 B C be acute, and you take for the Side 4C, in 
which the two Points F, D, are ſuppos'd to meet one another, that of 
the three having a mean Bigneſs between the two others, and the 
ſhorteſt Side for 4 B, the Problem ſhall always neceſſarily have a 
Solution; becauſe then the Point K (Fig. 261. ) will always fall be- 
tween the Points A, C; and A K is leſs than AC, as is ſuppoſed in per- 
forming the Calculus upon which all this reaſoning is founded. After 
the ſame manner if the given Triangle be right or obtuſe-angl'd, and 
you take the mean Side for the Side A C, in which the two Extremi- 
ties D, F, muſt fall, the Problem will always have a Solution; ſothat 
this is a general Remark for all Sorts of Triangles. 

It appears in the 262d Figure, that the Hyperbola O S R, and the 
Curve K M L do cut one another not only in the Point M within 
the Square 4 B D C, as the Problem requires ; but moreover, in ano- 
ther Point M without the Square, And by means of this latter 
Point we can ſolve the following Problem, whereof this here is but a 
particular Caſe. 


To find two Points F, D, in the Side 4C of a given Triangle ABC, Pic. 


being ſuch, that drawing the right Lines FG, D E, forming the Tri- 
angles FG A, DEC, with the two other Sides A B, B C, each equal 
to + of the Triangle ABC; the ſaid Lines FG, D E, ſhall interſect 
each other at rig! t Angles in the Point H, and the Quadrilateral Fi- 
gure B G H E equal to 4 Part of the Triangle A BC. 


For when the Point of Interſe&ion (M) does fall within the Square Fc. 
A BDC, it is manifeſt that each of the Lines 4 P. PM, will be leſs 263. 


than the Side 4 C, and ſo the Points F, D, determined by them, ſhall 
both fall between the Points 4, C; and will ſolve the Problem as 
ropoſed at firſt. But when the Point M does fall without the Square, 
cauſe one of the Lines 4 P, PM, is leſs than the Side 4 C, and the 
other greater; therefore one of the Points F, D, does fall in the Side 
AC of the given Triangle, and the other in the ſaid Side continued 
out; and by this means we ſhall get a Solution of the Problem as 
propoſed juſt now. 


EN ANMN FP. A X. 


441. A Conick Section MA M being given, together with a Point 5 

1 without the Plane thereof, for the Vertex of the Cone of 
which it is the Section: It is requir'd to find the Poſition of the Circle 
Ma N which is the Baſe of the Cone, 

This Problem may be diſtinguiſhed into two Caſes, the firſt whereof 
is, when the given Section is a Parabola, and the ſecond, when the 
{ame is an Ellipſis or Hyperbola, | RE ee 
| Caſe 1. 
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Fic. 264. Cuſe 1. The Problem amounts to this, viz. to find the Point A ina 


Parabola, being ſuch, that drawing the Diameter 4 P from that Point, 
together with the Line A $; the Line & D from the Point S parallel to 
AP; anOrdinate PM from any Point P to the Diameter 4 P, in the 

Plane of the Parabola, and a Perpendicular aD to that Ordinate in 
the Plane of the Triangle DS A, meeting the Sides & A, S D, in the 
Points a, D: The Square of PM may be equal to the Rectangle 
a PP D. For if a Circle be deſcribed in the Plane a PM, having 
a D for a Diameter, then it is plain that this Circle ſhall paſs through 


the Point A, becauſe the Angle A4 P M is a, right Angle, and PN 
is SPP D, which is an eſſential Property of the Circle: there- 
fore if the Diameter P A be drawn, and it from D the Extremity of 
the Diameter Da, the Line D S be drawn parallel to PA, meeting 
a 4 drawn from the other Extremity a, through A the Origin of the 
Diameter A P, in the Point S; the Section of the Cone, having S for 
its Vertex, and the Circle. M 4 N for the Baſe, made by the Plane 


o Hrt. 269. A PM, will be * the given Parabola M A N. Now the Point A may 


be determin'd thus. ; 
Call the unknown Parameter of the Diameter AP, v; then by the 


Nature of the Parabola P = A P * v-: But the Problem requires 


that PM be =a Px Þ D. Whence aP»PD=APxv: and fo 
AP :Pa::PD:v, and drawing: A O parallel to D a, then will $ O: 


AO::PD or AO: v, and therefore $O «x v= AO. 

Now to find the analytick Values of thoſe Lines, from the given 
Point S, drawthe Line $ F perpendicular to the Plane of the Parabola, 
and from the Point F wherein it meets this Plane, draw the Line FG 
perpendicular to the Axis B G, and meeting the Diameter 4 P in H. 
From the Point A draw the Ordinate 4 K to the Axis, and the Line 
A © perpendicular to the Tangent 4 L, which meet the Line FT 
drawn through the Point F parallel to the Axis, in the Points E an 

Laſtly, from the Point © raiſe & O perpendicular to the Plane of 

the Parabola, . which will meet & D in the ſame Point O, as the Line 
40 (parallel to A D) meets it in. For the Tangent A being pa- 
rallel to the Ordinate PM which 1s perpendicular to a D, the Angle 
L 4 © ſhall be a right Angle, as well as the Angle L 4 9, and ſo 
the Plane G AO. ſhall be perpendicular to 4 L, and to the Plane of 
the Parabola paſſing through A L; whence the Line QO being per- 
pendicular to this Plane will be in the Plane Q 4 O, and conſequently 
{ſhall' meet the Line $ D in the ſame Point O, as the Plane & 4 © 
does, that is, in the ſame Point as the Line 4 O parallel to aP meets 
it: Here obferve that all theſe. Lines except F&, QO, are in the Plane 
of the Parabola. 'This being premiſed, , | 
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Call the given Quantities S For QO, a; FG or K E, h; GB, c; 
the Parameter of the Axis, p; and the unknown Quantities B K, x-; 


K A or G H, 5. Now becauſe the Triangles A K I. AE9, are ſi- 
milar, ee AA (I) : XT (CY) :: 4E (Uf): EA 


244 p: And ſo ſince the Triangles A E , A Q ©, are right: an- 
27 | 


gd at E and 9, 40 or A E + 2 + 0 — ws + 5 + 
+pp+bb+2by4yzy+aa And the Parameter of the Diame- 


ter A P, viz. vis =*"p +4x =p + W by ſubſtituting 7 for x 3 4+. 17 


7 
| 5 
and SO or F2orGB+EBK+ED =c + ge” +3 p=c+ 
＋ + ot + 2; now if theſe literal Values be ſubſtitnted for the 
Lines they expreſs in the Equation AO SSO, then will = 
b | 5 þ ; 
2+ ipp+bb+ 2by+33+aamcptyyt 3 + pp + 


ay + 7 ＋ 25 y +2 5573 and ſtriking out the ſame Quantities 


5 | 
from both Sides, ſubſtituting p x for y), and afterwards duly ordering 


the Equation, we ſhall get 
: Xx +cxx+73cpx—Hbbp—o 
＋ 27 —7aa | 
— 43 
＋ 57PP 


and the Value of x which may be found * by means of the given Pa- 471. 38. 


3 will give us BK, by which we can find the Point A re- 
ired. 
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Caſe 2. Here the Problem may be expreſſed thus: To find the Point Pic. 265. 


A in the given Hyperbola MAN being ſuch, that if the Diameter 
AB, as alſo the right Lines S Aa, BSb be drawn; and if thro' any Point 
P of the Diameter A B an Ordinate PM in-the Plane of the Hyper- 


bola, and a Perpendicular ab to this Ordinate in the Plane TX the 


Triangle a Sb: The Square PM may be equal to the Rectangle 
1 P Pb. This is proved like as in the Parabola, and we muſt pro- 
ceed thus for finding the Point 4. | 


Let v be the Conjugate Diameter to A B, and in the Plane of the 
Triangle a & draw the Lines a OZ, parallel to ab, A B, meeting 
| 81 2 1 SA 


5 


— 
— — 
- — x . 
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„ TK + AK = yy + 


* Art. $1, 
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$A in 2; then we ſhall have 4P*PB to PII or (becauſe of the Circle) 
to a PP in the Ratio compounded of AP to Pa, or Z O to O A, 
and of PB to Pb, or of BA to AO; that is, as 20 AB to AO. 
But by -the Nature of the Hyperbola A PR PB: PM: : AB ] 


and therefore ZO « A-B 40 AB: evan IM, Whence O Z: 


ZO 
AB, or OS:SB:: AO: vv. | 
Now to find the literal Values of the Ratio of OS to S B, and of 


AO to vv; from the given Point S draw the Line $ F perpendicular 
to the Plane of the Hyperbola's ; and from the Point F, wherein it 
meets this Plane, draw the Line FG perpendicular to the Axis D K, 
which is given both in Poſition and Magnitude, becauſe the Hyperbo- 
la's are given. From the ſought Point A, draw the Ordinate A A to 
the Axis, and the Line A T perpendicular to the Tangent 4 L, meet- 
ing the Line BF in the Points E, Q. Laſtly, Draw BH parallel to 
the Axis meeting G F in X, and TY parallel to B F meeting A E in 
V, and B D, 9R, perpendicular to the Axis; then if © O be rais'd 
perpendicular to the Plane of the Hyperbola, we prove, after the 


ſame way as in the Parabola, that it will meet the Line BS in the 


ſame Point O, as the Line AO parallel to ab meets it in. Here ob- 
ſerve, that all the Lines, except FS, QO, are in the Plane of the Hy- 


perbola's. This being premis'd, let SF be = a, FG =b, CGS c, 


the firſt Axis = 24, the ſecond = 2 f, the unknown Quantities C, 
or CD=x, AK or BDorGXor KH ); then will D Kor BH 


=2x, DG or BX=c+x, GK = = t, TK and AT or 
— 


= e by fubſtity 


— 


— 


ting * = — F for y). But becauſe the Triangles B x F, B HE. 


TKV, are ſimilar, therefore B X (c + x); XF b—y)::BH (2x), 


E (Z) : KT Eis, whe K 4 
5 eee alin bell” „ ALAN * 


But becauſe the Triangles AVT, 4E, and 4 TR, QI R, are ſimi- 


a Arx. Ar- d. 
lar, chereſore 4 VA T. AE: 4 2 ER i. e and 
AT: TX: :@ T: IR. ATN T&, o AQKT+ TR, or = 


Hale 309 page 316. 
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„ / e. 
Thi d 
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bl R or DKL xXRN SF ddxy-- 3 
. ei GR or 4- XR x SF _ ddxy-4-ffry1-bffx— caddy 


daxy 4-ffxy —bffx4-cddy DG daxy4-ffry—bffe4-ddy9 
18 DR or DK-+FRXES —  2adadxy-l-2affxy 


DG Adu T- Lach 


= 20, becauſe DG: 


* 


DR:: BF: BB: : FS: 20, and ſince the Triangle 420 


is right-· angl'd, therefore 40 or 42 + 2 O === 
DLL Moreover, SO : 8 B:: 


ry Lr Teac 5 
F: FB:: G R: G D, and vvu=*4xx+4zy+4f—44d, or 


4 —4dd +=, | 


Now if theſe literal Values be put for the Lines equal to them in 


the Proportion S O: SB: : AO : vv, and the Means and Extremes 
be multiplied, then we ſhall get this Equation ri 


indo" + caddy zag = fo can e , Cel 
x 4 x x + Wy — 4 d dl, in which all the Terms affected with y dd 


go out; and 11 — F be put for y), then will þ b d* x* dd Fx 
DFN —bbd*xx—ccd*xx—bbffd*' xx f di xx + 


A YES AS IIS Dep > 4 | 
C Fd? + CC d* = ddxx--ffxx —d* — adde x ddx+*1- 2 f 17 xXt—4+xx 


— 2difxx—fxx|. Now ut you make (for Brevity's Sake) dd F = 
mm, bb +cc=nn,aa+dd +cc=r r, the Equation may he 
brought to this bb m* x** —mmnnd*xex+cecmmd* = nimmer 


4 
x + x mx and laſtly, making xx = d x, we ſhall have the fol- 
lowing Equation of the third Degree. 
hw | dure 
* os mm wo 
— — m4 
mm 


one of the Roots whereof; viz. that which is greater than d, being 
ſuch that if a mean Proportional be taken between that Root and 4, 
the half of the firſt Axis; this mean Proportional does expreſs the Value 
of CK, by means of which the ſought Point A is determin'd. Note, 
the Roots of this Equation may be found by means of (even) the 

given 


* Art. 125. 


— — = * = 
;T — —— — — ——— — 


Ft c. A. 
Plaie 31. 
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given Hyperbola, according to the 296th, and 399th Articles. 
When CG (c) = o, that is, when the Point F falls in the ſecond 


Axis; then it is plain, that the aboveſaid Equation will become one 


of the ſecond Degree; - becauſe the laſt Term being nothing, the E- 
quation is diviſible by z. But when FG O) So, which happens 


when the Point F does fall in the firſt Axis; then the Term _ in 


N 
the ſaid Equation will be nothing, and the Term bb + cc will become 
cc; and fo the Equation may be divided by z—4, and conſequently 


likewiſe brought down to this of the ſecond Degree zz — 155 x + 
ccd 


o. Laſtly, if in this later Equation you make c== o; which 


Ni 


muſt needs happen, when the Point F falls in the Centre C, becauſe in 
this Caſe the Lines h and c do both become nothing; then we ſhall 


dry . ddr dr 
have z = —, and therefore dz or Xx x is = wad” and x = = 


mn 2 
aa dd 


a. 5 : pun 

3 ne to take notice, that the Problem is reſolved after the 
ſame way in the Ellipſis, only with the Alteration of ſome Signs. 
But the Leun Caſe may be brought always to the firſt, after the fol- 
lowing manner, 

Through any Point (B) of one of the given Hyperbola's draw a 
Tangent BG, and through this Tangent and the Vertex (S) of the 
Cone, let the Plane G BS paſs; and any how draw another Plane 
HK J parallel to this Plane G BS. I fay, that the Section H K L 
of this Plane and the Conick Superficies, which is generated by the 
Motion of an indefinite right Line about the oppoſite Hyperbola MAN 
always paſling :thro* the fixed Point F, is a Parabola; and ſo the whole 
Difficulty is reduced to the firſt Caſe. For ſuppoſing the Circle DHMNL 
to be the Baſe of the Cone, having the Point & for the Vertex, and 
the Hyperbola M A N, with that oppoſite to it, for a Section; it is 
manifeſt, that the Plane G BS*touching the oppoſite Superficies having 
that Circle for a Baſe, in the Side BS D, ſhall form a ſtraight Line 
DE in the Plane of the Baſe, which will touch the Circle in the 
Point D. Now ſince this Line is the Directrix with reſpect to the 
Section HK L, therefore, according to the ſecond Definition of 
Book VI. the ſaid Section is a Parabola. 

This was a very celebrated Problem in the Time of M. Deſcartes. 
A Solution thereof may be found among his Manuſcripts; which So- 
Jution is printed at the End of the 75th Letter of the third Tome. If 
any one has a mind to be at the Trouble of comparing Deſcartes's So- 
Jution with mine, mine will be found much more natural, and leſs 


COmM- 


r 
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complex than his: Neither does he give the Analyſis' of the 
Caſe in which the Section is an Ellipſis or Hyperbola; and he thought 
it enough to aſlure himſelf, that the Equation, including. the Condi- 
tions of the Problem, muſt not exceed the fourth Degree. 


* 


J' gs 
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442. II from B the End of the Diameter A B || of a Circle] there be Fib. 266. 
1 drawn any Chord B D terminating the Arc A D leſs than the Semi- 267, 268. 
circumference ; and if any two contiguous Arcs E F, F G, be taken an 
where at pleaſure, each equal to the Arc AD, and the Chords BE, B F, 
B G, be drawn. I ſay the middle Chord B E, is to the Sum or Difference 
of the two Chords B E, B G, next to it, as the Radius CB is to the Chord 
D: viz. to the Sum when B the common Origin of the Chords B D, B E, 
BF, B G, falls in neither of the Ares E F, F G; and to the Difference 
when the ſame is in one of theſs Arcs. 
For about F as a Centre, with the Radius F B, deſcribe the Arc of 
a Circle cutting the Chord B & produced (if neceſſary ) to H, that 
ſo we may have an Iſoſceles Triangle B FH which ſhall be ſimilar 
to the Iſoſceles Triangle CB; becauſeè the Meaſure: of the Angle 
FB H is half of the FG equal to the Arc A D, the half of which 
is alſo the Meaſure of the Angle CB D. Therefore FB: B H:: CB. 
B D, and ſo it only remains to prove that the Line B H is the Sum of 
the Chords B E, B G, in the former Caſe, and their Difference, in the 
latter. To do this, ä 
Draw the Chords E F, FG, then we ſhall have two ſimilar and Fig. 266. 
equal Triangles B EF, F HG. For in the former Caſe the Angle 
FHB or FH, is equal to FBH=FBE, ſince. the Arcs FG, 
FE; are equal; likewiſe the Angle BE F is equal to the Angle FGH, 
becauſe the Half of the ſame Arc B F is:the Meaſure of them both; 
and therefore the Angle G FH is equal to the Angle EF B. But 
the Sides FE, FO, and FB, FH, are equal to one another. There- 
fore the Side & H ſhall be equal to the Side B E. Whence, &c. F16, 268, 
In the latter Caſe we prove almoſt after the ſame Manner that the 269. 
Triangles F HG, F B E, are ſimilar and equal ; and fo the Line BH 
. is the Difference between the Chords BG, B E. 


LE NM A II. 


443. JF there be a Table of Expreſions wherein the Number 2 being the firft © 
**lerm inthe fi Horizontal Row, and x the ſecond; the 3d Horizontal © 
Row xx—2 is the Product of the ſecond, by x minus the firſt ; the 4th X —3x, 
the Product of the third by x minus the ſecond ; the fifth, x*—4 xx + 2, 
the Product of the fourth by-x minus the third, and ſo on infmitely. More- Fic. 269, 
over, if. there be any Arc A R-of a Circle, divided into any Nun by of 210+ | 
equal 


— _ 
1 I AAA og a. "> N 


Fi d. 


Fics+ 


269. 


270. 


(1) : B D v):BF:BE+ BGS B F, and therefore B G is — 
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equal Parts at pleaſure in the Points D, E, F, G, &c. I ſay, if the firſt Turm 
2 of the Horizontal Row in the Table does expreſs the Diameter B A, and the 


ſecond x, the firſt Chord BD; the third Row x x— 2 ſhall expreſs the Value 


of the ſecond Cherd B E; the fourth Row x — 3 x the Value of the third 
Chord B F, and ſo on to the laſt B R; where it muſt be obſerved that theſe 
Chords do become negative, when they are drawn op the other Side the Point B. 


'H & 3 | A Table for dividing the Arcs of a 
27 1K Circle into equal Parts. 
211K x2 2 | 


5 | IX — 4 x x+2 

6 Ixf — 5 Xx 

7] Ix*—6x*+9xx — 2 

3 | 1x7 —7] x*+14x'— 7x 

0 | 1x *' —B x*-+20 x*— I6xx +2 
10 | 1x? —9x7+27 x*— 30x *+9x I 
11 | 1x'*—lIox*+35 * — 50x ＋ 25zx 2 bes 
12 | 1x '—T1x* +44 x'— /K T 55x*'—11x 

12 IX. -K +54x*—112x*-FIo5x*—36xx+2 

14 | 1Ix\*—13x'*'+65x*—156x" FI82x*—9g1x*+13x 


For (I.) When the Arc AR is leſs than the Semi-circumference 
ADB, if any Chord, as B F, be multiply'd by x, and the Chord 
B E next before it be taken from the Product, the Remainder will be 
the Chord B G next after B F, becauſe by the aforegoing Lemma CB 


— 


xBF— BE. Whence, &c. 
2. When the Arc AR is greater than the Semi-circumference AD; 
then it is plain that B the common Origin of all the Chords will ne- 
ceſſarily fall in one of the equal Parts (as G H) wherein the Arc 
A R is divided: And it may be proved as in ( Cale 1.) that the 
third Row in the Table does expreſs the Value of B E, the fourth the 
Value of B F, and ſoonto B G : But it remains to demonſtrate that 
the Row next after that expreſſing the Chord B G, will not expreſs 
the Value of + BH but — BH; and moreover, that the Row next 
after this laſt does expreſs the Value of — BT, and fo on to — 
B R. 5 
According to the Formation of the Table, the Row next after that 
expreſſing BG isx BG - BF. But by the Lemma CB (1):BD 
(x) :: BG: B F- BH, and therefore — B His X BG - BV; 
that is, — B H is expreſſed by the parallel Row of the Table next 
after that expreſſing the Value of BG. But according to the For- 


mation 
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mation of the ſame Table, the Row next after that expreſſing — BH 
is — Xx BH — BG the Value of BI, becauſe by the Lemma x BH 
= BI—BG: And moreover, the Row next after that expreſſing 
— BT according to the Formation of the Table, is — x BI+ BH 
the Value of the negative Chord — B L, becauſe according to the 
Lemma x BIis=BL+BH. And the ſame may be ſaid of all 
the Chords from BL to BR; and this is what remained to be de- 
monſtrated. 


oF Te IF. v5 uy 0 of 8. 9 


44.4. H ENCE if the Arc 4 R be divided into five equal Parts, Fic. 2695 
the ſixth Row x*— 5 x*+ 5 x ſhall expreſs the Value of the 270. 


Chord B R, ſubtending the Arc B R the Difference between the Arc 
AB and the Semi. circumference A B D; if the Arc A R was divided 
into ſeven equal Parts, the eighth Row would expreſs the Value ot 
B R; and generally the Number of equal Parts muſt be augmented by 
Unity, in order to get that Row of the Table expreſſing B R: Sup- 
poſing the Radius CB I, the firſt Chord B D =x, and that the 

| Chord BR is negative, when the Arc A R is greater than the 
Semi- circumference. 


Cotolttaian It 


44.3. F RO M the Compoſition of the Table, it appears, 1. That the 

Number 2 is the firſt Term of every perpendicular or upright 
Row. 2, That the Coefficients of all the other Terms of the firſt perpen- 
dicular Row are equal to Unity. 3. That the Coefficient of any Term 
of whatſoever perpendicular Row, is always equal to the Coefficient of 
a like Term in the perpendicular Row, to the left thereof plus the 
Coefficient of that Term which is above it: For example, the Coefficient 
14 of the fourth Term 14* of the third perpendicular Row, is equal 
to the Coefficient 5 of the fourth Term 5 of the ſecond Perpendicular 
which is on the left, plus the Coefficient (9) of the Term x x which 
is above the Term 14“. | 


SCHOLINA, 


446. JF you ſhould continue on dividing the Circumference into Parts pc. +70, 


equal to the Arcs A D, D E, &c. beyond the Point R; then 
it is manifeſt that thoſe Horizontal Rows of the 'Table following that 
which does expreſs — BR, would ſtill orderly expreſs all the negative 
Chords that would follow B R, until you got again beyond the Point 
B, when the Chords would again become negative: And ſo on alter- 
nately poſitive and negative, as often as you ſhould paſs the Point B 
ad infinitum. 


7 | Ex a M- 
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447. 1 O cut a given circular Arc A R into any Number of equal 
Parts AD, DE, EF, FG, %c. 

Fre. 269, Draw the Diameter 4 B, and the Chord B R, and call the given 

270. Radius CA or CB, 1; and the given Chord B R, a; then form an 
equality between that Horizontal Row in the Table exceeding the 
Number of equal Parts the Arc is to be divided into by Unity, and 
+a; a being affirmative when the Arc A R is leſs than the Semi-cir- 
cumference, and negative when the ſame is greater. Now it is ma- 
nifeſt by the 443d Article, that the Root x of this Equation will give 
us the Value of B D being ſuch, that a Circle deſcribed about B, as 
a Centre, with the Diſtance B D, ſhall cut off 4 D from the given 
Arc AR the firſt of the equal Parts ſought. 

For Example, if the given Arc 4 R is to be divided into three e- 
qual Parts; then will z*—3 x T a, and one of the Roots (B D) 
of this Equation ſhall terminate the firſt of the three equal Parts re- 
quir'd, If the Arc 4R is to be divided into five equal Parts, then 
will x*—5z* + 5x = Ta; in like manner if that Arc be to be divi- 
ded into ſeven equal Parts, then will & — 7x* + 14x*—7 x=Þ a: 80 
that all the Difficulty conſiſts in finding the Roots of the Equations, 
Which may be done as is directed in the laſt Book. Therefore, &c. 

Here obſerve that the ſaid Equations are the moſt ſimple poſſible, 
when the Number of equal Parts is a prime Number. But when it is 
compounded of two or more prime Numbers, the given Arc muſt be 
firſt divided into theſame Number of equal Parts as one of theſe Num- 
bers contains Unities, and then the firit of theſe Parts into the ſame 
Number of equal Parts as ane of the remaining Numbers contains Uni- 
ties, and ſo on until all the prime Numbers are exhauſted, whoſe Product 
forms the given Number, and this gives us the firſt of the equal Parts 
fought : For Example, If the Arc A R is to be divided into 30 equal 
Parts, you muſt firſt divide the ſame into five equal Parts, and then 
the firſt of theſe five Parts into three; and finally, the firſt of theſe 
laſt Arcs into two Parts, that ſo we may get the thirtieth Part re- 
quired, for 30K 312. 


— 


SCHOLIUM I. 


Fic. 270, 448. 9 & WO given Points 4, R, in the Circumference of a Circle 
271, 272, do not only determine two Arcs thereof, as AR, AB R, 
e. the one leſs, and the other greater than the Semi circumference: But 
likewiſe an infinite Number of Portions, ſome whereof are the whole 
Circumference plus the Arc A R, twice the Circumference plus the 
Arc A R, three times the Circumference plus the Arc A R, &c. and 


others 
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others the whole Circumference plus the Arc ABR, twice the Circum- 
ference plus the Arc A BR, three times the Circumference plus the Arc 
ABR, &c, The Reaſon of which is, becauſe the Circumference of 
a Circle does return into it ſelf, therefore it may be confider'd as a 
Curve making an Infinity of Revolutions about it ſelf; therefore if 
the Arc AR be called d, the whole Circumference c, the Arc 4 B R 
{hall be cd, and we ſhall have the two following Series: 

r. d. c & d, 2c+4, 30 +d, 4c+4d, 5c +d, 6c 4 d, 76 +d, 

Bc -+d, &c, 

2. c—d, 2c—d, 2c—d, 4c—d, 56d, 6 cd, Tc—d, 8c—d, &c. 
orderly expreſſing all the Portions of the Circumference terminated 
by the two Points A, R. This being premis'd, 

If the Arc AD be any aliquot Part cf the Arc A R, which is leſs 
than the Semi- circumference; and a Polygon DEFG{H, &c. (begin- 
ning at the Point D) being inſcribed in the Circle, having the ſame 
Number of Sides as the Number of Times the Arc AR contains the 
Arc AD, and if from B, the End of the Diameter A B, you draw 
the Chords BD, BF, BG, BH, &c. to the Angles of the Polygon : 
I ſay, theſe Chords do determine like aliquot Parts of all the Terms 
of the two Series, whereof the fix d Origin is always at the Point A. 


For Example: Let A D d; then it is evident, that the Arc Pio. 251. 
ADE is = =O, the Arc ADEF=E, the Arc ADE F'G = 


334 the Arc ADEFGH==, which are the fifth Parts, or 


5 5 
the like aliquot Parts of the five firſt Terms of the firſt Series. And 
if any other Term thereof be divided by 5, then it is evident, that the 
Quotient will contain exactly the whole Circumference ſome Number 
of times plus one of the precedent five Fractions. Whence ſince the 
Chord terminating an Arc, whoſe Origin is in A, is the ſame as the 
Chord that terminates that Arc plus the Circumference taken any 
Number of times at pleaſure z therefore the Chords B D, BE, BF, 
BG, BH, do determine fifth Parts of all the Terms of the firſt Series. 
After the ſame manner we prove, that the Arcs AH, 4 HG, AHGEF, 
AHGFE, 4HG FED, are fifth Parts of the five firſt Terms of 
the ſecond Series, and ſo the Chords BH, BG, BF, BE, BD, do ter- 
minate fifth Parts of all the Terms cf the ſecond Series. But it is 
lain, that this Demonſtration may be apply'd to any other aliquot 
art whatſoever of the Arc 4 R. Whence, c. 
; Hence, if the two Lr Series be brought to one only, viz. pie. 273, 
: d, c+4, 2c d, 3c4+d, &c, the two Chords next on each Side the great- 274. 


eſt (BD) bounding the Arc A D, an aliquot Part of the Arc 4 R leſs 
than the Semi- circumference, _ bound Arcs being like aliquot * 
5 t 2 CE > . 0 


324 


Fic. 273) 


274. 
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of the ſecond Term (cd) of the Series; the two Chords immediately 
next to theſe here ſhall determine like aliquot Parts of the third Term 
2c d of the Series; and ſo on by two's to the two laſt, when the ali- 
quot Part is odd, and to the laſt when it is even. So when the Arc 
AD == Ak; the Chords BE, BH, do bound the two Arcs ADE, AH, 
being both fifth's Parts of the ſecond Term (c + d) of the Series, that 
is, O the Circumference plus the Arc AR, and of the Circumference 
leſs that Arc; the Chords B F, BG, immediately next to theſe, do 
bound the Arcs A DEF, AH, each being fifth Parts of the third 
Term (2c) of the Series. Moreover, when the Arc AD is =+ 
AR ; then the Chords B E, B K, immediately on each Side the longeſk 
Chord B D, do bound the Arcs ADE, A K, being each one ſixth Part 
of the ſecond Term c T d; the Chords BF, BH, immediately next to 
theſe here, do bound the Arcs 4 DE, AK E, each being one ſixth 
Part of the third Term 2c d; and BG the laſt Chord of all does 
bound the Arcs 4ADEFG, AKH, each being one ſixth Part © 
the fourth Term 3 c 4+. d. | 

In the following Scholiums, by odd Chords, we underſtand thoſe (ta- 
ken on both Sides the firſt or longeſt one B D) whoſe Number, toge- 
ther with. the ſaid longeſt Chord, is odd; and by even Chords, thoſe 
whoſe Number, together with that, is even. So when the Arc A D is 
—+ AR, the Chords BD, B F, BG, are odd Chords, and the Chords 
BE, BH, even ones: In like manner, when the Arc AD is AR; 
then the Chords B D, B F, BH, are odd Chords, and the Chords BE, 
B A, BG, even ones. 


S:CROETUNSE 


449. IF the Arc A D be any aliquot Part of the Arc AR leſs than the 

Semi-circumference ARB; and if a Polygon D EFG H, &c. 
be inſcrib'd-in the Circle, being at the Point D, having its Number of 
Sides equal to the Number of times the Arc A D is contain'd in A R, 
and if from B the Extremity of the Diameter 4 B, you draw the 
Chords B D, PE, BF, BG, BH, &c. I ſay, the odd Chords, when 
the Arc AD is an odd aliquot Part of the Arc A R, and their Squares, 
when it is an even aliquot Part, does expreſs the affirmative Roots of 
an Equation form'd by making an Equality. between the poſitive 
Magnitude + a, and that parallel or horizontal Row of Expreſſions 
in the Table, whoſe Exponent is greater by an Unit than the Num- 
ber of the Sides of the Polygon; and the even Chords in the former 
Caſe, and their Squares in the latter, do expreſs the affirmative Roots 
of the other Equation form'd by making an 55 pag between the ne- 
gative Maguitude — a, and the ſame parallel or horizontal Row. of 
Expreſſions in the Table. 4; 


For 


Of Determinate P R O LE MS. 


For Example: Let the Arc 4D be =+ AR; I fay, the odd Fic. 251, 
Chords B D, BF, BG, are the affirmative Roots of this Equation x*— 273. 
5x* +5 x==a, and the even Chords BE, BH, are the affirmative Fig. 272, 
Roots of this other Equation x* —5 x* +5 x =— a. If the Arc 274. 


AD be =» AR; then the Squares of the odd Chords BD, B F, BH, 
ſhall be the affirmative Roots of this Equation & —6 X + 9 x x— 2 
Da, and the Squares of the even Chords BE, E K, B G, ſhall- be the 
Roots of this other Equaticn x* — 6 x* +9 xx — 2 = — a, | 


For if it be propos d to divide the whole Circumference repeated 
ſome Number of times plus or minus the Arc A R, into equal Parts, 
ſo that the firſt may be leſs than the Semi- circumference; then, by 
the 444th Article it is plain, that the ſame Table muſt be form'd, as. 
was for the Diviſion of the Arc AR; but here the Chords mult ne- 
ceſſarily change their Signs once (before the laſt B R be had) when 


the Circumference is but once repeated, becauſe B the common Ori 


gin of them all does fall in one of the equal Parts; twice, when the 


Circumference is repeated twice, becauſe the Origin B will neceſlarily 
de found in two of the equal Parts; three times, when the Circumfe- 
rence is repeated thrice, becauſe the Origin B is found in three equal 
Parts, and ſo on. Therefore the Chord BR will be poſitive, when 


the Arc AR, and the Circumference repeated ſome even Number of 


times plus or leſs the Arc A R, is to be divided into equal Parts; and 
negative, when the Circumference is repeated an odd Number of times; 
that is, in the former Caſe, the parallel Row of the Table muſt be 
made equal to +a; and conſequently the odd Chords, or their Squares, 


ſhall be the affirmative Roots of the other Equation, whereof one of 


the Members is — a. . D. 


SCHOL I UM III. | 


450. T H E fame Things being premis'd, if the Arc 4 D be an odd Fic. 277. 
| aliquot Part of the Arc AR; then by the bare Inſpection of 273. 


the Table it appears, that all the even Terms, that 1s, the ſecond, 
fourth, ſixth, &c. except the laſt Term a, are always wanting in the 
two Equations found according to the preceding Scholzum. But it is 
ſhewn in Algebra, that if the Signs of the even Terms of an Equa- 
tion be chang'd, all that is done by this, is only changing the affirma- 
tive Roots into negative ones, and the negative ones into affirmative 


ones. Whence the even Chords being the-affirmative Roots of the E- 
ation, having — a for one Side thereof, will become the negative 


oots of the other Equation, having + a for one Side of it. For Ex- 


ample; if the Arc AD be =3 AR; then the odd Chords B D, BF, 


BG, ſhall be the affirmative Roots of the Equation x - X 5 x=a, 
and the even Chords B E, B E, the negative Roots thereof. 


F * 
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From theſe two latter Scholiums may be gotten ſeveral new Theo. 
rems touching the Inſcription of regular Polygons; in obſerving that 
the known Magnitude of the ſecond Term of an Equation is equal to 
the Sum of its Roots ; that of the third Term, equal to the Sum of the 
alternate Products of the Roots, that of the fourth Term equal to the 
Sum of the alternate Solids, &c. and the laſt Term is equal to the Pro- 
duct of all the Roots into one another. Four of the Principal of 


which I ſhall lay down, after having firft premiſed the following 
Scholium, which perhaps may be of ule. 


SCHOL-L1UM IV, 


A51. 4 © H E fame things being laid down as in the preceeding Schol- 

lium, wherein we ſuppoſe that the aliquot Arc (AD) of 
the Arc A R is odd; I ſay, that among the Chords contain'd in the 
Semi-circumference 4 R B, whereof the Arc A R 1s a part, the laſt 
or ſhorteſt B F ſubtendsan Arc B F, being to the Arc BK, in the Ra- 
tio of the Arc AD to the Arc A R. | 

For let the Arc 4 D be a fifth Part of the Arc 4 R, and fo the 
Arc D E the fifth Part of the Circumference ; then it is plain that the 
Semi-circumterence 4RB ſhall contain the Arc D E twice and an half, 
that is, twice the Arc DE, or elſe the Arc DE Fplus the fifth Part of 
the Semi-circumference, Therefore the Arc A D plus the Arc B F, is 
equal to the fifth Part of the Semi-circumference 4 RB. And fo be- 
cauſe AD is the fifth Part of the Arc A R, the Arc B F ſhall be alſo 
the fifth Part of the Arc B R, which is the Complement of the Arc 
AR to two right Angles. But what we have demonſtrated here, is 
of the ſame Importance, whether the Arc 4 D be a fifth Part of the 
Arc AR, or any other odd aliquot Part. Therefore, &c. 

Hence if the Chord BR of any Arc B R leſs than the Semi-circum- 
ference be called b, and the Radius 1; and it an Equation be form'd 
one Side of which is b, and the other that horizontal Row of Expreſſi- 
ons in the Table greater by an Unit than the Number of equal Parts 
the Arc BR muſt be divided into ; one of the Roots of this Equati- 
on will be (B F) the Chord of the firſt of its Parts, and conſequently 
the Chord (B G) of the firſt of a like Number of equal Parts of the 
Arc B A R, being the Complement of B R to four right Angles, will 
be another of its Roots, | 

TrzoRe® m I. 
452. FF any regular Polygon DE F G H, &c. of an odd Number of 
Sides, be inſcribed in a Circle; and from any Point B in the Cir- 
cumference be drawn the Chords B D, BE, B F, BG, B H, Sc. to all 
the Angles of the Polygon: I ſay, - 

1. The Sum of the odd Chords B D, B F, B G, c. beginning at the finſt 

and largeſt B D, ſhall always be equal to the Sum of the even Chords 5 5 , 
| 2 1 


Of Determmate PROBLEM Ss. 
B H, &c. that it, the ſhorteſt Chord B F-BE + BD —BH + DG 
SS. 0, | 

For draw the Diameter B A, and take the Arc A R containing the 

Arc A D the ſame Number of times as the Polygon has Sides ; then it 
is evident, as we have ſhewn already, if the Chord B R be call'd a; 
and the Radius CA or CB, 1; that the odd Chords B D, B F, BG, 
&c. ſhall be the affirmative Roots, and the even Chords B E, B , 
&c. the negative Roots of the Equation, whereof one Side is + a. 
And ſince the ſecond Term, which is equal to the Sum of the Roots, 
as is prov'd in Algebra, is always wanting in that Equation; there- 
fore, &c. 
2. If the Diameter B Abe drawn, and the Arc A R be taken, contaĩ- 
ning the Arc A D the ſame Number of times as the Polygon has Sides, and 
the Chord BR be drawn : The Product BDxBExBF x BG « BH, 
&c. of all the Chords B D, BE, BF, BG, BH, Sc. into one another, 
ſhall always be equal to the Product of the Chord B R into the Radius C A, 
raiſed to a Power leſs by Unity than the Number of Chords. 

For this laſt Product is equal to the Member a; ſince B R = a, and 
the Radius CA is taken for Unity in the Table. And becaule the 
Term a is always the laſt Term of the Equation, whoſe Roots are the 
Chords BD, BE, BF, BG, B H. &c. and the laſt Term of an E- 


quation, as is proved in Algebra, is always equal to the Product of all 
its Roots ; therefore, &c. 


LI NEO RB NM II. 


452, I F any Semi-circumference A E B be divided into an odd Number of Fic 273+ 
eq 


nal Parts, whereof the two firſt is the Arc AE, the four fir}, 

the Arc A E F, and ſo on by Pairs to the laſt ; and if the Chords B E, 
BF, &c. be drawn: I ſay, 

1. That BE the fr ft of thoſe Chords, minus the ſecond B F, plus the 


third, minus the fourth, and ſo on to the laſt incluſively, ts always equal to 
the Radius. 


2. That the Product | BExBF, Ec. | of all the Chords into one ono- 
ther, is equal to an anſwerable Power of the Radius. So in this Example 
wherein the Number of Diutfions is 5, and conſequently there are but two 
Chords BE, BF, we ſhall have I. BE - BF = C A. 2. BE «= B F= 
CG A. 

For in the whole Circle inſcribe the regular Polygon EF G H, ha- 
ving the ſame Number of Sides as there are Diviſions, beginging 
from the Point A; and from the other End (B) of the Diameter 4 B 
draw the Chords BD, BE, BH, B E, BG, &c. to all the Angles of 
the Polygons ; and then it is manifeſt, 1. That B D the largeſt of 
theſe Chords is equal to the Diameter B A, and ſo the Arc A D being 


 & 
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Sa, the Arc AR ſhall be ſo alſo, and conſequently the Chord B R 
ſhall likewiſe be equal to the Diameter B 4. 2, That the Chords 
BE, BH; BF, BG, &c. being taken by- Pairs, are equal to one 
another. And this being premis'd, if the aforegoing Theorem be ap- 
ply'd to this particular Caſe, you will perceive this Theorem to ariſe 
12 it. Whence, Cc. | 


THEOREM III. 
1 . TF any regular Polygon DEF GH K, &c. be inſcrib'd ina Circle, o 
aan 920 1 an ee of Sides; and if from any Point B in the 8 
ference, there be drawn the Chords BD, BE, BF, BG, BH, BK, &c. 
to all the Angles of the Polygon. I ſay, h 
2. The Sum of the Squares of the odd Chords BD, BF, BH, or elſe 
of the even Chords BE, BG, BK, is equal to the Square of the Radius 
CB, taken the ſame Number of times as the Polygon has Sides. 
Draw the Diameter B A, and take the Arc AR containing the 
Arc AD the ſame Number of times as the Polygon has Sides; then if 
the Chord BR be called a, and the Radius CA or CB, 1; the Squares 
Ant. 449. of the odd Chords B D, B F, B H, &c. ſhall * be the affirmative Rocts 
of the Equation having one Side equal to -+ a; and the Squares of the 
even Chords BE, B K, BG, &c. the affirmative Roots of the other 
Equation having one Side equal to — a. But the Coefficient of the ſe- 
cond Term of both the aforeſaid Equations being equal to the Sum of 
their Roots, is always equal to the Square of the Radius taken the 
ſame Number cf times as the Polygon has Sides, as appears in the 
Table. Therefore, Cc. | | | 
2. If the Diameter B A be drawn, and the Arc AR taken as many 
times containing the Arc AD as the Polygon has Sides, and the Chord BR 


— V 


ve drawn ; the Product 235 x BF « BH &c. ] of all the Squares of the 
odd Chords, is equal to the Product of BA BR into an anſwerable Power 
of the Radius, viz. BA + BR, when the Number of the Sides of the Po- 
gon is barely even, and BA — BR when it is evenly even, that is, divi- 


ſible by 4; and the Product BE «x BG « BK, &c. of the even Chords, is 
equal to the Product of BA + BR into the ſame Power of the Radius, viz. 
BA - BR in the former, and BA B R in the latter ( aſe | 

For call B R, a; and the Radius CA, 1; then it is plain, that the 
Squares of the odd Chords BD, BF, BH, &c, are the Roots of an 
Equation, whoſe laſt Term will always be 2 Þ a, that is, BAL ER; 
and that the Squares of the even Chords BE, BG, B A, &c. are the 
Roots of an Equation, whoſe laſt Term will be always 2 + a, that is, 
BAA BR. And becauſe the laſt Term of an Equation is equal al- 
ways to the Product of all its Roots, therefore, &c, 


CoRoL- 
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C. Goc LARRY; 


455. HEN CE it 1s evident, 1. That the Sum of the Squares of all 

the Chords, as well even as odd, 1s equal to the Square of the 
Radius drawn into double the Number of Sides of the Polygon, that 
is, BF +BE+ BD + BK + BH + BG=12CA. 2. That 
the Difference between the Squares of the even Chords and the odd 


ones, 1s always equal to nothing ; that 1s, FF BE + BD — Y 
+ BH BG =o. 3. That the Product of the Squares of the odd 
Chords plus the Product of the Squares of the even Chords, is equal 
to the Quadruple of an anſwerable Power of the Radius, that is, 


FF. IP. BH+ BE. BX. BG=aCA. 4. That the Diffe- 
rence between the two Products, is equal to the Double of the Chord 
BR multiply'd by an anſwerable Power of the Radius; taking notice 
at the ſame time, that the Product of the Squares of the odd Chords 
1s greater than that of the Squares of the even Chords, when the 
Number of the Sides of the Polygon is barely even, and leſs when 


the Number is evenly even; that is, BF «x BD « BH —DE « BR 
BG =2BRx*xCA. 5. That the Product of the Squares of all 
the Chords, both even and odd, ſhall be always equal to the Product 


of BA—BR=EBATBR=aBAL4BR=AR, (becauſe ARB 
is a right Angle) by an anſwerable Power of the Radius; that is, by 
extracting the ſquare Root of both Sides, the Product of all the Chords 
is equal to the Product of the Chord AR by a Power of the Radius 
leſs by Unity than the Number of Chords; that is, B F., BE BD 


„BRK BH. BG AR CA. 


TRE OR E M IV. 


456. IF the Semi- circumference ADB be divided into any even Number of Fic. 255. 
equal Parts, the firſt whereof let be the Arc AD; the firſt three, the 

Arc ADE; the firſt five, the ADE FE, and ſo on by two's to the laſt; and 

if the Chords BD, BE, BF, &c. be drawn; I ſay, 

I. The Sum of the Squares of theſe Chords 1s equal to the Square of the 

Radius taken as many times as there are Diviſions in the Semi- circumfefence; 


that is, the Number of Diviſions being here 6, BD + BE + BF will 
be = 6 * | | 

2. That the Product of the Squares of the Chords by one another, is equal 
to twice an anſwerable Power of the Radius. So BD « BE x BF =2CA*. 


And conſequently BD. BE x BF = CA“. | 
| Uu For 
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For if a regular Polygon DEFG HA be inſcrib'd in the whole 
Circle of the ſame Number of Sides as there are Diviſions, beginning 
at D; and if Chords, as BD, BK, BE, B H, B F, BG, &c. be drawn 
from the Extremity (B) of the Diameter AB, to all the Angles of 
the Polygon; then it is plain, that the Chords BD, B K, B E, B E, 
BF, BG, &c. being taken two and two, are equal, and therefore if 
the firſt and third Numbers of the laſt Corollary be apply'd to this 
particular Caſe, you will perceive this Theorem to ariſe from it, 


EN AMPLE XI. 


457. & Ah inſcribe any regular Polygon in a given Circle, that ſhall 
have any given Number of Sides. 

Fic, 275. This Problem is only a articular Caſe of the laſt Example; for if 
the Chord BR be ſuppos d to become nothing, the Arc A R termina- 
ting it, will become the Semi-circumference. But if it be propos'd to 
divide the whole Circumference into any Number of equal Parts ; if 
the Semi-circumference be divided into the fame Number of Parts, 

and the ſecond Chord be taken, it is plain, that this will terminate 

Fic. 276. the firſt of the Parts requir d. For Example: If the Semi-circumfe- 
rence ADB be divided into the ſeven equal Parts 4D, D E, EF, FG, 
GH, HI, IB; the ſecond Chord B E ſhall terminate the Arc AE, 
being the ſeventh Part of the whole Circumference. Therefore if 
that horizontal Row of the Table exceeding the Number of Sides of the 

Polygon by Unity be made equal to o, we ſhall by this means form 
an ation, whoſe greater Root x ſhall expreſs the Value of the 
Chord: ED terminating the Arc A D, being the half of 4 E which 

47.442. is fought. But * C (1 :BD(s):: BD (x): BE+ B A, and con- 
ſequently if the ſecond Chord B E be called z, x x will be = z + 2. 
Whence, if by means of this Equation 1 get out the unknown Quan- 
tity x from the former one, we ſhall have a new Equation, whoſe 
greateſt Root x ſhall: expreſs the Chord B E, bounding the ſought 

Arc AE. So in our Example, the eighth horizontal Row in the Table 
being made equal to o, and divided by x, will be this, x* — 7 x* + 
I4xx— 7 =0, wherein ſubſtituting z + 2 for x x, and that Equa- 
tion will be changed iuto this z? —z z — 2z + 1 =o, whoſe greateſt 

Root z does expreſs the Value of the Chord BE terminating the Arc 

AE, being the ſeventh Part of the whole Circumference. 

| We ſhall now ſhew a general Way -of preſently finding all theſe 

Equations, when the Number of the Sides of the Polygon is odd, 

which is the only Caſe neceſlary ; becauſe when even, it can always, 

by dividing by 2, be reduced to an odd Number; in which having 
divided the Circle by the Biſection of one of theſe equal Parts, re- 

peated as often as is neceſſary, we ſhall have the Arc requir d. 


j 


8 
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Make a Table, wherein the firſt horizontal Row being 1, 
and the ſecond xz — 1; let the third z 2 — z — 1 be equal 
to the Product of the ſecond by » leſs the firſt; the fourth 
2 —zz—2z + 1, equal to the Product of the third by x, leſs the 
ſecond, and ſo on. Then form an Equation, one Side of which being 
nothing, let the other be that horizontal Rew of Quantities in the 
Table, whoſe Exponent 1s half the Number of Sides cf the Polygon 
plus 1: I ſay, the greateſt Root z of this Equation ſhall termi- 
nate an Arc, whoſe Chord ſhall be. the Side ſought of the Polygon. 


I A Table for the Inſcription of 
x1 —1 regular Polygons in a Circle. 
ZL—% —1 

X —z2z—2% +I 

Ying? —=3z2+2% +1 

Lenght az 4322432 —I 

I —2 —5z2*-+4z) +622 —32 —1 

z - —b2* ＋ 52 +102? —6zz —dg +1 
tn? = 4+ 62* +152*—Toz? — IOX T42X +1 

X —Xx —82 +725 + 212 — 152 — 20K + 10 zT ＋512—1 


— - 
. 


Ars 
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For Example, It is requir'd to inſcribe an Heptagon in a Circle, 
Take the 4th Horizontal Row of Quantities in the Table, becauſe four 
is greater than half ſeven by 1, and making it equal to nothing, we 
havez*—zz— 2z +1 =o, and the greateſt Root z of this Equation 
ſhall expreſs the Value of the Chord B E, terminating the Arc AE 
the ſeventh Part of the whole Circumference, which may be proved thus. 
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Let AR be an Arc of a Circle leſs than the Semi- circumference di- Fic. 275: 


vided into any odd Number of equal Parts in the Points D, E, F, G, 
&c. and from B the Extremity of the Diameter B A, draw the Chords 
B D, BE, B F, BG, &c. Moreover, take the Arc A & equal to the 
Arc A D, draw the Chord B &, and call the firſt Chord B D, or B , 
x; and the ſecond B E, x. Then by the Lemma, CB (1):B E (z): ; 
BD (x): BF+BS. And conſequently BF=z2—x. Moreover, CB (I): 
BE(s) :: BF: BD + BH, And conſequently BH=zBF—BD : In like 
manner CB (1): BE (z)::BH:BF+BR, and therefore BR = 
x BH—BF : That is, the fifth Chord B H is equal to the Product of 
the third BF by x minus the firſt B D; the ſeventh B R is equal to 
the Product of the fifth B Hby z minus the third B F, and fo on. 
Whence it appears, that if a Table be made wherein the firſt Hori- 
zontal Row | of Quantities] is x, and the ſecond zz —x; the third, is 
xxx xx equal to the Product of the ſecond by z minus the firſt; 
the fourth xx — x z z —2 x l equal to the Product of the third by 2 
minus the ſecond, and ſo on: Then ſhall the Rows of Quantities of 


Uu 2 this 
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this Table orderly expreſs all the odd Chords B D, BF, BH, BR, of 
the Arc 4 R. But the ſaid Rows of Quantities being the ſame as in 
the aforegoing Table, each multiply'd by x; therefore ſuppoſing the 
laſt Chord B R to become equal to nothing, ( which happens when the 
Arc AR becomes the Semi-circumference) and proceeding as we have 
directed, we ſhall get an Equation whoſe unknown Quantity x ſhall 
expreſs the ſecond Chord B E terminating the Arc AE, which is con- 
tain'd the ſame Number of times in the whole Circumference) as the 
Arc AD being the half thereof, is contain'd in the Semi-circumfe- 
rence. 

Here we muſt obſerve, 1. That the Equations found after this man- 
ner are the moſt ſimple poſſible, when the Number of the Sides of the 
Polygon 1s a prime Number. But when it is a Number compoſed of 
two or more prime Numbers, then the whole Circumference muſt be 
firſt divided 1nto the ſame Number of equal Parts as the greater of 
thoſe Numbers contains Units; and then again, one of theſe laſt 
Parts into the ſame Number of equal Parts as one of the remaining. 
Numbers contains of Unites, and continue fo doing, until all the 

rime Numbers which do compoſe the given Number be exhauſted. 2. 
That among the Chords drawn from the Point B, which are contain'd 
in the Sem1-circumference A EB; the odd ones reckoning the longeſt 
BE the firſt, are the affirmative, and the evenones the negative Roots 
of the Equation found by this Method: So the Chords BE, BI, are 
the two affirmative Roots of the Equation z*—zz—22+1==o0, and the 
Chord B G is the negative Root thereof. 3. That among the Roots of 
theſe kind of Equations, the ſmalleſt is the Chord of an Arc, being 
the: of that ſought : That is, in this Example, the ſmalleſt Root 
BI, of the Equation 2*—22—2g +1=0, is the Chord of an Arc B I, 
being the 14th Part of the Circumference. | 


„ LEE. ins | 

458.1 N this Table it appears plain that the Coefficient of all the 

Terms of the firſt and fecond perpendicular Rois is Unity; 
the Coefficients of the third and fourth Rows, are the natural Numbers 
1 3, 41% oc. ven form'd by the continual. Addition of an 
Unit ; the Coefficients of the fifth and ſix Rows, the Triangular Num- 
bers 1, 3, 6, 10, Cc. form'd by the continual Addition of the natu- 
ral Numbers; the Coefficients of the ſeventh and eighth Rows, the 
pyramidal Numbers 1, 4, 10, &c. which are form'd by the continual 
Addition of Triangular Numbers; and ſo on, ad i»finitam, the Coeftt- 
cients of oy Perpendicular Row being always formed by the continual 
Additicn o thoſe of the Row immediately before that. 
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LEMMA& I 


459. 1 F AD. E E, be two equal Arcs of the Semi-circle A E B, one of Fig. 277. 
them, as A D being taken from A, the end of the Diameter AB, 
and the other any where at pleaſure ; and if the Chords B D, B E, B E, 
and AD, AE, AF, bedrawn: I ſay, 1. AB. B FSB DB E — 
AD AE 2. AB*>AF=BD=uAE+ AD=#BE. 
For the three right-angFd Triangles A D G (the Point G being, 
here the Inter ſection of the Chords BD, AF) AE B, B FG, are 
ſimilar to each other, becauſe the Angle 4G Dor BG F, having. 
half of the two Arcs B F, A D, for the Meaſure thereof, is equal to 
the Angle B AE, having likewiſe the half of the two Arcs B F, FE, il 
or AD, for the Meafure thereof. Whence if the Diameter A B be | 
called 1 5 the Chords B D, x3; A D, 53 B E, 9 3 AE, S 3 then will 


BEwW:EA(z)::A4D (y):D G= 2 ; and therefore B G cs 


BD—DG =x— =. 2. And AB (1) B EHB ==): 


B Fg. x — yz, that is (becauſe 4 B= I) AB BFS Y BD 
BE -A D- AE. Which was in the firſt. place to be demon- { 
ſtrated. | \ 

Now BE (v):BA(1)::AD(y) :4G=—=. And A B(1): | 


* 


AE (2) ::BG E — 2) & F 22; and therefore 4 G 
VU U. 


4 GFor AF= x 2— * ſo x ZA vy, becaufe the Triangle '1 


AE being right-angl'd; 1 — 2 z=vv; that is, A B AF 
BD AETADx BE. Which was what remained to be de- 
monſtrated. © | 
LE MM A II. 

460. I E T there be form'd a Table, the firſt Horizontal Row whereo 

conſiſting of two Parts x and Y ; let. all the others be ſo Reel 
according to this Law, viz. That the firfl Part of any Horizontal Row be 
form'd by multiplying the firſt Part of that Horizontal Row immediately, 
before it by x. minus the ſecond Part of the ſame maltiply'd by y; and the 
ſecond Part form'd by multiplying the ſaid firft one by y, plus that ſecond 
Part multiply'd by x. Moreover, let there be any Arc (AR) of a Circle, Fic. 278. 
leſs than half the Circumference, which ſuppoſe to be divided into any Num- 
ber of equal Parts at pleaſure, in the Points D, E, F, G, &c. I ſay, if the 1 
Diameter AB=1, and the two firſt Chords BD x, ADS then all the | 
other Chords BE, BF, BG, &c. ſhall beexpreſs'd by the firſt Parts of the ſecond, id 

2. 1 


third. 
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third, fourth, &c. Horizontal Row of Terms, and the other correſpondent 
Chords AE, AF, A G, &c. by the ſecond Parts of the ſame Rows, So 
B G being the fourth Chord, will be expreſſed by x*—6yyxx+y* the firff 
Part of the fourth Horizontal Row, and its Correſpondent A G by the ſecond 
Part 4yx'—4y'x of the ſame Row. 


— — 


BE * bi 

2-1 xx} 2yx 

3 | x* —3)zx 3yxx—y)" 

4 | x* —byyxx +05" % — 4% * 

5 | x* Io + 5x 5zx*—Ioy'xx T* 

6 | x* —15yx*? N N- S* —209%x* +6 y*x 

7 | x '—21yzx *--35Y'x Nr Tyx—35fx* +21)" xx—x? 


For by the foregoing Lemma it is plain that the Product of any 
Chord B F by the firft Chord B D (x), minus the Product of the cor- 
reſpondent Chord A F, by the other firſt Chord 4 D (y), does expreſs 

the Value of the Chord B G, being that next after B F; and fo the 
Chord 4 G is =B Fx AD(y) + AFxXBD (x). Whence, &c. 


Co ron 1 1 A & x. 


461. Ir the two Parts of each horizontal Row of Terms in the afore- 

going Table be added together, and all the Terms be order'd 
according to the different Powers of x; the following new Table will 
thereby be form'd, orderly containing all the Powers of the Binomial 
x + y; where the firſt and ſecond Terms muſt be affirmative, the 
third and fourth negative, and ſo of every two alternately to the laſt. 
Thus the third horizontal Row of Terms is x* + 3y x x g ==; 
that is, the Cube of the Binomial x + y, the two firſt Terms whereof 
are affirmative, and the two others negative. In like manner, the 5th 
horizontal Row will be x* + 5yx* — IO —loy' xx +5f x 457, 
which is the fifth Power of the Binomial x + y, whereof the firſt and 


ſecond Terms are affirmative, the third and fourth negative, and the 
fifth and ſixth affirmative, 


1] xT+ Y 

2|xx+ 2xy — Jy 

3% + % - — 9 

4%. +4yx' —byyxx — 4y's T 

F + Y - —Toy t J + of 

6 + 63x*—I5yyx*—20y 'x* + 15)*xx+ 55 * — 9 
EN De Aly" m=35y* e zh - xn" 


For 


Of Determinate PROBLEMS. 


For if Regard be had to the manner of the Formation of the pre- 
cedingTable, it will appear, that all the Terms of every horizontal Row 
are form'd by thoſe of that horizontal Row next before it, multiply'd 
by x and y, and ſo connected together by the Signs ++ and —, fo that 
the Terms of the two Parts cempoſing every horizontal Row, being 
put in order, according to the different Powers of the unknown Quan- 


tity x, there is an alternate Succeſlion of two affirmative, and then 
two negative Signs. 


SCHOLLIVUM. 


462. I this latter Table it is manifeſt, that the Coefficients of every 

Term of the firſt perpendicular or upright Row, is Unity; 
of the Coefficients of the ſecond Row, the natural Numbers 1, 2,-3, 4, 
Sc. being form'd by the continual Addition of Unities; the Coeffi- 
cients of the third Row, the triangular Numbers, 1, 2, 6, 10, &c. be- 
ing form'd by the continual Addition of the natural Numbers; the 
Coefficients of the fourth Row, the Piramidal Numbers 1, 4, 10, 20, 
&c. being form'd by the continual Addition of triangular Numbers ; 
and ſo on from Row to Row towards the right Hand, the Numbers 


of a ſuperior Order being formed by the continual Addition of thoſe 
of the Order immediately going before, 


E A M P13 AM; 
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463. AN Arc of a Circle AR being given; to divide it into any Pio. 278. 


Number of equal Parts at pleaſure in the Points D, E, F, G, 
Sc. after a different manner from that in the 1oth Example. 

Call the Diameter AB, 1 ; the given Chords BR, AR ( termina- 
ting the given Arc AR) aand b; and the unknown Chords BD, AD, 
(terminating the ſought Arc A D) x and y, and raiſe the Binomial 
x ++ y to ſuch a Power, that its Exponent be equal to the Number of 
Diviſions.” Then form two Equalities ; cne between the given Quan- 
tity a, and all the odd Terms of that Power of x + y connected by 
the Signs + and — alternately ; and the other, between the given 
Quantity b, and all the remaining Terms of the ſaid Power of the 
Binomial x ＋ y, connected by the alternate Signs. This being done, 
get out one of the unknown Quantities x or y by means of the Equa- 
tions x x =1—yy, oryy=1—zx-#x, ariſing from the right-angl'd 
Triangle 4 DB; and then we ſhall have an Equation, having only 
one unknown Quantity in it, which being reſolv'd, will give us B 
or AD, terminating the Arc ſought AD. 

For Example: It is requir'd to divide the given Arc AR into {even 
equal Parts in the Points D, E, F, G, H, I. Take the ſeventh Power 
ol the Binomial x + y, vis. K e Ir + 35) 3p 21) K ＋ x 


+ 
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+y”. And from it form thoſe two Equations a=x"—21yyx* +35y4x? 
— 7 yx, and b=7y x*— 35zy*x*+21y* xx—y7., Then if the unknown 
Quantity y be gotten out of the former of theſe Equations, or the un- 
known Quantity x from the latter, by means of yy - Xx, or 
xx = 1 — yy, and one of theſe new Equations will be formed, viz. 
a = 64 XK — 112x* +56x*— 7x, or b=7Tp 565 + 112 y—63y7, 
1 having but one unknown Quantity in it, which being reſolved accor- 
| ding to Directions in the Ninth Book, will give us B Dor A D, deter- 
| mining the firſt of the equal Parts required. All this 1s but a Continu- 
ation of the two foregoing Articles. 

Here you mult obſerve, that if the Arc A R ſhould be greater than 
half the Circumterence, the latter of theſe Equations will equally 
ſolve the Problem in this Caſe, without altering any thing in it : 
But in order for the former to do it, a muſt be made negative; the 
5 reaſon of which is, that the Chord B R as falling below or on the 


other Side the Point B does become negative, whereas the Chord A R 
does always remain poſitive. 


L E M1 I. 


464. 1 F in any Square of Cells, the firſt Horizontal Row be filled up with 

| a', and the firſt upright or perpendicular Row with b', the firſt Cell 
excepted ; and afterwards if all the other Cells be Flld up according to this 
Law; viz. That any Cell be equal to that which is next above it, plus that 
being to the left thereof: By this means we ſhall have the following Square 


F Cells : 
1 3. 4. 11 2 
1.4414 . 8 F 
7 2. | b | a+ 5 2a+ b 3a4+- bl gab 5 ba Pf: Gol. b 
1 3. 'b | a4-2b za+ 3b _ 6a+ 45 10a+ 35 154+ 6b | 2144 7b 
1 | Fe -& a4-3b 4a + 6b | 104+10b 204+ I5b 354+ 216 5644- 286 
5. | I] 4446] 5ao-10b| 1544208] 3504 35b| 100+ 56b| 12644 84 
6. b a-5b| 6a4+-156 21a+35b| 56a4+ 70 126a4+126b | 252442106 
J. | b| a4+65]| 74a4-28b] 35a4-56b| 844412661 21044+252b| 46244-462b 


Wherein I ſay, that any Cell is equal to that to the left thereof, plus all thoſe 
that are above it. For Example, the fourth Cell 4a + 6 b of the third 
upright Row, is equal tothe Cell a + 3 bgto the left thereof, which 1s con- 
ſequently the feurth Cell of the ſecond upright Rem, plus a + 2 b, a + ba, 
beirg the Cells above it in the ſecond upright Row. | 


1 For 
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For ſuppoſing a, c, d, e, to expreſs the four firſt Cells of the ſecond 
upright Row, and a, F, g, b, the four firſt Cells of the third Row; then 
by the Formation of the Cells, we ſhall have h =e r, g d 
„, f=c + 0a, and therefore h =e +d + c +a; which is the thing 
to be prov'd. And it is manifeſt, that this Demonſtration extends to 
any Number of Cells whatſoever of two adjoining upright Rows, 
Whence, Cc. | 


CHD LALLY, 


465. BEaauſe all the Cells, the firſt horizontal and upright Rows 

being excepted, are rarg =" of two Terms, the Letter a be- 
ing in the firſt, and þ in the laſt Term; therefore, 1. The Term 
wherein is the Letter a, is equal to the Term wherein is likewiſe found 
the Letter a in the next Cell to the left, plus all the Terms wherein it 
is, in the Cells being above this here. 2. The Term wherein is the 
Letter b, is equal to the Term wherein is likewiſe the Letter h, in the 
Cell to the left, plus all the Terms wherein it is found in the Cells 
above it. So the Term 15 a of the fifth Cell of the fourth upright 
Row, is equal to the Term 5 a of the Cell to the left, plus. the Terms 
4a, 3a, 2a, Ia, which are in the Cells above it; and 20 ö is equal to 
the Term 10 h of the Cell to the left, plus the Terms 6b, 3 b, 1 b, of all 
the Cells above it. 


L E M M A IL 


466. J. the Term wherein is the Letter a, in any Cell, be multiplied by the 

Sum of the Index's of its horizontal and upright Rows minus 2, 
and the Product be divided by the Index of its perpendicular Row minus 1; 
_ T fay, the Quotient hall be equal to that 1erm, plus all them that be above it. 
For Example : If the Term 15 a in the fifth Cell of the fourth upright Row, 
be multiply'd by 5 + 4 — 2 =7, and the Product divided by q — 1 =3, 
the Duotient 35 a ſhall be equal to the Term 15 a, plus the Terms 10a, 6a, 
3a, 1 a, being above it. 

This appears plain in all the Cells of the ſecond upright Row, ſince 
they all do contain the ſame Term 14. And I ſhall demonſtrate, that 
ſuppoſing this Property to happen in any upright Row whatſoever, it 
muſt needs be ſo likewiſe in the Cell to the right of that; from whence 
it will tollow, that becauſe it happens in the ſecond upright Row, it 
ſhall be alſo in the third; and becauſe in the third, it ſhall be in the 
fourth; and ſo on ad infinitum. And to prove this, 

Let a, b, c, d, e, f, &c. be any Number of the Terms wherein is the 
Letter a, in any upright Row; and a, g, b, X, I, &c. the like Number 
of Terms of the Row to the right thereof. Alſo let m be equal to the 
Sum of the Indexes (minuus 2.) of the upright and horizontal Rows 

X Xx where- 
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wherein is the Term f; and 7 equal to the Index minus 1 of the up- 
| right Row, in which that Cell is. Now by Suppoſition — f =f + e 


I — 
. 464. T d TA = —e=e+d+c+a=k, —=d=d+c+a 


— MM 
=D, Acre + a =g, 


2 a =a, Whence I-k+b+g+a = —f+ | 


1 
2 
1 


lead Ac 4 , —— KEA BUT + a, by ſubſtituting ! 
for f Te dT 4, and K TT Ta, for 1e 2d 3c 4a; 
then if land — — xk+h4-g+abe tranſpos'd,weſhall have» k + b+g 


eb A = fe +d + c + a, — 


+ a = — I ; and multiplying both Sides by -, dividing by x + x, 


and adding l to both Sides; there ariſes "= I =1-+ £ + b + g +. 


But becauſe the Index of that upright Row, wherein is the Cell, whoſe 
Term is repreſented by I, does exceeed the Index of that wherein is 
the Cell, whoſe Term is expreſs'd by f, and theſe Cells are both in 
the ſame horizontal Rows; therefore the Property to be prov'd in eve- 
ry Term, having the Letter a in any upright Row, does alſo agree to 
the Term 1 in the upright Row to the right thereof. Farther, becauſe 
this Demonſtration is the ſame, be the Number of Terms of two ad- 
joining Rows what they will, therefore what we have demonſtrated 
with regard to the Term 1, will be likewiſe true of any Term in the 
ſame Row. 

Now if we ſuppoſe » to expreſs generally the Index of any hori- 
zontal Row except the firſt, then the firſt Cell of this Row will not 
contain any Term wherein is the Letter à; the ſecond will always 


contain 1a; and if you multiply 1 a by —. 


Z a for the Term wherein is found the Letter a in the third Cell; and 
24-3—2 1 ＋1 


5 
we ſhall have — a = *< 
3—1 2 1 2 


for the Term wherein is the Letter @ in the fourth Cell; fo that this 


g 7 m 1 1 n I n+1 n n4-1 142 
Series o, 14, — 4, —X— a, — &— X - = Fs. + ; » 
| 2 I. 7 2 


I 2: 3 


= * , we ſhall get 


if you multiply _ a by 


+3 


* 
„ Roo 
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"+ a, &c. will orderly expreſs all the Terms wherein is the Letter « 
4 
in the horizontal Row of Cells, whoſe Index is u. So if „ =5, the 


Series o, 1 a, 5a, 15a, 35a, &c. will orderly expreſs all the Terms, 
wherein is the Letter a in the 5th horizontal Row of Cells. 


L EM M A III. 


467. I. the Term, wherein is the Letter b in any Cell, be multiply'd by the 

Sum of the Indexes of its horizontal Row, and its perpendicular 
Row minus 2, and if the Product be divided by the Index of its perpendi- 
cular Row : T ſay, the @notient ſhall be equal to that Term plus, all thoſe 
being above it. For Example; If the Term Io b of the fiſth Cell in the 
third upright Row be multipyd by 5 + 3 —2=6, and the Product be di- 
vided by 3, then will 20 b be the Sum of the Term 10 b, together with 
all the Terms 6 b, 3 b, 1 b, above it. 

It is manifeſt, that this Property happens in the firſt perpendicular 
Row, wherein all the Cells do contain 1 þ, except the firſt, which has 
not the Letter h in it. By means of which we can demonſtrate, as in 
the laſt Lemma with regard to the 'Terms multiplying a, that the ſame 
will likewiſe happen in the ſecond upright Row, the third, the fourth, 
and fo in all the others ad infinitum. From whence we conclude, that 
if n expreſles the Index of any horizontal Row, except the firſt, the 


1 n 1, —1 „, —1 „ 2_nd1, — 1 „ _n41 142 
Series * b, * * 27 Wes BY m_ a. 
&c. ſhall orderly expreſs all the Terms, wherein is the Letter ö in the 
parallel Row of Cells whoſe Index is u. So if = b, the Series 1 ö, 


4b, 10b, 20b, 35b, Sc. ſhall orderly expreſs all the Terms wherein b 
is, in the fifth parallel Row. 


CoOoRrRoOLL ALY, 


468. 1 T follows from the two laſt Lemmata, if all the Terms of 
this Series be added to the Terms of that in the laſt Lemma, 


that thereby we ſhall form this, 1 b, 14, , —a + —= = 


3 — 5 — e n Bs. x n Ri K 
ee 2 I 2 3 3 3 1 2 
= X _ b, &c. or by abbreviating the Expreſſion, b, a+ i, a + 
F 
Sc. which ſhall orderly expreſs all the Cells of that horizontal Row 
of the Table whoſe Index is u. 3 e 


„ Whence 
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Whence you ſee that by means of this Series, we can at once find 
any Cell at pleaſure, the Exponent of the upright and horizontal Rows 
being given; becauſe taking in the general Series the Term anſwe- 
ring the Exponent of the upright Row, that 1s, the fourth Term, -if 
the upright Row be the fourth, the fifth, if it be the filth, &c. and 
ſubſtituting the Exponent of the horizontal Row tor », and the Cell 
ſought will be had. For Example, ſuppoſe it be requir'd to find the 
fifth Cell of the fourth upright Row ; ſubſtitute the Exponent 5 of 
the horizontal Row the Cell is in for u, in the fourth Term a + 


oy b % SI = and then ſhall we have a +3 h 15, or, 154a+20þ 


for that Cell. The ſame muſt be underſtood for others. 


Wu OV: Af 


459. IF a be made = 2, and h = 1, in the Square of Cells of Article 

6 464. then ſhall that Square of Cells be changed into this: Wherein, I 
ſay, that the firſt horizontal Row of Numbers does contain continually the firſt 
Terms of all the upright Rows of the Table in Article 143; the ſecond 
borizontal Row, the ſecond Terms; the third, the third Terms, and ſo on cou- 
tinually to Infinity, 


E 3. 6. 7 
a 
E | 2 
„ H. HEA 
4.11 5 141 3055 91 140 
Jo KEI EW 
6. |: | 7 [27 | 77 [282 [378] 7:4 
7+ 11 8 [135 1112 | 294 [672] 1386, 


This is A natural Continuation of the 445th Article, and the For- 
mation of the Square of Cells of Article 464. explain'd in that ſame 
Article, and the 465th one following it. 


Görner. 


40. I you make þ = 1, and a= 2, in the general Series of Article 
- 1 . a 3 — n 2—1 * 
| 468, ws hw 4 = Et INT = RT 


R = 172 Se. then will it be. changed into 
14 1 | 


a... hy this 
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this 1, =! 2 2 K 5 — Fran, 2 
1 15 $74 I 2 
by means whereof at once may be found the Coefficient of the Table 
in Art. 443, its upright Row, and the Exponent of the horizontal Row 
being given. The Rule is this, | 
Take the Term in this Series anſwering to the given upright Row, 
that is, the third, if it be the third Row; the fourth, if it be the 
fourth, &c. and having ſubſtituted the Number expreſſing the parallel 
Row the Term is in, for » in that Perm, you will have the Coeffici- 
ent ſought. For Example: If you want the Coefficient of the fourth 
Term 14 x* of the third upright Row, ſubſtitute the Number 4 for u 


in the third Term — X —, and 14 will be the Coefficient ſought. 


For, the Exponent of the upright Row of Coefficients in the Table 
of Article 443, is the ſame as the Exponent of the upright Row in the 
Square of Cells of the laſt Article ; and the Exponent of the horizontal 
Row, is equal to the Exponent of the horizontal Row of the Square of 
Cells, Whence it is manifeſt, that this Rule is only an Application 
of that of Article 468, to this particular Cafe wherein a = 2 and 


þ = TI. | 
LEMMA V. 


471. JF 1 be ſubſtituted for b, in the Square of Cells of Article 464; 
then will that be chang'd into this, wherein I ſay that the upright 
Rows do orderly contain all the Numbers call d Figurate, viz. the 
firſt Row, the Numbers of the ff Order, which are Units; the ſecond 
Row, the natural Numbers, or thoſe of the ſecond Order; the third Row, 
the triangular Numbers, or thoſe of the third Order, being form'd by the 
continual Addition of the natural Numbers ; the fourth, the Pyramidal 
Numbers, or thoſe of the fourth Order, being form'd by the continual Ad- 
dition of the triangular Numbers; and ſo on to Infinity. 


PO PE OP Sag, AR IE. 


L014 
„ 28 
+ [7 |+|76|2[35|35| 84] 
„I 
6. 1 | 6 | 21] 56] 126 THEE 
7. |t | 71 28] 84] 110] 4621 924 


| 


For by the 464th 2 22 Cell is equal to that to the left 
thereof plus, all the others being above it. PS 
* , e Mr, Paſchal 


GGW nw Oey eo 
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Mr. Paſchal has written a Treatiſe, entitled, Triangular Arithme- 
tick, wherein the Properties of theſe Numbers are handled, and their 
great Uſe in many Arithmetical Queſtions is ſhewn, 


CoRrRoOLLARY. 
472. Ir you make a=1andb= 1 in the general Series of Article 


468, viz. b, a + _ ba+—bx-, EI Fo = 


94-1 n—1 n MAI n#+2 


= a+ bx = x *, Ge. the ſame will be changed to 


4 
this, 1, 1, *, ZN, — os. 2 — by 
means of which we can at once find any figurate Number requir'd, 
its Order being given, and the Number expreſſing the Place of it. 
The Rule is thus: | 

Take that Term in this laſt Series anſwering to the given Order, 
viz. the third, if it be the third Order; the fourth, it it be the fourth 
Order, &c. and having ſubſtituted the Number expreſſing the Place 
of the figurate Number for », that is, 4 if it be 4, 5 if it be 5, 
and ſo one and the ſaid Number will be had. For Example: To find 
the fifth Number of the fourth Order, ſubſtitute 5 for » in the fourth 
Term ＋ - __ x = of the Series, and 35 will be the Number 
ſought. 


This is only the Application of the Rule in Article 468. to this par- 
ticular Caſe, Par 


PROBLEM TI. 


473. 11 requir'd to find a general Series orderly expreſſing all the Terms 
1 the Table for dividing of Arcs in the 443d Article. 

Becaule the third Term of any upright Row of that Table, always 
anſwers to the firſt Term of the Row to the right; therefore if m + 1 
U er. the Exponent of an horizontal Row, you muſt 

nd the Coefficient of the Term, whoſe Place is expreſs d by m + 1 
in the firſt upright Row; the Coefficient of the Term, whoſe Place 
is expreſſed by mm + 1 — 2, or 1, in the ſecond upright Row; the 
Coefficient of the Term, whoſe Place is expreſs'd by m — 1 — 2, or 
m — 3, in the third upright Row, and ſo on. The Expreſſion of 
the Place continually leſſening by 2, as the upright Row goes on to 
the right. Whence, according to the 470th Article, you muſt ſub- 


fitute the Number a—1 for n, in the ſecond Term => the Number 


M3 
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»m— 3 for u in the third Term = X — tlie Number n —5 for u in 
the fourth Term = « = the Number m 7 for u in the fifth 


* 
Term = X = X — * = » Ec. and ſo we ſhall have the follow- 


. 3 
ing Series of Coefficients, 1, m, , - . £2 =D, 2 : 


m7 MAG Max 


x a 7, Sc. and becauſe the Signs of any horizontal Row 
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of Terms in the Table are always alternate; and the firſt Term is al- 


ways the unknown Quantity x raiſed to ſuch a Power, whoſe Expo- 
nent is leſs by Unity than that of the horizontal Row; and ſince all 
the other Terms do contain Powers of x, whoſe Exponents continu- 
ally leſſen by 2, ſuppoſing x = 1, Therefore K* m X 2 + 
3 2 — — m Nm] 6 „ 
Dn TS i a > 6 0 on =P 
x -, &c. ſhall be a general Expreſſion for that horizontal Row in the 
Table, whoſe Index is m + 1. 

When the firſt Terms of theſe Series are had, you will eaſily per- 
celive the Law that they go on with, and ſo may continue them as far 
as you pleaſe, For Example, ſuppoſe in this Series, that 7 expreſſes the 
Place of the Term, whofe Coefficient is required, then fhall the Coeffi- 


cient be expreſs d by the general Fraction ².] ᷓ . 
* Xr—2&xT—3 XT — 4, Oc. 


where the Numerator and Denominator muſt each have as many 
Terms, as the Number — 1 contains Units. So if 5, the Co- 


efficient of; the fifth Term will be , and if r=4, 
AXZX2XI 


1111 — 4K mn—5 


—ͤ — — — 


then we ſhall have 


X2x1 yy 
Here it muſt be obſerved that the Number of Terms of the afore- 
{aid Series is always determinate, it being equal to the half (plus 1 ) 
of the Exponent of the Horizontal Row it expreſles when that Ex- 
nent is odd, and to the half, when the ſame is even. For Example, 
it will have but three Terms, when it expreſſes the fifth or fixth hori- 
zontal ; four, when it expreſſes the ſeventh or eight, c. 


PROBLEM I. 
474. JO find a general Series, orderly expreſſing all the Terms of any bo- 
7 rixontal Row, in the Table of Article 457, for inſcribing of re- 
gular Poligons. LES FRB; 


1 


4 Becauſe 
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*. Arte 458. 


* Art. 472. 


* 
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Becauſe the ſecond Term of every upright Row anſwers to the firſt 
of that being to the right; therefore if mn + 1 be the Exponent of 
any horizontal Row in that Table, the Coefficients of the four firſt 
Terms of that Row ſhall be 1, 1, n — 1, m— 2, the Coefficient of 
the fifth Term ſhall be the triangular Number whoſe place is expreſſed 


? x 


by m—3, viz, * z that of the ſixth Row the triangular 


Number, whoſe Place is expreſs'd by m—4, vis. — « — B that 


of the ſeventh Term ſhall be the piramidal Number, whoſe Place is 
== A, that of the eighth Term 


* * 
1 2 


expreſs'd by m—5, vis. 


the piramidal Number, whoſe Place is expreſs'd by n—6, viz, = { 


„ 4 


X 


; that of the ninth Term ſhall be a Number of the 5th 


2 3 
Order, whoſe Place is expreſs'd by m — 7, vis. — x 2-0 , 13 
: 
„; and ſo on, ad infinitum. Now if the proper Powers of 2 


be join'd to theſe Coefficients, and you prefix the Sign — to the ſecond 
and third Terms; the Sign + to the fourth and fifth; and fo alter- 
nately; then we ſhall get the following general Series, 2-2 1 — 


I 2 1 2 


m— Iz 2 + M — 22 + 


nn W=5 — mnt M3 ms + M—6 1 Mt 27 + 2 = 


« 
1 33 9 1 2 3 1 


66 Mani „„ 


zs, Fc. which expreſſes all the Terms in that 
2 3 | 


4 
horizontal Row of the Table, in Art. 457. whoſe Exponent is m + 1: 
Where you muſt obſerve to take the ſame Number of Terms, as there 
are Units contain'd in m ＋ 1, | 


Psontr wm 


O find a general Series orderly expreſſing the Coefficients of all the 
* ſh Mans in any horixontal Row of the Table of Article 4 (or 
which is the ſame) of any Power of the Binomial x + y. 

Let m in general. be the Exponent cf any horizontal Row of that 
Table; then it is manifeſt, that the Coefficients of the two firſt 


n. 462. Terms of that Row ſhall be * x, m, and becauſe the ſecond Term of 


every upright Row (beginning at the ſecond) anſwers to the firſt Term 


of 
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of the Row being to the right, therefore the Coefficient of the third 
Term of the horizontal Row ſhall * be the triangular Number, whoſe Ar. 462. 


Place is expreſs'd by m—1, viz, * _ X - ; that of the fourth Term + 4,4, 472 


ſhall be the piramidal Number, whoſe Place is expreſs'd by m— 2, 


= — * 2 ; that of the fifth Term ſhall be a Number 


of the fifth Order, whoſe Place is expreſs'd by mn — 3, viz. 


nt 2 5 1 1 and ſo on ad infinitum, Whence the gene- 


VIZ. 


— — — 


1 2 
- = in ”m Ml 242 Md m M1 
ral Series requir'd will be 1, m, oa ol aha ot 2" 
m2 1. 
. 
3 + 


F 


476. HENCE «Sp = ky -A PER „. 


I X2 
mx m-IX m 2 mm- IX m —-2 1 * 
IX2X3 I *2X3X4 
MUEMN—_IXMNIM-I xm 
: 3 — OY Se. 
IX2X3X4X5 | 
E 
PR OB L E M IV. © 


Fo find a general Equation for dividing a given Arc (AR) of a 
we T1 ir Cle 15 any Number of i Parts. (AR) of 

Let m generally expreſs the Number of equal Parts, and 4D the gi 
firſt of the equal Parts. Draw the Diameter AB, and the Chords e 
B D, B R; and make CA or CB =1, the given Chord BR S a, and 
the ſought Chord B D x. Then will * Ta - m x" + 47. 400 


. — NGO 3 * , &c. and 473. 
2X1 3X2X1 AXIX2X3 
(Where a is affirmative, when the given Arc 4 R is leſs than half the 
Circumference, and negative when it is greater be the general Equa- 
tion requir'd z wherein you muſt take the Number of Terms equai to 
the Units contain'd in half the Number mn when it is even, or equal 
to thoſe in its half plus 1, when odd; becauſe what follows will be 
equal to o. 

As ſuppoſe m be =5; then will a be Xx —5x*'+5x; and if 
m 7, then Tag ͤ — J ＋ 14x — 7. 


1 57 Another 


ba : 
— 


— © . . "4 f 
ute ES 
= = 


FF 
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Another Way. 


Draw the Diameter AB, and the Chords BR, AR, BD, AD, 
boundivg the given Arc AR, and the ſought Arc 4 D. Let the 
Number of equal Parts be n, the Diameter AB = 1, the given 
Chords BR Sa, AR = b, and the unknown Chords BD = x, 

Art. 465; AD==y. Then we ſhall * have theſe two general Series T a = 


475 n m1 mem—IXM—2 Xx — 11 
. — yy . 7, Sc. 0 == 
IX2 IX2X3 X4 1 
ni x m—IXM—2 m m—IXM— 2X —3 XxX — 
y Xn J = + = 8 2 ns; If x5, Sc. 
IX2X3 IX2X3X4X5 | 


Wherein ſubſtituting the Number of equal Parts, the Arc AR 
is to be divided into, for n, and we ſhall get two particular Equa- 
tions, which being reſolved will give us the ſought Value of the 
Chord BD (x) or AD(y). For Example: If n = y, then will J a 
= x7 — 2Iyyx*' + 35f*x* — 7% K, and b = Jyx* - 357 * + 
125 x x —)”, be two Equations, which muſt be proceeded with as in 
Art. 462, 


| PxoBLEM V. 


Fic. 280. 478, PO find a general Equation, for the Inſcription of any regular Po- 
3 i ſh Tn ADEFGH RK, Thy in a 2 4 

1 Draw the Diameter A B, and the Chord B D, terminating the firſt 
1 Side of the Polygon, and let the given Radius CA or CB = 1 the un- 
1 known Chord B D S x, and in general m be equal to half the Number 
of Sides of the Polygon, which I ſuppoſe to be odd. Then we ſhall 


* 0 = 2" — 21 — Mz. + 1 —22 3 4 53 x = 
. * 4rt.457, have * = 2 — 2 T - 

1 Als m -4 M--3 5 m— 4. MS; »—6 M—5 

18 ; Mmm fe pn . Mime 5 nn of — m6 1 

A; v 1 a I S 3 * 1 e 

N. — — — —6 — * 
= = x = 3 - ? 2-8 &c. for the general 

3 1 | 


Equation requir'd : of which you muſt take the ſame Number of 
Terms, as the Number m -+ 1 contains Units; becauſe what follows 
will be So. þ = 

For Example, let 7 be the Number of Sides of the Polygon to be 
| inſcribed, then will m = 3, and foo z —zz — 2z + 1, and 
* the greateſt Root (z) thereof ſhall expreſs the Chord B D, bounding 
6 the Arc 4 D, whoſe Chord is 4 D the firſt Side of the Polygon. In 
. like manner, if the Number of Sides be 11, then will n 5, and © 
5 WY the 


5 


Ges ons. "= ewes 
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the general Equation will become o = z*—z*—qz! + 3 zz + 3 z—1, | 
whoſe greateſt Root ꝝ is = B D. \ 


PR OB L E M VI, 


479. Pe divide a given Angle into any odd Number of equal Parts, by { 
| means of an Inſtrument. af 

1. It is required to divide the given Angle E C into three equal 8. 

parts. Takea Rhombus 4 B C D, whoſe four Sides. let be moveable 
about the four Angles, and two of them as A D, AB, let be indefi- 
nitely continued out to X and Z: faſten the Angle C of this Rhombus 
in the Vertex C of the given Angle ECF. And on the Sides CE, 
CF, mark the Points E, F, ſuch, that CE, and C F be each equal to 
any one Side of the Rhombus. This being done, open- or ſhut the 
Sides (AX, AZ,) of the Angle B A D, ſo that they paſs through 
the Points E, F; then ſhall the Angle B A D be the third Part of the 
Angle EC F. 

For the Triangles 4 B C B C E being Iſoſcelles, the external An- 
gle CBE or CE equal to it, which is equal to the internal and op- 
poſite Angles B 4 (, B C A, ſhall be the double of the Angle BAC; 
and in the Triangle E C A, the external Angle E CT, which is equal 
to the Angle CE A plus the Angle B 4C, ſhall be the triple of the 
Angle BA (. After the ſame manner we prove that the Angle FCT 
is the triple of the Angle DAC. Whence the given Angle E CF, 
is triple of the Angle B A D. V. V. D. 

2. It is required to divide the given Angle HG K into five equal Fi. 2835 
Parts. To the Angle C of the aforeſaid Rhombus 4 B C D, faſten 284. 
another Rhombus CE GF, having the Sides equal to thoſe of the 
other Rhombus, and likewiſe moveable about their Angles. Then fix 
the Angle G of this latter Rhombus, in the Vertex Q of the given 
Angle HGA, and having taken the Parts GH, GK, in the Sides of the 
Angle each equal to G E one Side of the Rhombus, open or ſhut the 
Anlge X 4 Z, moveable about the Point A, ſo, that its Sides A X, 

A Z, touch the Angle E, F, and at the ſame time paſs through the 
Points H. K. I ſay the Angle X AZ or B AD, ſhall be the fifth T 
Part of the given Angle HG K. For the Diagonal 4 Cbeing drawn ; 
in the Rhombus 4 B CD, and produced at pleaſure towards 7; this | 
will paſs through the Point G, becauſe the Angle ECT, F CT, being 
tripple of the equal Angles B 4 C, D AC, ſhall be equal to one ano- 
ther. But in the Triangle EG A, the external Angle HE G, which 
is equal to the internal and oppoſite ones BAC, E G A, or ECT 
( becauſe CE G is an Iſoſcelles Triangle) ſhall be quadruple of the 
Angle B 4C And therefore in the Triangle 4 HG, the external 's 
Angle H GT, which 1s equal to the internal and oppoſite ones B 4 C, 


EF 32 G H A, | 


— 


| . 
* r 


* 
: * : 
— - — by — — 
*, " * 
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GHA, or G EH, (becauſe EH is an Iſoſcelles Triangle ) ſhalt be 
five times the Angle B AC. After the ſame manner we prove that 
the Angle K G ſhall be five times the Angle DAC; whence it is 
manifeſt that the whole Angle HG & ſhall be five times the whole 
Angle BA D or X AZ. 3 

If a given Angle is to be divided into ſeven equal Parts, then to 
the two preceeding Rhombus's you muſt join a third, being equal, 


and made after the ſame manner: and fo on. For the Operation and 


Demonſtration will be the ſame. 


E X AMP I. E. 
480. 780 find any Number of mean Proportionals between two given 
Lines a and b. 
Let x be the firſt of the mean Proportionals ſought, and then we 


3 7 
ſhall have this Geometrical Progreſſion a, x, 3 &c. that 
a 24954229449 | 
Term whereof whoſe place exceeds the Number of mean Proportio- 
nals by 2 to be found, muſt be made equal to . And fo we ſhall get 
an Equation, which being reſolved, will give us the Value of x, the 
firſt of the mean Proportionals requir'd. 


For Example, to find two mean Proportionals between a and 5. 
Take the fourth Term— and make it equal to i, and then 3=aab; 


moreover, if four mean Proportionals be required, then will «„ Sb. 
Whence is is maniteſt, that if » generally expreſſes the Number of 
mean Proportionals to be found between a and b, then will x*+: =a" b 
be the Equation to be ſolv'd. This being premiſed, 

1. Let * = a**þ be an Equation for finding 16 mean Propor- 
tionals. Multiply both Sides of this Equation by x*, that fo x» = 
4a hx, where the greateſt Dimenſion 20 is the Product of two Numbers 
4 and 5 immediately following one another. Take x* ay, each Side 
of which Equation being rais'd to the fourth Power, and then will 
x* —=a'*y*—=a'*bx*, from whence we get another Equation ) bh“, 
whoſe Locus being drawn, as alſo that of the fuppoſed Equation æ 55 
the Interſection of theſe two Loci will give the Value of x. Or elſe 
take the Equation x* = a*y, and raiſe it to the fourth Power, and then 
multiply it by x, and x e = b, and ſo y*x = a*b, and the 
Locus of this Equation and that of this here & = a), will give us 
the Value of x. 

2. Let & — ab, be an Equation for finding 30 mean Propor- 
tionals. Multiply both Sides by x*, in order to have & = a , 
whoſe great Dimenſions 36 is the Square of 6: Whence making x a, 
and raiſing both Sides to the ſixth Power, we get & = a= , 
and ſo x h, the Locus of which, as alſo that of the aſſum'd Equa- 


tion 
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tion being drawn, their Interſection will give the Value of K. 
Or elſe the Equation & Sa being taken as before, raiſe it to the 
fifth Power, and afterwards multiply it by x, and then will «„ == 9** 
** —=a"b, and ſo „ ahb. Whence the Locus of the Equation 
* S being conſtructed, together with the Locus of this y' x = a'b, 
ſhall ſelve the propoſed Equation & =a'*b, fo that you may take that 
of the two Loci you judge moſt ſimple. The ſame muſt be underſtood 
of any other Examples. 

Here you muſt obſerve, that if the Dimenſion of the unknown 
Quantity x be not a prime Number, the propoſed Equation may be 
always brought lower. For Example: If x? = x* b, be an Equation 
for finding of mean Proportionals, then by extracting the Cube Root 
of both Sides, you will have x* = 1 *a*'b. But that the Number 
a*b may be a Cube, you muſt find a Line 2, whoſe Cube z* , 
or, which is the ſame thing, two mean Proportionals between a and 
5; for if z* be ſubſtituted for a a b, we ſhall have x? = a*z*, or x* 
a x, ſo that if this Equation z a a b, be firſt ſolv'd, and then 
this x“ =aaxz, we ſhall have the Value of x being the firſt of eight 
mean Proportionals between a and b. In like manner, if x'*=a''b 
be an Equation for finding 13 mean Proportionals between a and þ, 
by extracting the ſquare Root of both Sides we ſhall have x? b. 
But that Ya b may be a Square, you muſt find a Line x, whoſe Square 
zz—ab, for if zz be ſubſtituted for ab in the propoſed Equation, 
then will «„ a zz, or «„ Saz; whence we have only theſe 
two Equations to reſolve zz Sab, and x? a. 

Is ou muſt obſerve farther, that theſe Equations for finding of mean 

Proportionals, when the Dimenſion of theunknown Quantity 1s a prime 
Number, have but one real Root; becauſe but one Line only can be 
the firſt of the mean Proportionals ſought. 


SCHOLIUM. 


481. T H E aforegoing Problem may be ſolv'd by means of an In- 

ſtrument, whoſe Conſtruction is thus. Let there be two in- 
definite ſtraight Lines XT, TZ, moveable about the Point J, fo that 
they may open and ſhut, Then on ſome Point B in the Side TA, 
fix the indefinite Perpendicular BC, which, at the Point C, wherein 
it cuts the other Side TZ during the opening of the Sides XI, Z J. 
moves the indefinite Perpendicular CD along the Side TZ; and the 
indefinite Perpendicular C D, at the Point D, wherein it meets the 
Side TX, moves the indefinite Perpendicular D E along the Side XT; 
and this laſt Perpendicular, at the Point E, wherein it meets the Side 
TZ, moves the indefinite Perpendicular EF along the Side JZ; and 
this laſt Perpendicular at the Point F, wherein it meets the Side TX, 
moves the indefinite Perpendicular FG along the Side TX; and this 


Perpendicular FG at the Point G, wherein it cuts the Side TZ, _—_ 
tne 
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the indefinite Perpendicular GH along the Side IZ; and fo on ad in- 


| fnitum, augmenting the Number of. an on the Sides TX 
0 


and 1Z. Now let it be requir d to find four mean Proportionals be- 
tween the two given Lines @ and b. In the Side TZ, take TG a fourth 
Proportional to the three Lines a, b, I B, and open the Side X of the 
Inſtrument, until the fifth Perpendicular FG (becauſe four mean 
Proportionals are ſought) paſſes through the Point G; and then the 


Lines TC, T D, TE, T F, ſhall be the four mean Proportionals be- 


tween J B, TG; and therefore the fourth Proportional to the Lines 
TB, TC, a, ſhall be the firſt of the four mean Proportionals ſought. 

For the right-angl'd Triangles TBC, TCD, TDE, TEF, T FG, 
being all ſimilar; their Sides TB, TC, T D, TE, TF, TG ſhall be 
continually proportional. Whence, &c. 

It is. manifeſt, that while the Angle XT is opening, the Point B 
deſcribes(A B) the Arc of a Circle; and the continual Interſections 
(D, F, H.) of the Perpendiculars CD, E F, G H, with the Side X, do 
deſcribe the Curve Lines A D, A F, AH, by means of which may be 
found any Number of mean Proportionals. For Example: It a Se- 
micircle be deſcrib'd on the Diameter J E, it will cut the Curve 4 D 
in the Point D, being ſuch that 1 D is the ſecond of two mean Pro- 

tionals I B or TA and TE; and moreover, if a Semicircle be de- 
{crib'd on the Diameter TG, it ſhall cut the Curve 4 F iu the Point 
F ſuch, that TE is the .laſt of four mean Proportionals between T A 
and TG, &. Whence you mult obſerve, that the Curve A D is of 
the fourth Degree, the Curve A F of the eighth, the Curve AH of 
the ſixteenth, &c. which may be proved thus. 
1. Let the unknown and indeterminate Quantities TC x, CD =y, 
TD =z, and the known Quantity TA or TB Sa; then becauſe the 
right-angl'd Triangles TCD, T BC, are ſimilar, we ſhall have this 


Equation, TB (a) = 25 and becauſe TCD is a right-angFd Triangle, 
therefore we have this ſecond Equation ) + xx = zz, in which 
ſubſtituting 5 for z, and then will a 45) —=x*—aa x x, which 


ſhews that the Curve 4D is of the fourth Degree. 2. Let the un- 
known and indeterminate Quantities be TIE x, EF =, TF xz, 
and the known Quantity TA or TB a; then becauſe the right- 
angl'd Triangles TFE, TED, TDC TCB, are ſimilar, we have 


this Equation TB (a) —= =, and becauſe TEF is a right-angl'd Tri- 


angle, we get this ſecond Equation, y y + x x = zz, from which get- 
ting out the unknown Quantity z by means of the former Equation, 
and afterwards freeing the Equation from Surds, and then aay*+ 3aaxx 
}*-þ 2aax*yy + aax*=x* ; therefore the Curve A F is a Locus of pe 
| $6" Ch eight 
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eighth Degree. After the ſame manner we prove, that the Curve A 
is a Locus of the ſixteenth Degree, &c. 

Now ſince according to the Example, we can find two mean Pro- 
portionals by only two Lines of the ſecond Degree; four mean Pro- 
portionals by a Locus of the ſecond Degree, and another of the third; 
whereas here, in the firſt Caſe, there is requir*'d a Locus of the fourth 
Degree, being the Line AD, and a Locus of the ſecond Degree being 
the Circle TDE, and in the ſecond Caſe, a Locus of the eighth De- 
gree, viz, the Curve AF, and a Locus of the ſecond Degree, viz. the 
Circle TFG; therefore theſe Curves AD, AF, A H, are too much 
compounded for ſolving the Problem, yet the Facility of their Con- 
ſtruction and Demonſtration will in ſome meaſure make up the Defi- 
ciency. 
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PACE 7. line 13. for N O read MO. p. 8.1. 13. f. r. . ibid. I. 20. f. b * 4. 


r. UT. p. 9. I. 30. f. FM r. P Ad. p. 11. I. 32. dele not. p. 14. I. 3. f. A (u): 
ALO): r. QA (u) :: ALC): p. 15. I. 1. from r. form. p- 20. I. 12. f. MPF 
r. MPF, MP f. ibid. I. 20. f Acc xx r. gcexx. p. 23. I. 28. f. becauſe r. becauſe there 
24 4 a — — 
is. p. 26. I. penult. f. r. —. p. 31. I 23. for — Or. —OD.. p- 34. J. 29. 
f. MS r. RS. p. 35. I. 29. f. 480 r. 408. b. 37. againſt l. penult. in Marg. r. Fig. 35. 
p. 43: I. 4. f. ME r. MF. p. 44. l. penult. for F r. TTP. p- 49. I. 6 & 7. f. NI 
1. NI. p. 50. I. 23, and 24. f. Nr. NMI. p. 52. 1. ult. f. Part r. Point. p. 57. 1. 31. 
f. DI r. Dd. p. 66. I. penult. f. CG r. Cg. p. 67. 1. 34. f. CE, CE, r. EE, EE. p. 68. 
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